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alizés the theorem of Thompson and Tait. We can prove, in 
fact, that a condition for an affirmative answer to our question 
is that, on any tube of (5), either all or none of the transversal 
curves should be closed. 
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1. Introduction. In a recent paper* Williamson has considered 
matrices whose sih compounds are equal. The present paper 
considers the somewhat analogous problem of finding the condi
tions that two Zehfuss matrices be equal. 

Suppose that R is a matrix of n\ rows and m\ columns whose 
i/th element is r*/, and that P is another matrix of n2 rows and 
m2 columns. Now, if the matrix Q of n\n% rows and mim2 columns 
can be partitioned into submatrices each of n2 rows and m2 

columns such that the ijth submatrix is r^P, then Q is a Zehfuss 
matrix^ or the direct product matrixJ of R and P. We shall write 

Q = R(P) = (P)R. 

In general, however, R(P)^{P)R. 
It is the purpose of this paper to find out under what condi

tions the matrix equation 

A{B) = C{D) 

is true. Tha t is, we shall find the most general form of the mat
rices A, B, C, D when the above equation holds. 

2. The Simplest Case. We shall begin by considering the sim
plest case, where A, B, C, D are row vectors, where A and D 
are of order wi, where B and C are of order m2, and where 

(m1} m2) = 1 ; 

that is to say, wi and m2 are prime to one another. Suppose that 

* J. Williamson, this Bulletin, vol. 39 (1933), p. 109. 
t G. Zehfuss, Zeitschrift für Mathematik und Physik, vol. 3 (1858), p. 298. 
Î L. E. Dickson, Algebras and Their Arithmetics, p. 119. 
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A = [ai, a2j - - • , ami], B = [bu b2, • • • , 6 m , ] , 

C = [Ci} C2, * ' • , 6m 2 L ^ = L l̂j ^2j ' ' ' ) ̂ mj, 

and let m2>rn\. From definition, we have 

A(B) = [aibi, axb2, • • • , 0i&m2, a26i, • • • , 

and 

C(D) = [ciJi, CiJ2, • • • , cidmi, c2di, 

tttniOly ' ' j 0/mi^m2i 

Identifying these two row vectors element by element, we get 
m\m2 equations, determining the relations which must hold be
tween the elements of A, By C, D. Amongst these m\m2 equa
tions, consider the following : 

(1) 

aibi = yidi, 

cx2b2 = y 2 d i , 

Oim^~ m1+l^w2— m t + l — 7m2— wij+l^l) 

where each a represents some one of a%, • • • , amv and each y 
some one of ci, • • • , cmr A little consideration will show tha t 
no two a's represent the same a and no two 7's represent the 
same c. It is obvious that ai = a\ and 71 = Ci. From equations (1) 
and from the construction of A{B) and C(D) it follows that 

«i[&i, • • • , bmi] = yi[di, • • • , d w J , 

, , «2[62, • • • , bmi+i] = 72^1, • • • , dmi], 

Oim2-ml+l[Om2-~m1+ly ' ' ' , #m2J = 7 m 2 - m i + l l^1» ' ' ' > ̂ m J * 

From equations (2) we deduce 

7i _ 72 7 , d2 72«i 
# 2 = —^2 = —d^ whence — = = s, say, 

ai a2 di 7 ia 2 

and 
72 73 7 , ^2 73«2 

63 = —d2 = —di, whence — = = s, 
OL2 <xz d\ y2a% 

and so on. In this way we can show that 
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Again, from equations (2), we find that 

7i T 72 7 l dz y2ai 
63 = —dz = —d2, whence — = = s. 

ai a2 d2 7i«2 

By a repetition of such an argument, we can show that 

d2 dz dmi 

d\ d2 dmy~\ 
Hence 

D = d j l , s, s2, • • • , s"*-*]. 

Equating the last elements in each of the matrix equations (2), 
we find that by equations (3), since d^^dis™*-1, 

72 J 72«i 7i , 7i 7 £1 

oil 7 i « 2 « 1 a i a-i 

73 7 73«2 72«i 7i 7 , 7i 7 „ Ci 
bmi+2 = — dmx = diS™!-1 = - ^ " l i + 1 = —diS9**1, 

OiZ 72«3 7l«2 «1 «1 d\ 

ymr-mi+1 7 7l 7 . C\ 

bm2 = dm% = • • • = — ^ « . - i = —dis™*-1. 

Hence, since 

we may write 

B = [6i, • • ' ,bmA = — di[ l , J , • • - , ^ 2 ~ 1 ] = *i[ l ,* , - • • , ^ f " 1 ] . 

