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A CONTINUOUS FUNCTION WHOSE DEVELOPMENT 
IN BESSEL'S FUNCTIONS IS NON-SUMMABLE 

OF CERTAIN ORDERS. 

BY PROFESSOR CHARLES N. MOORE. 

(Read before the American Mathematical Society, September 4, 1916.) 

THE first example of a continuous function whose Fourier's 
development diverges at one or more points was given, as is 
well known, by Du Bois-Reymond.* Much more recently 
Haarf showed how to construct a continuous function whose 
Sturm-Liouville development is divergent, and a continuous 
function whose development in Legendre's functions has this 
same property. Somewhat later GronwallJ gave in explicit 
form a function whose development in Legendre's functions is 
not summable (Ck) for 0 ^ k ^ ^, at the point x = 1. 

As far as the writer is aware, no examples have thus far 
been given of continuous functions whose developments in 
Bessel's functions diverge or fail to be summable of certain 
orders at one or more points. In the present paper there is 
exhibited in explicit form a continuous function whose develop­
ment in Bessel's functions of order zero is not summable (Ck) 
for 0 ^ k < %, at the point x = 0. This function is analogous 
to a function given by Fejer§ whose Fourier development 
diverges for x = 0. The proof of the non-summability, how­
ever, follows different lines from Fejér's proof of the divergence 
for his example. 

If we represent by Ar the rth coefficient in the development 
of an arbitrary function f(x) in terms of Bessel's functions, 
we have 

I xf(x)JoCKrx)dx 
\±) Ar ^ Til ? 

I xJo2(krx)dx 

where Xr is the rth root of the equation 
* Abhandlungen der Bayerischen Akademie der Wissenschaften, vol. 12 
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(2) ZXJo'(A) + hJoÇK) - 0, 

I and h being any constants not both zero. Moreover, we 
have for Xr 

Mr) 
(3) X r = (r+q)TT + ?Y, 

where g is a constant and \[/(r) is used to represent a function 
of r that remains finite for all values of r. 

Consider now the function f(x) defined by the following 
equation 

where q is the q of (3). We will show that for the coefficients 
Af in the development of this function in terms of BessePs 
functions 

(5) l i m ^ = W (0 £ & < * ) . 

Thus it will follow that the series 

(6) Al+A2 + A z + . . . + A r + . . . 

is not summable (Ck) for 0 ^ k < f, since for any series so 
summable the limit on the left-hand side of (5) exists and 
is equal to zero.* But since Jo(0) = 1, the development of 
f(x) in BessePs functions of order zero reduces to the form 
(6) for x = 0, and therefore it will have been shown that 
this development is not summable (Ck) for 0 ^ k < § at 
the point x = 0 

I t only remains then to establish the relationship (5). 
Since the series on the right-hand side of (4) is uniformly 
convergent in the interval 0 ^ x ^ 1, we have from (1) 

1 « «f cos (2n + q)irxJoÇ\rx)dx 
(7) Ar = ~ q Z-j ~2 • 

I xJ0
2ÇKrx)dxn 

Jo 

From the asymptotic expansion of J0(x) we have 

(8) JoQuO - V i cos ( x * - 1 ) + ^ . 

* Cf. Chapman, Proc. London Math. Society, ser. 2, vol. 9 (1911), p. 379. 
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Making use of (8), we see that the general term of the series 
on the right-hand side of (7) may be written in the form 

(9) 
-~2 \Z~T~ I x cos ( \rx — T ) cos (2n + q)TTxdx 

1 f1 

+ ~2T-| I cos (2n + q)7TX\l/Çkrx)dx. 

If now we set r = 2m and make use of the relation (3), it is 
readily seen that the sum of the series whose general term is 
the second term of (9) is of the form 

where we have used 0(x) to represent any function which 
after division by x remains finite as x becomes infinite, and 
o(x) to represent any function which after division by x 
approaches zero as x becomes infinite.* 

We have further to consider the series whose general term 
is the first term of (9). Making use of (3) we may write 

cos (x*-f) 
7T 7T 

(11) = cos j cos (r + q)irx + sin j sin (r + Ç)TX 

+ cos<j (r+q)7TX— -jH x | - c o s j ( r + g ) « - ~ j , 

and the last two terms on the right-hand side of (11) may be 
written in the form 

