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ON T H E EXPANSION COEFFICIENTS OF T H E 
FUNCTIONS u/snu AND u*/sn2u f 

BY R. D. JAMESf 

1. Introduction. I t is well known that the elliptic function 
sn(w, k) may be expanded in the form 

sn(«, t ) = Z — Sn(k*)y 

where 
[ ( n - l ) / 2 ] 

(1) 5 0 (P) = 0, 5i(É») = 1, 5n(*«) = E ^r(»)*2r, ( » ^ 2 ) . 

Moreover, sr(2/') = 0 for all values of r and j , and sr(2/ + l) is an 
integer > 0 for O^r^j. Similarly we have 

u * un 

(2) -—— = E -een 
sn(w, #) n̂ o w! 

where 
[n/2] 

Go(^2) = 1, GnC*8) = Z &(»)**', ( ^ 1 ) , 
with g r (2 / '+ l )=0 for all values of r and j , and gr(2j)?*0 for 
O ^ r ^ j . In particular 
(3) go(2) = gi(2) = 1/3. 

Again, 
w2 1 * un 

(4)
 V „ = 'T *V + Z - ^n(̂ ), 

sn2(w, &) 2 w==0 w! 
where 

[n/2] 

T0(k>) = i , r w ( P ) = Z«r (»)* î r , (» ^ i ) , 

with /r(2/ + l ) = 0 for all r and j , and tr(2j)^0 for O ^ r ^ j . In 
particular, 

(5) /o(2) = 2/3 , /!(2) = - 1/3, *0(4) = - *i(4) = 1,(4) = 8/5. 

t Presented to the Society, March 30,1934. 
Î National Research Fellow. 
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The values of sr{n), gr(n) and tr(n) for r = 0, 1, 2, 3, were given 
without proof by Hermite. j A proof for sr(n), for r = 0, 1, 2, 3, 
was given by GruderJ but no proof for gr(n) and tr(n) seems to 
have been published. In this paper we shall prove the following 
results : 

(6) g0(n) = - i»(2» - 2)Bn] 

(7) gl(n) = in2-*n(2(2« - 2)Bn - 1 - ( - 1)-); 

(8) /„(») = - in(n - l)2»Bn; 

(9) h(n) = iw^(^ - 1)2W-2^W; 

(10) V 

t2(n) = - *»»(*» - 1)((2» - 7)2n-«Bn - 2 - 8 ( l + ( - 1)*);, 

where ^ ^ 2 . The i?n are the Bernoulli numbers defined by the 
equation 

1 1 " un 

(11) — u ctn — u = Y: — iwJ5w. 
2 2 wt^ *! 

The proof depends on a number of recursion formulas for the 
Bernoulli numbers and the method may be applied to calculate 
further values of gr(n) and tr(n). 

2. Recursion Formulas f or the Bernoulli Numbers. To simplify 
the writing of formulas we adopt the notation 

(f + g)n= Z E — t e , 
a+f3=n alp l 

(/(*) + go»» = E Z—'-mg{ff), 
a,(3^0 

and similarly for (f+g+h)n and (ƒ(*)+«(*)+fc(*))n- Let 

An=(n- l)Bn, Jn = 2"5„, Kn = (» - l )2"5 n , 

Mn = »(» - 1)2»5„, i>„ = «(» - 1)(2» - 7)2*B», 

Rn = (2» - 2)Bn, Un=(n- 1)(2» - 2)5„, 

F„ = |w(l + ( - 1)"), Wn = n(n - 1)2—'(1 + (~ !)")• 

t Collected Works, vol. 3, pp. 236-237. 
t Wiener Sitzungsberichte, vol. 126, H a (1917). 
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( - (n-
(13) (B + BY = \ ) 

X. — (n — 

The results which we shall require are as follows : 

- (» - l)Bn, (n**2), 

(n-l)Bn + ±, (» = 2); 

(14) 4(5 + B + BY = 2(» - 1)(» - 2)J3„ + »(» ~ 1)5—»; 
(15) (# + * ) • = - (» - l)2n5B = - Kn; 

(16) 2(R + R + RY = (n - 1)(» - 2)i?„ - »(» - l)i?„_2; 

( - (» - 1)/M, (» ^ 2), 
(17) (/ + / ) « = | _ ' 

