
752 H. S. WALL [October, 

ON T H E RELATIONSHIP AMONG T H E DIAGONAL 
FILES OF A PADÉ TABLE* 

BY H. S. WALL 

1. Introduction. The object of the following note is to investi
gate the relationship among the nth approximants of the dif
ferent diagonal files of a Padé table ; and to study the relation
ship among the limits of those files for a Stieltjes power series, 
in the case f that those files have different limits. We have found 
that an arbitrary file Sk converges to an expression of the form 

... otkp — Pkpi 
(l) -z—> 

akq — PkÇi 

where p, ph q, q\ are entire transcendental functions independ
ent of k, and <Xk, fik are polynomials or constants. If we denote 
by uk, vk the numerator and denominator, respectively, of (1), 
then if k', k" are two values of the index k, the following iden
tity obtains : 

(2) Uk'Vk" — Uk"Vk> = OLk'fik" — OLk"fik>) 

and the polynomial on the right is not identically zero if k'y^k". 

2. Preliminary Formulas.% Let $(#) =^2^0 cv{ — x)v be a nor
mal power series, and let (£(#) =£v=odv( — x)v be the reciprocal 

of $(*). set $<*>(*) = 2 ^ . 0 *.+*(-*)•,«<*>(*) =E,*-o <*.+*(-*)", 
&=0, 1, 2, • • • . Then the series $ ( f c )0), g(&)(^) have corre
sponding continued fractions 

X X Cv X Jv Jv 

~öi<*> + aék) + lij» H ' b^ + b2
(k) + W*> + • • • ' 

respectively, where the numbers a(*\ b^ are different from 0. 

* Presented to the Society, September 12, 1930. 
t Designated as "Case I" in the writer's paper, On the Padé approximants 

associated with the continued fraction and series of Stieltjes, Transactions of this 
Society, vol. 31 (1929), pp. 91-116. We show in the present article that no two 
of the diagonal files have the same limit, thus supplementing the earlier result. 

t For details concerning the statements in this paragraph, see a paper by 
the writer in the Transactions of this Society, vol. 33 (1931), pp. 511-532. 
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The Padé approximants for $(#) may be expressed in terms of 
the numerators and denominators of the nth convergents, 
A(^/B(

n
k\ Cik)/D%\ of these continued fractions. Indeed if 

[p> Ç[] = Np>q/DPlg is that Padé approximant in which the 
degrees of numerator and denominator do not exceed q and py 

respectively, then we have the following formulas : 

(3) [n - 1, n + ft - 1] = $* + (-X)*AZII/BZII, 

(4) [n + ft - 1, n - 1] = [<g* + {-xy&Zi/DZ-iY1, 

(n- 1, ft = 0, 1,2, • • • ) , 

where C * ^ * " , } ^ ( - * ) v , <&**=EÎ-ô dv(-x)\ ^ 0 = g0 = 0; 

(5) [», W — l ] = ^2n/^2n, [» - 1, »] = D2n/C2n> 

(« = 1 , 2 , 3 , . - . ) . 
In the right member of (3) there occur the polynomials 

A 2Ü-1, Bfn-\. In what follows we shall want to express these poly
nomials in terms of the polynomials Am, Bm. For that purpose 
we have the following identities which we gave in the paper to 
which we referred at the beginning of this paragraph, namely 

(*) (7c_i) (fc-l) (7c-l) 
-»2n-l — rln ±>2n — -C>2n+1> 

XA2n-l = Ck-\\h>n Bin — i>2n+l J "~ \K A2n ~ ^2n+l), 

(6) (/.-I) (jfe) D(*-D 

Xhn A2n — Ck-l-t>2n+l — A2n+1, 

(n, k = l, 2, 3, • • • ). Here ft»"» = a p - « + 0 < * - » + • • •+<*&#, 
and is 5^0. There are four similar relations for the C „ \ D^ of 
(4). 

3. 77^ Diagonal Files 5&, ft>0. We shall now turn to the 
Padé table, which is a table of double entry containing the ap
proximant [p, q] in the (p+l)th row and (<7 + l) th column. The 
fractions Ai/Bh Az/Bz, A5/B5l • • • constitute the principal 
diagonal file So, while 5_i, the first parallel file below So, is made 
up of the sequence A2/B2, AJB^ AQ/BQ, • • • . If ft is any in
teger, then the diagonal file Sk is the sequence 

(w = 0, 
5*: [mym + k\, < 

( w = -

w = 0, 1, 2, • • • , if ft ^ 0, 

w = _ k, - ft + 1, - ft + 2, • • • , if ft < 0. 
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The formulas (6) and (3) will enable us to express the approxi-
mants of a file Sk, k > 0 , in terms of the numerators and denomi
nators of the fractions A m/Bm of the files So and 5_i. Thus if we 
set k = 1 in the first two formulas of (6), we have, by (3), 

