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B—B- T = H2+H\'B, and H2- C = 0, contrary to the lemma. 

6. Conclusion. In conclusion attention is called to the desir
ability of clearing up, in the general case, the possibilities for 
the power of the class of all sets \H{N) ] in a compact space for 
any system T, such as has already been done by Mazurkiewicz 
and Alexandroff (see papers in Fundamenta Mathematicae, 
vols. 19 and 20) in the special case of the dimensional com
ponents. Also a more detailed study of the structure of continua 
M of varying degrees of connectivity and local connectivity 
with respect to the sets H(N), in particular in the case* con
sidered in §5, would be highly desirable. 
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1. Introduction. We shall consider generalized quaternion 
algebras 

Q = (1, h j , ij), ji = ~ ij, i2 = «> J2 = 0, 

over the field R of all rational numbers. It is easily shown that, 
by a trivial transformation on the basis of Q, we may take a and 
P to be integers without square factors. 

Of great interest in the theory of algebras Q are the integral 
sets of Q. L. E. DicksonJ has called a set 5 of quantities of Q an 
integral set if 5 satisfies the following postulates : 

R: The quantities of 5 have minimum equations with ordi
nary whole number coefficients and leading coefficient unity. 

C: Sis closed under addition, subtraction, and multiplication. 
U: S contains 1, i, j . 
M: S is maximal. 

* A further study of this case is made in the author's paper Cyclic elements of 
higher order, to appear in the American Journal of Mathematics, vol. 56 (1934). 

t Presented to the Society, June 19, 1933. 
} See Dickson's Algebrenund ihre Zahlentheorie, pp. 154-197, for his theory 

as well as references to the work of Latimer and Darkow. See also Latimer's 
later paper, Transactions of this Society, vol. 32 (1930), pp. 832-846. 
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Using the above definition for S, Dickson considered the 
integral sets for algebras Q with a= — 1. By a further trans
formation on the basis of algebras Q, Dickson showed, for his 
case a= — 1, that /3 could be taken to have no prime factors 
p = 4n + l. He then obtained the sets 5. Latimer considered al
gebras Q with a= /3 = l (mod 2), and with a = 2, (3 = 1 (mod 8) 
and, after transformations on the basis of Q, obtained many sets 
6* for each algebra Q. Similar considerations were made by 
Marguerite Darkow for the case a=/3==2 (mod 4). These latter 
results of Latimer and Darkow are very complicated and do not 
complete the problem of finding an integral set for every gen
eralized quaternion algebra. 

The above division into special cases is certainly not desir
able. Nor is it necessary. For it is obvious that at least an at
tempt should be made to show that transformations carrying 
all the cases into a canonical form are possible and it is this 
canonical form which should be studied. 

In the present paper such a canonical form is obtained. I t is 
shown that every rational generalized quaternion algebra is 
equivalent to an algebra with a = r = l (mod 4), where — r is a 
positive prime. The integer /3 = cr is also restricted. In particular 
it is evident that integral sets 5 should contain the integers of 
the field R(i) and hence 1, P=(l+i)/2, is a basis of such in
tegers. Hence the postulate U is replaced here by 

U': S contains 1, P, j . 

But then it is shown that there exist two* sets 5, 5 satisfying R, 
C, U', M, and the bases of these sets are explicitly determined. 

2. Transformations on Algebras Q. Let R be the field of all 
rational numbers and let Q be any normal simple algebra of de
gree two over R. Then 

(1) Q = Q(a, p) = (1, ij, ij), ji = - v , i2 = a, f = p, 

where a ^ O and JÖF^O are in R. Conversely, every algebra (1) 
is normal simple. 

* Essentially only one set, as we show here that CT = €T-|-4M2 and obtain a 
corresponding set S. But then o- = er+4(— /z)2 and 5 is obtained from S by re
placing ii by — ix. 
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If we have i0=\i, jo = (K+vi)j, then joio== —iojo, io2 =X2ce, 
jo2 = (ix2 — av2)fi, and (? = (1, io, jo, iojo)- Hence we have the 
following lemma. 

LEMMA 1. /ƒ X, \x,v are rational numbers, then Q(a, j8) = Q(y, ô), 
wherey=\2a, ô — (IJL2 — av2)fi. 