We have now shown that with the possible exceptions of the 
elements a2bi, a3#i, • • • , dmfii, every element of A{B) is s times 
the preceding element; that is, every element, with the possible 
exception of the 

(4) O2 + l)th, (2m2 + l)th, • • • , (m2(m1 - 1) + l)th 
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elements. But this is also true of C{D) with the possible excep
tion of the 

(5) (wi + l)th, (2wi + l)th, • • • , O1O2 - 1) + l)th 

elements. But, since {mu m2) = 1, no member of the set (4) is a 
member of the set (5) ; and since the elements of A (B) are iden
tical with those of C(D), there are no exceptions and every ele
ment of A(B) or C(D) is s times the preceding element. 

Hence 

a2bi = saibm2 = saibis™*-1, 

so that 

and similarly 

#2 

#3 

diS" 

a2s
m* = a\Sz 

_ ^ o m ^ m i - l ) diS 

It follows that 

A = ai[ l , sm«, s2m*, • • • , 5m»(wi"1)]J 

and similarly 

C C\ [i, $mi, Szmi, sm1(m2—1)1 

We have not yet considered all the mim2 equations connecting 
the elements of A, B, C, D; but, since the above values of 
A, By C, D give a solution for any values of the arbitrary quanti
ties &i, Ci, di, s, they also give the most general solution. 

3. A More General Case. We shall now consider a more general 
case, where A and D are rectangular matrices of n\ rows and 
nil columns, where B and C are rectangular matrices of n2 rows 
and m2 columns, and where (nu n2) = 1, and (mu m2) = 1. Let 

A = 

#11, #12 , • • • , dirt 

•— ttnj) ttntf, ' ' flriiWi —' 

£ l l , C12 , * * * , Clw2 

'—* £n2l> £n22> j £n2w»2 —' 

, B 

, D 
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By equating the first rows of A (B) and C(D) we obtain from §2 
the relation 

(6) [in, bi2, • • • , 6i«J = i n [ l , s, • • • , 5^-1] . 

Similarly, by equating the second rows of A(B) and C(-D) we 
deduce tha t 

(7) [*21, ^2 , i2w2J •— i2lLl , S, 

for the a's and c's occurring are the same in both rows and hence 
the s must be the same in (7) as in (6). Proceeding in this way 
with the rows of A(B) and C{D)y we obtain eventually 

B 

r 6n, i i 2 , 

•— i n 2 l , in 2 2j 

, #lra2 I 
r Ju 

L bn,i J 

[1,*, ll 

We shall find it more convenient to denote the first factor on the 
right hand side by {in, i2i, • • • , in2i},as is frequently done, 
that is, the curly brackets denote a column vector. 

Now, by equating the first columns in A(B) and C{D), we 
obtain, in the same manner as (6) was obtained, the relation 

{in, 621, * * * , in2i} = i n { l , h t2, - ' 

where t is a new arbitrary quantity. Hence 

and in the same manner 

D = dlx{l, / , • • • , ^ H M , • • • , ^ - 1 ] , 
A = 0 n { l , tn\ t2n*, • • • , /n2Cwi-D} [l , sm*, S2m*, • • • , j»i(»i-D ] , 

C = £11 {1, /% /2nS • • • , /Mw2-1)} [1, £mi, ^ m s . . . ^ ^ ( ^ - 1 ) ] ^ 

where anbn = Cndn. It follows that since the above values of 
^4, # , C, D give a solution of A(B) — C(D), for any values of 
OH, en, ^11, s, t, they give the most general solution. 

4. The Most General Case. We shall now consider the most 
general case and show that its solution is dependent upon the 
one just obtained. Suppose that the matrices A, B, C, D have 
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Wi, n2l n3% ti4. rows and Wi, tn2, ra3, m4 columns respectively. Since 
A(B) = C(D), 

(8) nift2 = ^3^4, and miw2 = w3w4. 

Let the highest common factor of n\ and n3 be &i. We write this 
(#i, W3)=^i- Let Wi=^i^i and ^3=^3^1, where (Vi, ^3) = 1. Simi
larly, let n2=v2k2 and n\ — v^z2y where (V2, 4̂) = 1 ; let m\—^\h\ 
and m3—[x3hu where (/xj, /x3) = 1 ; and let m2—ix2h2 and m^ — \x^, 
where {\x2, M4) = 1. From equation (8) v\v2k\k2=v3VAk\k2 and there
fore V\V<L = v3v±. Now since (^1, 3̂) = 1, 1̂ must be a factor of *>4, and 
since (v2, *>4) = 1, *>4 must be a factor of *>i. Hence v\ =v4 and 2̂ =^3, 
also (vi, v2) = l. Similarly /xi=/x4 and M2=M3, also (jui, /x2) = l. 
The procedure is now çfuite simple, although it is somewhat diffi
cult to explain in writing. Consider the very simple case 

[aif a2, a3, a4, a&, a6] ([bu b2, b3, 64]) 

= [ci, £2, £3, £4]{[di, d2t d3, du d5, d6]}. 