(7) [n - 1, n] = 
hnAïn ~ A2n+\ 

hnB2n — $2n- f l 

This is the wth approximant in the file Si. Setting k successively 
equal to 1, 2 in (6), we may now express A2n~i7 B2n-i in terms of 
the Am, Bm. Then by (3) with k = 2, we find that the nth ap
proximant in the file S2 is 

r A , [(*n /*n) + *]^2n+l ~ AnA2n+2 
(8) [n — 1, w + 1J = [(An /An) + «]52»fl — hnB2n+2 

In the final step of the reduction we used the identities 

( 9 ) A2n+l = #2n+1^2n + xA2n-i, ^ 2 n + l = ^2n-\-\B2n + # # 2 n - l . 

To obtain the general formula, suppose that, for a particular 
value of k, 

(10) l» - 1, n + £ - 1J = —— — r — , 
Mht>2n+h-l — JMk-t>2n+k 

where Mky Nk are polynomials in x in which the coefficients are 
rational functions of the quantities hs

r. Let Vïtk, N& denote 
the polynomials obtained from these by replacing hs

r by hs
r
+1 

throughout. Then* 

2n+A;—1 J\k<ft 2n-\-k 
(11) [n — 1, n + k\ = c0 — x • 

<MkB2n+k-l — "NjcBzn+h 

But when k = 2p this reduces, with the aid of (6), to (10) with 
k=*2p + lf where 

(12) M2p+i = M2phn+Py N2p+i = Jrt2p + (typ/hn+p); 

* This follows from the fact that the right member of (11) is a rational 
function of x in which the degrees of numerator and denominator do not ex
ceed n+k and w — 1, respectively; and the expansion in ascending powers of x 
agrees w i t h ^ x ) for the first 2n-\-k — 1 terms. See Perron, Die Lehre von den 
Kettenbrüchen, Chapter X. 
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and when k = 2p — l, (11) reduces to (10) with k = 2p, where 

( 1 3 ) M2p = ( 5 r t 2 p - l / A n + p - l ) + a ^ f o p - l , N2p = N 2 p - l * n + P - l -

By (12) and (13) we see that Mk+i and iWn are polynomials 
of the same character as M h and Nk, namely, they are poly
nomials in x in which the coefficients are rational functions of 
the quantities hr*. But this has been verified for small values of 
ky and is therefore universally true. Formulas (12) and (13), 
with the initial values obtainable from (7) and (8), may be used 
to compute successively the polynomials Mk and Nk 

4. The Diagonal Files 5_&, k>l. We shall next show that the 
approximants of the files £_*., k>l, can be expressed in the form 
(10). We begin with the relations 

d(x) ~ — — — ) 
bi+ b2 + b3 + • • • 

1 X X X 
$(*) = ~ 6 i > 

<8(*) ( - b2) + ( - h) + ( - h) + • • • 
from which it follows that 

(14) b2n — — #2w-i, b2n+i = — a2n, bx = 60 • 

Also by symmetry we have 

(15) a2n = — b2n-\, a2n+i — "~ b2n, d\ = do. 

Furthermore 

Co - XAI/Bn = P n + i / C n + l , 

and consequently 

where 7 n is independent of x. Giving to n the values 2p and 
2£—l and employing (6) we then have 

A2p+i/hp = y2pD2p+i, B2p+i/kp = y2pC2p+i, 
(16) 

^ ^ 2 3 5 ~ A2p+i = 72i>-1^2p, hpB2p — i ^ p + l = 72^-1^2^ . 

For the factors yn we have the following values : 

(17) y2p = 1, 72p-i = ~ 1. 
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Indeed one may verify directly that the coefficients of the 
highest powers of x in A2P+i and Aip+i are 1 and gP = bi-\-b3+b5 

+ • • • +&2p+i, respectively. Hence by (14) 

l/hp = 72pgP = 72p(co — ai — a I — • • • — a2p). 

But if we take k = 1 in the first of the following known relations* 

, , (k) <fc-1) (fc-l) (fc-l) (fc) (fc-1) ffc-1) 2 
( l ö ) a2n — Ct>2n+1 / rln~l nn , #2rH-l ~ # 2 n + 2 ( " n J , 

(k = 1, 2, • • • ; an° = aw), 

this reduces to l/hp=y2P/hPl so that 72p = 1. In like manner we 
find that 72^-1 = — 1. 

