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T H E CATEGORY OF T H E CLASS LIP (a, p) 

BY E. S. QUADE 

A function x(s) is said to belong to the class Lip (a, p) on the 
interval (a, b) provided 

a b \llp 

| * ( * + * ) - x(s)\pds\ = 0(A«), 
where 0 < a ^ 1. 

There exist continuous functions which belong to no class 
Lip(ce, p). Indeed if x(s) chip(a, p), then the Fourier coef
ficients of x(s), any bn, are 0(n~a). Now a continuous function 
may be constructed* such that \ani\ > l / l o g tii for an infinite 
set of values {ni}. Then for such a function 

I a»i\ ni<X ^„x 
J L > 5*0(1), 

nja log fti 

that is, an7^0{n~a) and hence the continuous function with the 
Fourier coefficients an belongs to no class Lip (a, p). 

We prove the following theorem. 

THEOREM. The subset E of Lv, p*zl> which is ^ Lip(ce, p) 
for 0 <a^ 1, is of the first category in Lv. 

We employ a method of proof used by S. Banach.f We take 
the interval (0, 1) as the fundamental interval and assume the 
functions to be periodic with the period one. Let Enm be the set 
of all x(s) cLp such that 

f | x(s+ h) - x(s)\pds £ np\h\p/m, (n,rn= 1,2, • • • )• 
Jo 

The sets Enm are closed. For, let #»•($)—>x0(s) in Lp. Set 

* W. Randels, A remark on Fourier series of continuous functions, Ameri
can Mathematical Monthly, vol. 40 (1933), pp. 97-99. See also an article by O. 
Siisz, to appear soon in the same journal. 

f Über die Baire'sche Kategorie gewisser Funktionenmengen, Studia Mathe
matica, vol. 3 (1931), pp. 174-179. 
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Vi(s) = Xi(s + h) — Xi(s), 

Vo(s) = xQ(s + h) — *&(*), 

where A is fixed but arbitrary. Then 

||Ji - rvoli ^ ||*<(s + h) - ff0(s + A)|| + \\xi(s) - XoOOH 

= 2||*<(*) - * 0 (*) | | ->0. 

But ||y»—yo||—>0 implies that | | ^ t |H |^o | | , that is, 

| *o(s + h) - x0(s) \pds ^ nv | h\p/m. 
o 

Moreover £ c ^ * i f f i „ i £ „ . For, if x0(s)cE, then for some 
value ao, tfo(s) c Lip (ce0, £) ; that is, there exists a number ikf 
such tha t 

l 

| *o(* + h) - xQ(s) \pds S M J h I 

ƒ 

s: 
To complete the proof we have only to show that every set 
Enm is non-dense. Suppose, if possible, that ENM were not non-
dense. Then, since ENM is closed, it contains a sphere K. Let 
c*)(s) c K c JSjVM be the center of the sphere and r > 0 the radius. 
Let g(s) c Lp be a function of E. Since when g (5) c E, c • g (5) c £ , 
where c is a constant not zero, we may assume ||g|| <r. Also 

\\g(t+h)-g(t)\\>2N\h\llM. 

Set 2(5) = :w(s)+g(s). Then z(s) cLp and 

ll«(/ + h) - «coy è |U(/ + h) - «coll - Ik* + « - «coll 
> 2 ^ | A | 1 / M - i ^ | A | 1 / M ^ i V | A | 1 / M ; 

tha t is, z{s) not CENM. But ||JS — co|| = |kll <f; this means 
z(s) cK CENM, a contradiction. 

In exactly the same manner we may prove the following 
result. 

The subset EC of the space C of continuous functions is of the 
first category in C. 
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