Next let io = Xii+X2J+Xsij, so that 

(2) i0
2 = 7 = f(xi, x2, ocs) = x?a -\~ x£j3 — xia/3. 

Then I have proved* the following fact. 

LEMMA 2. Ify=f(xi, x2, xs) j£x?a of (2) for rational X\, X%) X^y 

then Q(a, (3) =Q(y, ô), where in fact d= — ce/3(x2
2 — x2a). 

If a is rational, then a=pe~1
1 where p and e are relatively 

prime integers. Then pe = £2«o, where £ and «o are integers and 
ce0 has no square factors. If a:i = £e -1, then a = a i 2 a 0 and we call 
a0 the kernel of a:. 

By Lemma 2 any integer having the form Xia-\-xif3 — x2af3 
for rational Xi, x$, x3 may be chosen as a new a. Let a0, j3o, To be 
the kernels of a, fi, —a/3, respectively, so that every value of the 
form F(x, y, z) =a0x

2+l3oy2+yoZ2 for integral x, y, z is repre
sented rationally by (2) and may be taken to replace a. 

Evidently 70 is the kernel of — a0/30, so that not all three of 
&o, j80, To are even. Moreover, one of a0, /50, To is negative. Either 
ce0EE/30 = 70 = 3(mod 4), so that F(l, 1, 1) = 9 = 1 (mod 4), or 
one letter, say a, is even, and one, say b, satisfies the congruence 
b = 3 (mod 4), whence a -1 2 + 6-12 = 2 + 3 = 1 (mod 4). 

If ce>0, then one of j30 and 70, say b, is negative, so that 
p=a+4ba2=a(l+4:a(3) <0 , p = l(mod 4), and is a value of 
f(xi, X2, X3). Hence we may take a < 0 , a = l (mod 4). 

Let us now apply Lemma 1 to replace a=a^ao, /3=j3i2/3o by 
their kernels a0, j3o. This is evidently accomplished when we 
have X = ar~1, fi=@i~~1, v — 0. Hence take ao = l (mod 4), «o<0. 

Let ir be the greatest common divisor of «o, j8o, so that 
aQ=a2Tr, j3o = jÖ27r. Then a2, ft, TV are relatively prime in pairs 
since a0 and j80 have no square factors. I t follows that ceo is 
prime to j82(7r— a2). But if X = 1, /x = 1, V = T~1 in Lemma 1, then 

* See my paper in this Bulletin, vol. 37 (1933), pp. 257-258, for the results 
implying Lemmas 1 and 2. 
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7 = a 0 , 8 = (1 — 7r~2a27r)7rft = 182/(71- — «2). W e use L e m m a 1 to re
place /52(7T — a2) b y its kernel and thus prove the following 
theorem. 

THEOREM 1. Every normal simple algebra of degree two over R 
is equivalent to an algebra Qia, j8), where a and fi are relatively 
prime integers without square factors, a <0 , a = 1 (mod 4). 

The quadratic form <£=— ax2 — 4(3y2 has relatively prime 
coefficients, positive leading coefficient, and discriminant 
A=—16a/3. Evidently A is an integral square if and only if 
— a/3 = l, — a = j8 = 1, which is impossible since —a = 3 (mod 4). 
By the Dirichlet Theorem,* <f> represents infinitely many posi
tive primes p. Since — afi has only a finite number of prime 
divisors, infinitely many positive primes p represented by </> are 
prime to — a/3. If r = — p, then 

r = ax2 + 4/3;y2, - afix2 = (2/ty)2 (mod r ) . 

If # = 0 (mod r ) , then necessarily y = 0 (mod r) , so thatax2+4jÖ;y2 

= T = 0 (mod r2) , which is impossible. Hence x is prime to r, 
to = l (mod T) for integral /, — afi^(2fiyt)2 (mod r ) , and 
—aj8 = 4jU2+er for integral /JL, e. By Lemma 2, with Xi = x, 
%2 = y} x3 = 0, we have 5= — Aafixi whose kernel is — af3. Hence 
the following theorem is established. 

THEOREM 2. Every normal simple algebra of degree 2 over R is 
equivalent to an algebra Q(T,<T), where ajias no square f actors and 
is prime to r, —r is a prime, and a = 4 t̂2 + er when r < 0 and 
T s= 1 (mod 4), for integral fx, e. 