(18) (B+JY=i' 

(21) 

(22) 

(n-l)Jn + 2, (» = 2); 
- (« - 1)5B, (» ^ 2), 

( » - l ) 5 „ + l , (» = 2); 

(19) 6(̂ 4 + il)» = - (» - 2)(» - 3)An + »(« - l)i„_2; 

(20) 6(K + KY = ~ in - 2)(» - 3)Kn + 4n(n - 1)Z„_2; 

6(A + KY= ~ (» - 2)(» - 3)An 

+ » ( » - l )(3-2"- '+lM„_ 2 ; 

- 6(5 + P + 17)" = 6(K + UY 
= - (n - 2)(« - 3)C/„ + »(» - l)C/re_2; 

(23) - (R + R + VY = (K + VY = »(» - !)**-«; 
C 4w(w - 1)2T„_2, (« ?* 4), 

(24) (X + WO = < 
X 4n(n - l)2Tn_2 - 192, (n = 4); 

6(Jf + P)n + 24(Jf + MY + 6(P + 20" 
= - (» - 2)(» - 3)P. + 4»(» - 1)P_, 

+ 32«(» - 1)M„_2 - 24»(w - 1)JT„_2. 
These formulas are readily proved and in most cases we 

merely indicate the method of proof. 
PROOF OF (13). The function x = (w/2) ctn (u/2) satisfies the 

differential equations 
dx 

(26) 4:U — = - 4*2 + 4x - u2, 
du 

d2x dx 
(27) 2u2 4=u — = 4#3 — 4=x + u2x. 

du2 du 
It follows from (11) and (26) that 
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oo ^n oo ^ n 

4 £ — i«Bn = - 4J2 — in(B + BY 
n-l (» — 1) ! n=0 n\ 

" ^ w 2/2 

+ 4 ^ — f»j5n + 2—t*. 
n=0 » ! 2 ! 

Hence 

8£2 = — 4(J5 + BY + 4:B2 + 2, 

AnBn = - 4(£ + 5)» + 45w, (» ^ 2), 

which proves (13). The formula (14) follows in the same way 
from (11) and (27). 

PROOF OF (15). I t is known that 

— u esc u = 2L, — inRn» 
n=o »! 

Since u2 esc2 w = w2+w2 ctn2 u, we have 

" un u2 * ww 

]C — *n(^ + i?)n = - 2 — *2 + X) — in2H(B + B)n
f 

n=o »! 2! n==0 »! 

ƒ 2»(£ + BY = - (» - 1)2»^ , (» ^ 2), 
(i? + # ) n = s 

I - 2 + 22(£ + B)2 = - (2 - 1)22£2, (» = 2). 
PROOF OF (16). The function y = u esc w satisfies the equation 

d2y dy 
u2 2u — = 2yz — 2y — u2y. 

du2 du 
Hence 

- »(» ~ l)Rn + 2nRn = - 2(22 + R + R)» + 2Rn 

— n(n — l)Rn-2, 

2{R + R + RY = (» - 1)(» - 2)Rn - »(» - l)i?w_2. 

PROOF OF (17). In (13) replace Bn by 2~nJn. 
PROOF OF (18). We have 

1 1 " un 

— u2 ctn — u ctn u = > , — in(B + J ) n , 
2 2 ZÎ »! 

and 
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1 1 1 1 1 
— u2 ctn — u ctn u — — u2 ctn — u u2 

2 2 4 2 4 
1 u2 " un 

= i2 + E — *w(£ + £)n. 
2 2! T̂o »! 

Hence 

ƒ (5 + 5)» = ~ (» - 1)5W, (» * 2), 
LS + / ) W = < 

U + (5 + ^ ) 2 = - ( ^ l ) ^ + l , (» = 2). 
PROOF OF (19). The function 

1 1 * wn * un 

z = — u2 esc2 — u = 2 — *'n2-w(# + i?)n = - 22 — inAn 
4 2 n=0 »! n=o »! 

satisfies the differential equation 

d2z dz 
u2 4^ — = 522 __ §z __ w 2 2 # 

Hence 

— »(» — l ) 4 n + 4»4n = 6(4 + 4 ) " + 6» — »(» — l ) i n - 2 . 

