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QUADRATIC PARTITIONS: PAPER IV 

BY E. T. BELL 

1. Identity of Degree 5. For the preceding note, see this Bul
letin, vol. 38, p. 569. The degree of a # , <j> identity is the degree 
of the identity in functions #, <£. In II we discussed an identity 
of degree 4. Here we consider an identity of degree 5 whose equiv
alent in parity functions refers to F(w, z, u, v) as in II . The 
identity is one of many of degree 5 by Gage. 

Denote by ^L'(w, z, u, v) the function 

(w-\-z \ (v — z\ / w — u\ 

H—'*)n—M-T-)-
Then 
ty(w, z, u, v) + ^'(w, — z, — u, — v) 

— fy(w, — z, v, u) — ^(w, z, — v, — u) = 0 

is an identity in w, z, u, v. The required expansions are 

#30*0 == ^ Q v i c o s ^VXJ a n d 

<Aiii ( ^ y) = ctn x + ctn 3> + 4 ]C<Z2n[ S s m 2{dx + by) J. 

For the notation in the above and in what follows, refer to I. 
2. Equivalent of ty-Identity. To apply the formulas in I, §7, to 

the reduction of the ctn terms, make the substitution {w, z) 
—>(x+y, x—y), and in the result apply 

(x,y)->((w + z)/2, (w-z)/2). 

Proceeding as in II, we find the following. The partitions are 

n = 2dô + vi2 + V22 + v£ + Vé2 = ai2 + a2
2 + as2 + a^. 

Write 

Xi = vi + V2, X2 = v$ + H, ai = ai + a2, a2 = as + a<\\ 

a± == ai + a 2 , (72 = « i — a 2 , <Ti,r = CT2,r + 2(72, 

<T2,r = 2r- 1 + e(») ~ ( 7 2 ; 5 ^ [*( | o-i | — 1) ] ,4 = [ * ( | « a | —1)J-

Then the identity gives 
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4 !>(<* + X2, d ~ Xi, 25 - X2, Xi) 

= ]C sgn (7i[e(#)F(o-2/2, 0-2/2, ai, a2) — F(«2, «i, «1, «2) 

~" 2 Z M 0 ^ , / / 2 , <ri,r/2, ai, a2)] 
r= l 

+ X) s g n «2[e(a2)F(o!2; ah ah 0) + F(a2, «i, «i, <x2) 

+ 2 X ^ ( ° % «i, «1, 2r — 1 + é?(a2))], 
r= l 

with .Fas in II . 
3. 4̂ Summation Formula. Let /(xi, • • • , xt) be entire in 

(xi, • • • , xt). Then 

n 

H / W + Ji, • • • , atr + bt) = / ( M O ) + bh • • • , at6(n) + J,), 

where 6(n) is the umbra of 6j(n) C/ = 0, 1, • • • ) and 9j(n) = 
]Cr=if/- The generators of 6(n), B are 

£*0n* - 1) x 
çO(n)x = . . .j gBx = . 

6X ~ 1 «* — 1 
Hence 

and therefore, with d8(n) = 0f s<0, 

rdr-i{n) = (n+l + BY- (1 + B)% (r = 0, 1, • • • ) . 

4. Application of §3 /0 §2. Denote by -F2(w, 2, w, v) the function 
F(w, 2, u, v) with the restriction of entirety in (w, z, u, v). Then 

4 2 > 2 ( d + X2, d - Xi, 2d - X2, Xi) 

= ]C s g n o-i[6(^)F2(c2/2, c2/2, «i, a2) — F2(a2, «i, «i, a2) 

- 2F2(d(S) + (e(n) - 1 - <r2)/2, 6(S) + (e(n) - 1 + cr2)/2, ah a2)] 

+ X s S n <*2[e(a2)F2(oL2, ah ah 0) + F2(a2, «i, (*i, a2) 

+ 2F2(a2, ah alt 26(A) + e(a2) - 1)]. 

5. Contractions. We contract F(w, z, u, v) with respect to z, 
as in II , §6. The new partitions are 

4 4 

n = I > - 2Ô2 = 2a-!2 + a2
2 + ai = £ W , 
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res t r ic ted as next s t a t ed . W r i t e 

Xi == vi + V2, X2 = vz + vh a = a2 + az, A = [£( | a \ — 1) ], 

ftsii+ 62, 02 = 5a + 64, <n s 0X + ft, crt s /Si - 02. 

T h e n the res t r ic t ions are 

Xi > 25, e(» — 1) > cr2 è 2 — J o-i I , a-2 = *(w — 1) mod 2. 

W i t h G, Gi as in I I , we have 

2 ]£G(Xi + X2 ~ 25, 25 - X2, Xx - 25) 

= S sgn a J fjG(a, 0, Ir - e(n - 1 ) ) | 

+ 2 sgn (TiG((T2, 0i, 02) ; 

2 E ^ i ( X i + X2 - 25, 25 - X2, Xi - 25) 

= S sgn a G i O , 0, 26(A - e(» - 1)) 

+ 2 s g n o*iGi(or2, 0i, 0 2 ) . 

In the reduct ions we have used 

1 _ e{v) = «(„ - 1), 

2 [ è ( | " | - 1)] = I y | - 1 - «W, ori s w m o d 2 . 

A l t e rna t i ve forms are ob ta ined on not icing t h a t 

sgn wF(w, z, u, v) = F( \ w |, 2, w, »). 
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