3. ÜTAe Removal of Certain Factors of a. It is well known that 
the quadratic form 

(3) ** ~ ry2 - ps2, (r, p) = 1, 

is a zero form, for r prime to p, if and only if r is a quadratic 
residue of p and p is a quadratic residue of r. 

Evidently r is a quadratic residue of 2. But 2 is a quadratic 
residue of r if and only if r s= 1 (mod 8). For if r = — t, t a prime, 
then 

* See A. Meyer, Journal für Mathematik, vol. 103 (1888), pp. 98-116. 
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(4) 

(2 I r) = (2 I t) = ( - i)(«*-D/8 = if / « S f « s i (mod 16), 

(4n + l)2 s 8^ + 1 s 1 (mod 16), n = 0 (mod 2), 

r = 8»i + 1. 

Let p be the product of all the odd prime factors q of a such 
that r is a quadratic residue of each such q. Let po = 2p if r = l 
(mod 8) and a is even, while po=P if either a is odd or T ^ I 
(mod 8). Then x2 — ry2 — p0s2 = 0 for integral x, 3/, s not all zero. 
For r is a quadratic residue of po, and p0 is a quadratic residue of 
T if and only if (p j r) = 1, since — r = / is a prime.* But 

(p|r) = (p\t) = ( - l) '(/ |p) = ( - l)/(r |p) = ( - IK = 1, 

(5) p - 1 * - 1 p - 1 P - 1 / + 1 
e — , f = e -\ . = —. , 

2 2 2 2 2 

since (r |p) = 1, / + 1 = - r + 1 = - 1 + 1 = 0 (mod 4). 
The integer s^O, since x2 — y2r is not a zero form when 

— r > 1, is a prime. Hence po = A2 — P2T for rational X, v. Moreover 
po = 772 (mod r ) , where r\ is prime to r. Hence rçf = l(mod r) for 
integral f, so that, if (T = ÖTOPO, then p0(To = 4/x2 (mod r ) , cr0 = 4(^f)2 

(mod r ) . But 0(r,o-) = Ç(r, a0) by Lemma 1 and the following 
fact is proved. 

THEOREM 3. In Theorem 2 we may take r a quadratic non-
residue of every odd prime f actor of a and a odd if r = 1 (mod 8). 

I t is well known that Q(r, a) is a division algebra if and only if 
the form 
(6) Xi2 — T%£ — ax-s2 

is not a zero form. Evidently if (6) is a zero form, then a > 0 . But 
necessarily if (6) is a zero form, then r is a quadratic residue of 
a. Since r is a quadratic non-residue of every odd prime factor 
of ö", then (7=1,2. Ifo- = 2, then (6) implies that 2 is a quadratic 
residue of r, so that r = 1 (mod 8), a contradiction of Theorem 3. 
Hence <r = 1. Conversely, if a = 1, then (ƒ—1)(/+1) = 0 and Ç is 
not a division algebra. 

THEOREM 4. 77ze algebras of Theorem 3 are a// division alge
bras except for a = 1. 

* For of course r is already a quadratic residue of po and (2 |r) == 1 in the 
case where po is even ; whence r = 1 (mod 8). 
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Consider now the congruence x V + ^ r —s2 = 0 (mod 4(r). 
Then y2r — JS2 = 0 (mod a). If q is any odd prime factor of a not 
dividing y, then r is a quadratic residue of qy a contradiction. 
But a has no square factors so that cr = <7o or 2<7o, where cro is odd, 
3> = 0 (mod cro) so that 2 = 0 (mod cro). If cri is even, then r ^ l 
(mod 8), xV+;y 2 T-s 2 = 0 (mod 8). But ; y 2 r - s 2 = 0 (mod 2), 
since o- is even. Hence y^z (mod 2) so that, since r = l (mod 4), 
we shall have y2r — z2 = 0 (mod 4), #2o- = 0 (mod 4), # = 0 (mod 2), 
#V = 0 (mod 8), and 3/2r = ^2 (mod 8). If y is odd, then z is odd 
and 3/2r — z2=r — 1 = 0 (mod 8), which is a contradiction. Hence 
y is even, y = z = 0 (mod 2), and we have proved the following 
result. 

THEOREM 5. The integral congruence x2a+y2r — z2^0 (mod 4<r) 
implies that y = z = 0 (mod a). 