In this example, h\ = 2, and we see that the above equation can 
be split up into the two equations 

[au a2, a3]([bh b2>b3) 64]) = [ci, c2]([dh d2) d3, dh d^ de])f 

[au a5, ae]([bi, b2) b3, £4]) = [̂ 3, ^ ] ( [^ i , d2) d3) dh ds>, d6]). 

In this example h2 = 2, and we can split up each of the above into 
two equations and so we can reduce this case to the following 
four examples of the case considered in §2 : 

[du a*> a3]([bi, h]) = [ci, ^]([du d3, db])9 

[ah a2, a3]([b2} i4]) = [a, c2]{[d2} dh de]), 

[ah as, aQ]([bh b3]) = [c3, c4]([d1, d3, d6])9 

[ah 05, 0e]([J2, ^4]) = [̂ 3, Ci]([d2, dh d6]). 

In the most general case, we can split up the equation 

A(B)=C(D) 
into kik2hih2 equations 

where x = l, 2, • • • , k\\ 3> = 1, 2, • • • , h\\ 2 = 1, 2, • • • , k2\ 
u — 1, 2, • • • , h2, and where Axy is the matrix of v\ rows and /xi 
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columns whose ijth element is a{x-\)Vx+i^y-i)ill+j. That is to say, 
Axy — [dix-uvi+i,(v-i)m+j] has v\ rows and \x\ columns. Similarly, 
*s xy aj-i)»2+i,(i/-i)/i2+/J has 2̂ rows and //2 columns; while 
5w=[J({_i)jk2+«f(H)fcî+«] has j>2 rows and /X2 columns and 
Dzu^ [rf(t-i)*2+0,o-i)A2+w] has V] rows and /xi columns. But, since 
{v\i V2) = 1 and (/xi, /X2) = 1, the most general case is composed of 
~k\k<ih\h,i examples of the case treated in §3. For brevity, let us 
write 

E = {l, /"*, • • • , /"«<"I-D} [1, *"«, • • • , sM/r-n], 

G = {l, /% • • • , piC'i-D} [1, ̂ 1? . . . , jMifof-D], 

Now, solving An(Bn) = Cn(Du) by the method of §3, we find 

4̂11 = anE, Bn = Z>nF, Cu = CuG, Dn = J n F , 

where anbn = cndu. Similarly solving A xy(Bzu) = C'xy(Dzu), we 
have 

•fl xv — & (x-l)vl+l,(y-l)nl+. lEy BZ h F 

•L/zU dZUti- y CXy — ö ( ^ i ) , ï + i , ( y - i ) M j + i G , 

where a(*_!),, 1+i, ( î /--i)Ml+Aw = C(X-.i)V2+i,(y-1)ti2+idzu for all va lues 
of x, y, z, u. H e n c e 

(Izu ö(a^l ) i ' 1 +-l . (»-] ) ju i+] 

^(aj-l)i ' j+l.(y--l)M2+l 0* 

where g is a constant for all values of x, y, z, u. We notice that 
E, F, G, H are the same for all values of x, y, z, u, for otherwise 
we would find some Bzu having two different values at once. 
I t follows that 

rA^> > ^ i f c i ~ l 

'~^iA; 1 l , * ' ' )A]c1hl-
m' 

O H , * * * , # 1 , ( ^ - 1 ) ^ + 1 

L- a(fc1-i)y1+i,i • • • dtki-Dvi+i.(hi-Dm+i - 1 

(E) 
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Cil, ' ' ' , ^ . ( A j - D / i H - l 

(E). 

Similarly 

C 

Cu, ' ' ' , £1 , (^ -1 )^+1 

(G). 

I— C(k i - D i ^ + i . i , ' ' ' , C (je j^-l) p2+l,( h i-Dn^+l - J 

In the same way it can be shown that 

B = F( 

#11 > * ' ' ) blh2 

I— & M , • • • , bk2h2 -J 

) and£> = ?#< 

> bih2 1 

6AJ,I , * * * j bk^hz - J 

)• 

The above values for A, B, Ct D give the most general solution 
of the equation 

A(B)~C(D). 
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