PROOF OF (20). In (19) replace An by 2-wi£w. 
PROOF OF (21). We have 

1 1 
uA esc2 — u esc* « = E — *n(^ + K)n> 

4 2 n==0 »! 

and 

1 1 1 1 1 
— uA esc2 — u esc2 w = — u4- esc4 — w H u* esc2 w 
4 2 16 2 4 

" un 1 " wn+2 

n=o »! 4 w==0 »! 

Hence 

6(4 + K)n = 6(4 + A)n + 3-2*~3»(» - l )4 n _ 2 . 

PROOF OF (22). The fact that ~(R+R+U)n = (K+U)n fol
lows from (15). Moreover, Un

:=Kn — 2An. Hence, from (20), 
(21), and (12), 
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6(K + U)n = 6(K + KY - 12(A + K)n 

= - (» - 2 ) 0 - 3)Kn + 4n(n - l )# n _ 2 

+ 2(» - 2)(» - S)An 

- 2 » ( » - l)(3-2-~3 + l)An_2 

= - (» - 2){n - 3)Un + n(n - 1 ) J 7 ^ . 

PROOF OF (23). As before, -(R+R+V)n = (K+V)n. More
over, we have 

* un 1 " wn 

usinu = - 2 ^ *K*W + ( - *)w) - - 2^ — inVn-
n=0 «I 2 w==0 »! 

Hence 

uz esc2 M sin M = 22 — in(K + v)n 

and 

oô  un+2 

—' -

-o »! 

Then we have (K+V)n = n(n-l)Rn-2. 

PROOF OF (24). We have 

4u2 cos 2u = — X) — »(w - l)2n~\in + ( — i)w) 
w=o »! 

= - z — ^ > 
n=0 » ! 

Then 

4w4 esc2 M cos 2u = 2J — * n ( ^ + W)n, 
n=0 » ! 

and 

4w4 esc2 w cos 2w = 4^4 esc2 w — Su4 

u 

uz esc2 w sin w = Ü3 esc u = — 2^ inRn. 

4 oo a/n+2 
= - 192— i4 - 4 S ^ » . 

4! w=o »! 
Hence 
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4 n ( f f - l ) # n - 2 , ( » 3 ^ 4 ) , 

4»(» - 1)ZW_2 - 192, (» = 4 ) . 

( 4n(n - l)Zn_2 , (» ^ 4), 
(K + W)» = < 

PROOF OF (25). Since 

ÜTaP^ + 4MaMp + PaKp = (a + j8)(2a + 2/3 - 7)X«i^, 

we have, from (20) and (12), 

6{K + P)n + 24(AT + MY + 6(P + K)n 

= 6n(2n - 7)(JT + i O n 

= »(2» - 7) { - (» - 2)(» - 3)Kn + én(n - l)Zn_2} 

= - (n - 2)(n - 3)Pn + 4n(n - 1)PW_2 

+ 32»(» - l)Mn_2 ~ 24»(« - 1)J£»_2. 

3. ÜTAe Pröö/ <?ƒ (6) awd (7). Since sn(w, 0) =sin w, we have, 
from (2) and (12), 

" un ™ un 

£o(») = - inRn = ~ i"(2w - 2)J5n. 

Next, the function ^ = sn(^, k) satisfies f the equations 

( dw\2 d2w 
) = (1 - w2)(l - k2w2), = - (1 + k2)w + 2k*w*. 

du / du2 

It follows that % = u/sn(u, k) =u/w satisfies the equation 

d2£ di 
(28) u2 2u — = 2£3 - 2? - (1 + k2)u2%. 

du2 du 
Hence, from (2), 

n(n - l)Gn - 2nGn = 2(G + G + G)n - 2Gn 

- (1 + k2)n(n - 1)GW_2, 

2(G + G + GY = (n - \){n - 2)Gn + (1 + &2>(rc - l)Gn_2, 

2 E E E (ft(*) + &(*) + «,(*))* 

= (* - 1)(» - 2)gr(n) + n(n - l)(gr(n - 2) + gr^(n - 2)). 

f Gruder, loc. cit. 
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When r = l, the last equation becomes 