4. On Domains of Integrity. Let D be a rational semi-simple 
algebra of order w. A set 5 of quantities of D is called a domain 
of integrity if it is closed under addition, subtraction, multipli
cation. Assume also that the quantities of S satisfy integral 
equations and that 5 contains the modulus 1 of D. Then if 5 
has order n, it is well known* that 5 has a basis 

( 7 ) COio, Cd20, ' ' ' , œn0 — 1 . 

We may evidently write 
n 

coio = ^oiijUjOi (i = It • • • , n), 

where the UJQ are a, basis of Z>, the a»,- are rational, and 

(8) unQ = 1. 

Then the matrix A s=||a»,j| is non-singular and 

(9) A = a-1!!^^ = «-'B, 

where B is an integer matrix, a is an integer. If C = ||c^j| is an 
integer matrix of determinant unity, the transformation 

(10) Olio = ^Cij-Cùio 

evidently replaces the coyo by a new basis of S. But it is well 

* See Dickson, Algebren und ihre Zahlentheorie, p. 212. 
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known f that there exists such a matrix C such that 

(11) CB = B, = | | 7 „ | | 

has elements below the diagonal all zero. Then 

(12) a? ƒ = or1 Y^yau30 = ^àij-Uj-o. 

But now re-arrange the Uio so that and similarly 
ü)i = ü)n'-i. T h e n 

i 

(13) o)i = ^aijUj, 
3=1 

with rational a»,-. In particular 

(14) cox = an -1 , (an in i?)> 

satisfies an integral equation so that an is integral. But unity is 
in S so that, since each co; contains one more basal unit than 
co;_i, we evidently must have unity an integral multiple of coi. 
Hence an = 1. 

THEOREM 6. If D is a rational semi-simple algebra of order n 
and S is a domain of integrity of the nth order in D such that the 
quantities of S satisfy integral equations and the modulus U\ — \ 
of A is in S, then S has a basis 

i 

(15) coi = J2aiiuh («i = 1> aa i>n R), 
/= i 

for i = l, • • • , n. 
In particular let 5 contain the basal quantities of D. Then 

n 

(16) Ui = ]£i?»ycu/, (i = 1, • • • , ») , 
3 = 1 

with integer rjij. Since the u{ are linearly independent in R, and 
con contains un, but no other co*, (i<n), contains un, we evidently 
have 7]in — 0, (i< n). Similarly r]ij = 0, ( j = i + l , • • • ,« ) , so that 

t Ibid., p. 221. 



1934.] GENERALIZED QUATERNION ALGEBRAS 171 

Again applying the linear independence of the Ui to coefficients 
of the Uiy we have 

(17) 1 = anna, 

so that we have proved the following theorem. 

THEOREM 7. If S contains the basal quantities of A and if (15) 
holds we have 

1 
(18) an = — j 

an 
where the an are integral* 

Let us consider now a generalized quaternion algebra 

(19) Q => (1, i,j, ij), ji = - if, i2 = r, p = <r, 

with integer r and a. Then if S is a domain of integrity of Q 
which contains the quantities 1, i,j, and hence ij, and which is 
such that the quantities of 5 satisfy integral equations, then 
5 has a basis 

coi = 1, o)Z = ft + ft*' + fti, 
(20) 

co2 = «i + a2i, w4 = 7i + 72*' + 737 + 74*7, 

with rational a», j8», 7,-. Every quantity 

(21) x = 5i + (M + Ô3J + <Mi 

satisfies 

(22) o>2 - 2Ô!Co + N(x) = 0, 

where x satisfies an integral equation only for integer 

(23) 2du N(x) = Ô? - air - ô£a + Of ra. 

Hence 2au 2/3i, 271, are rational integers. Also i^^a^r+aii 

* Notice that in fact 

o)% — one1 lui— 2 I ° W ) 

which may simplify the determination of on after the w,- are determined. This 
fact is not used here. 
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satisfies an integral equation (22), so that 2OJ2T is integral. 
Similarly 2j82r, 2fto-, 272T, 2730-, 2740-7 are integers. But a2, ft, 74 
are the reciprocals of integers by Theorem 6. Hence we have 
proved the following theorem. 