(12) — x sin (r + ç ) « - | + o j (|0l<|^*|) 
Substituting from (11) in the first term of (9) and making 
use of (12), we reduce this term to the form 

1 r1 

f= I x cos (2m + q)TX cos (2n + q)irxdx 
n2 Af7rXr */o 

* The use of O in this sense is due to Bachmann. Cf. Analytische 
Zahlentheorie, vol. 2, p. 401. The corresponding use of o is due to Landau. 
Cf. Handbuch der Lehre von der Verteilung der Primzahlen, vol. 1, p. 61. 
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1 f1 

+ --—r= x s i n (2m + tf)7™ c o s (2n + i)irxdx 
n2 -\7rXr Jo (13) 

~^- ƒ a;2sinj (2m+g)7ro; 

— I" + 0 | cos (2n# + q)irxdx. 

The last term in (13) is obviously the general term of a 
series whose sum is of the form (10). Consider next the first 
term in (13). If n + m, the integral in this term reduces to 
the form 

cos (2™ + 2n + 2g)?r - 1 sin (2™ + 2n + 2g)?r 
2(2™ + 2n + 2 g ) V + 2(2™ + 2n + 2q)ir 

cos (2™ — 2n)x — 1 . sin (2™ - 2n)7r 

+ 2(2™ - 2W)V ' 2(2™ - 2W)TT 

This quantity is obviously less in absolute value than Kj 
\2m — 2n | , where K is a positive constant. Moreover, for all 
values of n < m 

Om _ . On *> 9n/Owi—n IN > 2n.2w""n"~1 = 2™*-1 

and for all values of n > m 

2" — 2™ ^ 2» 2™ — 2™ = 2m. 

Hence it follows that Kj\2m - 2n\ < K/Z"^1, and^ therefore 
the sum of all the terms of the form of the first term in (13) for 
which n 4= m is of the form 0 ( l / ( A/V-2™""1)) and consequently 
of the form of the last member of (10). 

If n = m) the integral in the first term of (13) reduces to 

cos 2(2™ + g)T - 1 sin 2(2™ + q)y 1 
8(2™+<?)2TT2 + 4(2™+g)7T + 4 ' 

and hence for this value of n the first term of (13) takes the 
form 

<14> • (£•»)+: 4 Vx -Vxrm
2 * 

Combining this with the previous result, we see that the series 
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of which the first term of (13) is the general term has a sum 
which is of the form (14). 

We have finally to discuss the second term of (13). The 
integral in this term may for n =(= w be reduced to the form 

sin (2™ + 2 n + 2q)<ir __ cos (2™ + 2n + 2g)x 
2(2"* + 2n + 2q)2ir2 2(2™ + 2n + 2q)w 

sin (2™ - 2n)?r _ cos f2™ - 2n)x 
+ 2(2™ - 2 W )V 2(2™ - 2n) # 

For n = m it takes the form 

sin 2(2™ + q)ir cos 2(2™ + g)?r 
8(2™ + g) V 4(2™ + g)7T * 

Hence the series whose general term is the second term of (13) 
has a sum which is of the form of the last member of (10). 

We have now seen tha t the series whose general terms are 
the second and third terms of (13), respectively, have sums 
tha t are of the form of the last member of (10), whereas the 
series whose general term is the first term of (13) has a sum 
tha t is of the form (14). Hence the series whose general term 
is (13), or the first term of (9), has a sum which is of the form 
(14). Since, moreover, the series whose general term is the 
second term of (9) has a sum which is of the form (10), it 
follows t ha t the series whose general term is (9), t ha t is, the 
series in the right-hand member of (7), has a sum which is 
of the form (14). As the other factor of the right-hand mem­
ber of (7) is of the form CXr + o(Xr), where C is a positive 
constant, it follows tha t 

(15) A r - C ^ + o f ^ - c A + o t ë ) 
\ j T m2 \ m2 J m2 \m2 J 

J2™ / V2™\ 
m2 \ m2 ) 

where Ci and C2 are positive constants and we make use of 
the fact t ha t we have chosen r = 2™. 

I t follows from (15) tha t A r satisfies the relationship (5), 
and hence as pointed out before, the development in BesseVs 
functions of order zero of the function f(x) defined by (4) is not 
summable (CJc) for 0^k<%atthe point x = 0. 
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