(29) 6 ( g ° ( * ) + g°M + gl^H = ^ ~ 1)(JI " 2 ) g l W 

+ « ( » - l ) ( g i ( » - 2 ) + g o ( » - 2 ) ) . 
Now let 

Zw = i»2-»»(2(2»- 2 ) 5 . - 1 - ( - 1)") = i"2~2(Un + Rn - 7») 

and consider 6(g 0 (*)+go(*)+Z) \ By (16), (22), and (23), this 
equals 

in2~2{6(R + R + U)n + 6{R + R + R)n - 6(R + R + V)n\ 

=- in2~2{(n - 2)(» - 3) Un - »(» - l)^»-2 

+ 3(» - 1)(» - 2)i?n - 3»(» - l)i?w_2 + 6»(» - l)Rn-.2\ 

= in~2{(n - 1)(» - 2)(*7W + 22* - 7n) 

- n(n - l)(£/n-2 + #n-2 - Vn-2) + 4»(» - l)i?w-2} 

= (n - 1)(» - 2)Zn + »(» - l)Zn_2 + »(» - l)g0(» ~ 2). 

This proves that Zw satisfies the recursion formula (29). Since, 
from (3), we have gi(2) = 1/3 =Z 2 , it follows that g\{n) = Z n for 
all values of n^2. I t is readily verified that gi(0) =Zo = gi(l) 
= Zi = 0, and this completes the proof. 

4. The Proof of (8), (9), (10). We have 

iy2 

23 — h(n) = = ii2 esc2 u = — 23 — ini£n, 
n=o »! sn2(^, 0) w=o »! 

*o(») = - inKn = ~ *w(» - l )2 n 5 w . 

Next, we have f 

D%(2j)= ±(J. V)tv(2j), 
M \ J - r/ 

' i (2j) = - ÏM2J) = i2n~22j{2j - 1)22>5„. 

Since /i(2./ + l ) =J^2/+i = 0, th i s proves (9). Again , t he function 
r)=u2/sn2(u, k)—k2u2/2 satisfies t he equa t ion 

d2rj dy) 1 
U2 4 « — = 6r?2 - 677 - 2(2 - k2)u27] - & 2 - w 4 . 

d^2 du 2 

f Gruder, loc. cit. 
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Hence, from (4), 

n(n - l)Tn - 4nTn = 6(T + T)n - 6Tn 

- 2(2 - W)n(n - 1)2V-,, (» ^ 4), 

6 E E (*x(*) + *,(*))" = (» - 2)(» - 3)fr(fi) 

-f 4«(» - l)/r(» - 2) - 2^(^ - l)/r-i(» - 2), (n •£ 4). 

When r = 2, the last equation becomes 

6(/o(*) + h(*)Y + 6(/i(*) + h(*))n + 6(/t(*) + /0(*))n 

(30) = (» - 2)(» - 3)/2(») + 4»(» - 1)*2(» - 2) 

- 2»(« - l)/i(» - 2), (» ^ 4). 

Let 

ff» = - *"»(» - 1)((2» - 7)2n~«Bn - 2»~8(1 + ( - 1)*)) 

= - i»2-8P» + in2~7Wn, (n^2). 

H2 = - i22"6P2 - *'22-W2 = 0-

and consider 

6(*o(*) + # ) n + 6(fa(*) + /i(*))» + 6 (# + /o(*))* (» ^ 4). 

By (25), (24), and (12), this equals 

in2-«{6(K + P)n + 24(M + M)n + 6(P + K)n) 

- in2-n2{(K + W)n - »(» - l)Kn-2W2} 

= ^w2-6{ - (» - 2)(» - 3)Pn + 4»(» - l)Pn_2 

+ 32»(» - 1)MW_2 - 24n(rc - 1)#»_2} 

- i»2"712{4»(» - l)Zn-2 - 8»(» - l ) ^ n - 2 } 

= in2-«{ - (n - 2)(» - 3)(P» - 2-W n ) 

+ 4»(» - l)(Pn_2 - 2~Wn_2) + 32»(» - l)Mn_2} 

= (» - 2)(» - 3)# n + 4»(» - l)ffn-2 ~ 2»(» - l)h(n - 2). 

This shows that Hn satisfies the recursion formula (30). Since 
fa(4) = 8/5 = # 4 , it follows that h(n)=Hn for all w = 4. Finally, 
we verify that t2(n) =Hn = 0 for w = 0, 1, 2, 3. This completes 
the proof of (8), (9), and (10). 
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