THEOREM 8. Let Q be a generalized quaternion algebra (19) over 
R and let S be a domain of integrity of Q containing 1, i, j , ij, and 
with all its quantities satisfying integral equations. Then S has a 
basis 

(24) 

Wi = 1, C02 = — + — Î, C03 = — + — l + — J, 
l §2 l IT rjz 

I IT 1<J £ 4 

where the £*, 77», f » are integers, and 

(25) 2r = 0 (mod f2), 2a- s= 0 (mod 773), 2CTT = 0 (mod f 4). 

5. TZ^Ö Integral Sets of Q. We shall consider generalized qua
ternion division algebras Q over R. Our algebras are therefore 
algebras of Theorem 4 with aj^l. Consider the quantities 

l+_i n _ . m _ t(2/i + j) + 77 

2r 
(26) vi = 1 , fl2 = —z—y vz = 7, 4̂ 

Since T = 4W + 1, O- = 4JU 2 +€7 , we have 

(27) T;3
2 = o-, fl2

2 = fl.2 + n, v? = en + ju2, 

so that the quantities (26) satisfy integral equations. 

We study the set 5 of linear combinations 

n 

(28) ][>,•»« 

with integer Xj. Evidently S satisfies U', since 5 contains 1, 
P = V2, j . Also S is closed under addition and subtraction. It is 
evident that, since the basal quantities (26) of S satisfy integral 
equations, S will satisfy postulates R and C if and only if S is 
closed under multiplication. In order to prove this closure we 
need only prove that S contains 
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(29) V2VZ, VzV2, V2V4, VA1)2, V3V4, V4V3. 

In particular S contains 

(30) j = Vs, i — 2v2 — 1, ij — 2TVA — 2/xi — rj. 

We compute 

j(i + 1 ) (1 - i)j 
(31) V3V2 = = = ( 1 — V2)v3 = V3 — V2Vz, 

which is in S if and only if v2v3 is in S. But 

(1 + 0 
(32) v2v3 = j = Tfl4 — ixi — 2r)j 
is in 5. Also 

i(2fjij + o-) + err e — 4ju2
 # o-

^ 3 = = 2 / ^ 4 H i — fij -\ 
2r 2r 2 

Xi + <7 

(S3) j = 2/"4 " m + ~Y~ 
/l + i\ 

= 2^4 — M̂3 + 2ne + € I 1 

= 2(#2 + we) + ev2 — ^Vz + 2^4 

is in 5, while 

(34) VzVt + Z>4̂ 3 = 0", 

so that Vzv± is in S. 
It remains to prove v2vA and v^v2 in 5. Now 

1 + i 2fxi + ij + rj 2fxr + 2ixi + 2rj + (r + l)ij 
(35) v2V4 = = 

2 2r 4r 

Since 

ij 2jtn + T/ 
(36) — = z;4 ; 

2r 2r 

we have 
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(37) 

r + 1 2rj + 2fxi + 2»r - (r + l)(2fii + rj) 
V2V4 — VA H 

2 4r 

= (2« + l)i>4 H 
4r 

= ( 2 ^ + 1)^4 — UVz + /JLV2 — fJL 

in 5. Finally 

2/jLT + 2/u + (1 — r)ij 

(38) 

W 4 + Z>4̂2 = W 4 + 
4r 

4»i + 2rj + 2ij 
= ix H = /x + z;4 

4r 
is in 5, so that ^ 2 is in 5. We have therefore proved that 5 
satisfies properties R, C, U'. 

Since o- = 4jLt2 + er, we have also c7 = 4(—/x)2+er, so that our 
above argument by which we proved that S has properties R, 
C, U' also proves that the set S with basis 

i(— 2/x + j) + JT 
(39) yi = i\-, (i = 1, 2, 3), j 4 = y 

Lr 

also has properties R, C, Uf. Moreover 5 and S are actually 
distinct. For otherwise y± is in S, V4+y±—j = T~lij is in 5, whence 
— r~2(7T= — o-r-1 is an integer, contrary to our hypothesis that 
cr^O (mod r ) . 

We shall now prove that every set T which satisfies R, C, V' 
is either in 5 or in S and hence each of S and 5 is maximal. We 
will then have proved 5 and S the only sets satisfying R, C, 
U', M. 

Let then T satisfy R, C, Uf. Since T is a domain of integrity, 
it has a basis (24). Hence coi = 1 is in S, S. Also co2 is an integer 
of the algebraic field R(i) and hence, as is well known,* is an 
integral linear combination of 1, V2. Hence (02 is in 5, 5. 