Let us now put k — 2 in (4). Then as in (8) we find that, if 
w e set g?>=&?>+6f)+&?)+ • • • +&£>+1, 

r , 4 4 , [(gn/.gv) + x]D2n+l - gnD2n + 2 

[n + 1, n — 1J = -p r • 
[(gn/gn) + X\C2n+l - gn C 2 n + 2 

But by (16) and (17), followed by an easy reduction in which 
the formulas (9), (14), and (15) play a part, this becomes 

(19) [n + 1, n - l j = 0 ^ 2 n + i + A2n+2)/(g:B2n+1+ B2n+2), 

which is the wth approximant in 5_2. 
To obtain the general formula, we apply (10) to the series (§, 

and use (4). This gives a relation of the form 

r , . VkD2n+k-\ "~ WkD2n+k 
[n + k — 1, n — 1\ = , 

VjcC2n+k-l — WkC2n+k 
where the Vk, Wk are polynomials in x with coefficients which 
are rational functions of the quantities gs

r, and which may be 
calculated by means of formulas analogous to (12) and (13). By 
(16) and (17), we then have 

(20) [n + k — \yn — 1 J = • 
M_/b#2«+*-i — N-kB2n+k 

where 

Af_2p = gn+p-lF2p — tfW^p, iV_2p = — (W2p/gn+p-l) , 

M _ 2 p - 1 = — V2p+l/gn+p, N-2p-l = gn+p W2p+1 ~ ^ 2 p + l . 

* Wall, Transactions of this Society, vol. 31 (1929), pp. 102-103. 
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The quantities M-h and iV_& are polynomials in x with coeffi
cients which are rational functions of the numbers gr

s. 
The recursion formulas analogous to (12) and (13) for the 

Vk and Wk may be combined with (21) to give the following re
cursion formulas for the polynomials M-k, N-k'> 

M-2p = — gn+p-hM-2p+l, N-2P = SW-2p+l ' > 

Jol—2p f 

M_2p-1 = h # N - 2 p , N-îp-l = — g n - fp~lN-2p-
gn+p-\ 

Here the script letters have the same significance as before, 
namely 2frL.fr, JS(_fr are polynomials obtained by replacing gs

r by 
gs

r
+1 in the corresponding polynomials M^k, iV_.fr. 

5. The Series of Stieltjes. We shall now apply the work of the 
preceding paragraphs to the series of Stieltjes. If we set x = l/z 
in ty(x) and in the corresponding continued fraction, and then 
divide by g, we will obtain the series 

Co C\ C2 

(23) - + - - • • • , 
z z2 z6 

and continued fraction 

1 1 1 
(24) • — 

0i3 + a» + azz + • • • 
These are the forms of the series and continued fraction found 
in Stieltjes' Recherches sur les fractions continues* 

The numerators and denominators, Pn(z) and Qn(z), of the 
nth convergents of (24) are connected with the An(x), Bn(x) by 
the following equations : 

PU*) = z^A2n(l/z), Q2n(z) = z"B2n(l/z), 

P2n+1(z) = 2 M 2 w + 1 ( l / 2 ) , Ö2M-l(») = Zn+1B2n+1(l/z\ 

When an>0, and ]T/zn is convergent, Stieltjes found that 

limn P2n(z) = ƒ>(*), lim„ Q2n(z) = g(s), 
(26) 

limn Pzn+l(z) = # l W , Hn^n Q î n + l W = tfl(s). 

* Stieltjes, Oeuvres, vol. 2. 

2frL.fr
iV_.fr
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where p(z), pi(z), q(z), qi(z) are entire transcendental functions 
of genre 0, connected by the relation 

(27) Pi{z)q{z) -p(z)qi(z) = + 1. 

Let us replace x by \/z in (10) and (20), divide by z, and then 
introduce the polynomials Pn(z) and Qn(z) of (25). After re
moving a common power of 1/z from numerators and denomi
nators, these expressions then take the form 

GkPb~\ — HjcPs 
(28) , 

GjcQô-i — HkQs 
where ö = 2n+ \k\, (*=0, ± 1 , ± 2 , • • • ). Here the Gk, Hk are 
polynomials in z given in terms of the Mk, Nk by the equations 

(29) Gk(z) = z*Mk(l/z), Hk = z9'Nk(l/z), 

d' = d-[l-(-l)«]/2, 

where 6 is the larger of the degrees of Mk(x), Nk(x) if k is even, 
and of Mk(x), xNk(x) if k is odd. In particular, we have 

(30) Go = 1, ffo = 0,G_i = 1, tf-i = 0. 