We next write 

Vi Vïi 1 
(40) C03 = — + T +—j, 2a s 0 (modi;,). 

2 2 773 

* Dickson, loc. cit., p. 149. 
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B u t then 

cos = co3 — rjiv2 = 1 H J 
2 m 

is in T, since !T has p r o p e r t y C. Hence w i thou t loss of genera l i ty 
we m a y t a k e 771 = 0 in (40). 

T h e q u a n t i t y co3 m u s t h a v e an in tegral m i n i m u m equa t ion . 
Th i s equa t ion ev iden t ly is 

r?22??32 + 4or 
W32 = — ; 

4T773
2 

so t h a t 
viyi + 4ÖT = 0 (mod 4rr73

2). 

T h e n 4o"rs=0 (mod T732). Since err has no square factor, we have 
4 = 0 (mod T73

2), 773= ± 1, ±2. B u t t hen rji = 0 (mod r ) , so t h a t 

772 = rjr9 C03 

C o m p u t e 

which m u s t h a v e in tegra l m i n i m u m equa t ion (22). Hence rjr/2 
is an integer , so t h a t rj = 2rjo is even, co3 — 770̂  = 7?3-1i is in T and 
has in tegra l m i n i m u m equa t ion co2 = <n73~

2. Since <r has no square 
factor, we h a v e 773 = ± 1, and co3 = rjoi±j is in S, S as desired. 

W e finally consider t h e q u a n t i t y w4. B y the above transfor
ma t ion on co3 we m a y t a k e fi = 0 in (21) and wri te 

(41) C04 = — - + - 1 > 
2r 2a Ç4 

where 2aT = 0 (mod f4). T h e n 2crr = f4£"6 and 

( 4 2 ) co4 = h • 

rji 

2 

7]T 

4 

+ 

+ 

1 
— J-

rji 

7 + 2î?3 
+ 

2r?3 

2r 2cr 2or 

so t h a t 

„ , , 2 f22r f3
2or f5

2<7r f2
2cr + f 3 2 r - f 5 2 

(43) W42 = = 
4r2 4(72 4<rV 4(7r 

m u s t be in tegra l . 
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ByTheorem5 wehavef3 = X3ö",f5 = ^5 0-,andf2? +(x3
2r — #5

2) = 0 
(mod 4r), which is equivalent to 

(44) f2
2 - xb

2a s 0 (mod r), f2
2 + *3

2r - x5
2 = 0 (mod 4). 

Also 

IT 2 IT 

so that, since vz = 1 + i / 2 is in T, so is 

f 2 f 2 . OCz + X5 . £3T + £5 . 
^ 4 = — + —i H — j H tj. 

4 4r 4 4r 
Since then ZJ2CO2 must have integral minimum equation, we see 
that f2/2 is integral, f2

2 = 0 (mod 4), x3
2r — x5

2 ^ 0 (mod 2) and 
x3 = x5 (mod 2). But then x3

2r — x5
2 = 0 (mod 4) and (44)2is satis

fied. We write x3 = x5H-2X. 
Since (7 = 4/x2 (mod r ) , we have f2

2
 = (2JUX5)

2 (mod r ) . But — r 
is a prime so that r2EEE±2/xx5 (mod r ) , f2= ±2jUX5+;yT. Since 
f2 is even, so is y = 2s and 

/ ± 2/xi + r/ + *A , , . , . 
co4 = ^51 ~ ) + XJ + zt9 

which is evidently in S or S according as the above sign is plus 
or minus. Hence T is contained in S or S as desired. 

THEOREM 9. Every generalized quaternion division algebra in 
its canonical form of Theorem 4 has precisely two sets S, S of 
integral quantities satisfying R, C, U', M, and with 

1 + i . i(2fi + j) + TJ 
C 0 i = l , « 2 = ) W3 = J, CO4 = ; 

as a basis of S, while S has the corresponding basis 

1 + » . _ i(-2»+j) + TJ 
COi = 1 « 2 = f 0)3 — J, CO 4 = • 

2 IT 

It is evident that the two sets S, S have almost identical 
properties and hence that there is essentially one set (either S 
or S) of integral quantities of Q. 
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