The others may be calculated successively by means of the 
recursion formulas (12), (13), (22). For example, we find that 

Gi = hnz, # i = 1;G2 = {K/hn)z + 1, H2 = A»*, 

G3 = (hn' hn+i/krDz2 + kn+iZ, 

H3 = [(A»"/*»') + (*»7*^-l)> + 1, 

G_2 = g'n, # _ 2 = - 1; G„3 = - fen"/*»')* - 1, ff-3 = «»'. 

I t is seen t h a t in these cases 

G2p(0) = 1, H2p(0) = 0, 

G_2p_2(0) = gn+p, £L-23,_2(0) = — 1, 
(32) 

G2 p + i(0) = 0 , ff»p*i(0) = 1, 

G_2p_3(0) = - 1, #_233_3(0) = >n-tp* 

(# = 0 , 1 , 2 , . - . ) . 

The proof of (32) for all £ is readily accomplished by mathe
matical induction. 

Now when an>0 and ^an converges, we see by (18) that 
dn > 0 and X)an' converges. Applying (18) again we find that 
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an">0 and ^an" converges, etc. Also by (15) &n' < 0 and ^&w ' 
converges. Then by (18) with k = 2 and an', an

n replaced by 
bn and bn

n', respectively, it follows that bn"<0 and S&n" con
verges, etc. Continuing in this way we find that all the series 
]Ca2n+i, ]C4n+i are convergent, and that their sums are > 0 
and < 0 , respectively. That is, there are finite numbers h(k)>0} 

g(*+D < o such that 

(33) limw An = A , lunn gn = g , (A = 0, 1, 2, • • • )• 

Turning now to the polynomials Gk(z)> Hk{z) we find by (30) 
and (31) that for small values of k they converge, for n = oo, to 
limiting forms which are polynomials of degree depending upon 
ky with positive coefficients if k>0, and with negative coeffi
cients if k<— 1. This same conclusion can be reached for all 
values of k by virtue of the recursion formulas (12), (13), and 
(22), in view of the relations (29). We shall express this result 
as follows : 

limw G2p — ~ @2p, llEln H2p = — OC2p, 
(34) 

l im n G2P+1 = «2P4-1, l im n H^p-w — &2p+i, 

(P = 0, ± 1, + 2, ± 3, • • 0 , 

where the ak(z), fik(z) are polynomials in z. Furthermore by (32) 

02,(0) = - 1, a2p(0) = 0; 

/3_233__2(0) = - g ' , a-2p-8(0) = 1; 
(35) ( ^ 0 ) . 

j88p+1(0) = 1, a2p4-i(0) = 0 ; 

a_2p_3(0) = - 1, /3_?p._3(0)= g', 

Now by (34) and (26) it follows that the expression (28), 
which is the nth approximant in the feth diagonal file of the 
Padé table for the series (23), converges for n = oo to a limit 
Uk/vk, where 

Uh = akp — Pkpi, Vk = oikq — pkqi. 

These functions satisfy the relation (2) as may be seen with the 
aid of (27). We state this result in the following theorem. 
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THEOREM 1. Let (23) be a series of Stieltjes having a correspond
ing continued fraction (24) in which an > 0 . Then if^2an converges t 

the kth diagonal file of the associated Padê table converges to the 
limit 

<xk(z)p(z) - f*k(z)pi(z) 
(3 6) f 

otk(z)q(z) - $k(z)qi(z) 
where p(z), pi{z), q(z), q\(z) are entire transcendental f unctions of 
z, and the ak{z), f$k(z) are polynomials in z. If uk(z), vk(z) denote 
the numerator and denominator, respectively, of the expression 
(36), then for two indices k', kn we have the identity 

(2) Uk'Vk" — Uk"Vk' = Oik' — <%k"fik'> 

The writer showed elsewhere that in the case under considera
tion, Uk'IVk>^Uk>>lvk» if k VJfe" and k', fc" = 0 or k'', &"^0 . We 
are now able to prove the following supplementary theorem. 

THEOREM 2. Under the hypotheses of Theorem 1, if k'^k", 
then Uw/vk'^Uk"/vk", and therefore the right member of (2) is not 
identically 0. Furthermore, the functions Uk/vk have a pole at 
s = 0 if & = 0, but are regular at z = Q if k<0, vanishing there if 
k<-l. 

In view of the earlier result mentioned above, it is clearly 
sufficient to prove here only the final statement in the theorem. 
But this follows at once from (35) and the equations* 

P(0) = - g', Pi(0) = 1, q(0) = 1, gi(0) = 0. 

NORTHWESTERN UNIVERSITY 

* See formulas for the Pn(z), Qn(z) in Stieltjes* memoir, loc. cit. §2. 


