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1. Introduction. Complete sets of identities have been ob
tained for the components of the affine and metric normal ten
sors and also for the components of the afHne, metric, and pro
jective curvature tensors. In addition to these identities, a com
plete set is known for the components of the first covariant de
rivative of the affine curvature tensor.* 

In this paper a complete set of identities is obtained for the 
components of the second covariant derivative of the affine 
curvature tensor, and also a complete set for the first and second 
covariant derivatives of the metric curvature tensor. 

2. The First Covariant Derivative. We shall now obtain a com
plete set of identities for the components f Bijki,m of the first 
covariant derivative of the metric curvature tensor with com
ponents BUM. In terms of the gu and their derivatives, we have 

1 / d*gik d2gu d2gj]c d*ga \ 
•t>ijkl = I 1 ) 

(1) 2 \dx3'dxl dxJ'dxk dxldxl dx*dxk/ 

a b a b 

+ gab(TikTji — TiiTjJc)* 

By expressing (1) in metric normal coordinates, differentiating 
and evaluating at the origin, we obtain 

(2) B i]'kl,m \gik,jlm i gjl,ikm gil,jkm gjk, 

The quantities gij,kim are the components of the third extension 
of the gij. The following identities form a complete set for these 
components : 

. v gij,klm = = gji,klm == gij,pqr) 

gijfklm i gik,jlm \ gil,jkm l gim,jkl = = U> 

* T. Y. Thomas, Differential Invariants of Generalized Spaces, Cambridge 
University Press, 1934, pp. 81, 114, 132, 138. 

t In this section and the next small Latin indices have the range 1, 2, • • •, ». 
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where pqr is any permutation of klm. From (2) and (3), it is not 
difficult to show that 

J^ijkl,m == J3jikl,m = = J3ijlk,m> 

(4) BijJcl,m + Bijimtk + Bijmk,l = 0 , 

£)ijkl%m \ -tjiklj,m I -Diljk,m = U • 

The equation (2) can be solved for the ga,kim, the solutions 
being 

vgijtklm ^ J5ik]'l,m ~t~ -t>ikjm%l \ J^iljm,k \ •t^jkil,m 

~\ J^jkim,l i" J5 jlim,k» 

In obtaining (5) we use the identities (3) and also 

(6) gkl,ijm — gij,klm T" gjm,kli \ gmi,klj) 

this latter identity being a consequence of (3). Starting with (5) 
and (4), it is possible to obtain (2) and (3), and hence we have 
the following theorem. 

THEOREM 1. The identities (4) constitute a complete set of identi
ties for the components Bijki,m of the covariant form of the first 
covariant derivative of the curvature tensor of a metric space. 

3. The Second Covariant Derivative. We now consider the com
plete sets of identities for the components of the second covari
ant derivatives of the affine and metric curvature tensors. The 
affine case is first discussed. In terms of the components of the 
affine normal tensors, we have 

i i i i 
\ ' ) •& jkl,m,p = -A-j'Jclmp A. jlkmp l Yjklmp j 

where 
i i d i d i d i o , 

Y jklmp == -n.almfl.jkp ~J~ JLalpA jkm ~T~ **• amp**- jkl ~T~ **• dlkfl. jmp 

(8) +AjlaA kmp ~T~ AaikA-lmp \& akpA jlm - j - A akmA- jlp 

i d i d i d i d 
~T~ Aamps±jik - j - A.akiA jmp 

+ A iaiA 
kmp \ A. jJcaA Imp) • 

A complete set of identities for the components A)ump is given 
by the formulas 
(9) Ajkimp = Akjimp = A3-kr8t, (rst is any permutation of Imp). 

i i i i i i 
A jklmp \ A jlkmp I A jmlkp T" **• jplmk ~T Aklmpj T" Akmlpj 

\-H-V i i i i 

+ A 
kpmlj + Aimpjk + Aipmjk + Ampjki = 0. 

-n.almfl.jkp
file:///-H-V
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By differentiating covariantly the components B}ki,m
 m a com

plete set of identities which these components satisfy, we obtain 

i i i i % 
•t>jkl,m,p = = -Bjlk,m,py •& jkl,m,p \~ J^klj,m,p \ J^ljk%m%p =s " j 

\ 1 1 / i i i 
•*5)'kl,in,p "l J5jlm,k,p I J5jmk,l,p = = " • 

If in (7) the indices m and p be interchanged and the resulting 
equation be subtracted from (7), there results 

i i a i i a 
J5jkltm,p •&jkltp,m = = &jkl&amp ~~" Jjakl-Bjmp 

' ' — 7?* na - n{ na 

J-> jal-Dkmp J-> jka-Dlmp* 

This latter identity, (12), is one of Ricci's identities. Use is made 
of the relations 

• i i 

(13) Bjki = Ajki — Ajik 

in obtaining it. The A)kimp can be obtained in terms of the B's 
by use of (7), (9), (10), the result being 

KM 
jkltnp "Kjklmp ~v ^jkmlp r "jkplm i "kjlmp *T" "kjmlp 

i i i i 

(14) + \kjpml + X 
i i 

where we have put 
i i i 

(15) hjklmp — -BjklWtP Yjklmp» 

In (15) the \f/ are to be thought of as being expressed in terms of 
the B%cd} this being done with the aid of the formula 

(16) Abed = (Bbcd + Bebd)/3. 

The components B%cd satisfy the following identities which 
form a complete set: 

<X CI (X Qi (X 

(17) Bbcd = ~ Bbdc, Bbcd + Bcdb + Bdbc *= 0. 

From (11), (12), (17), and (14) it can be shown after rather 
lengthy calculations that the complete set of identities (9), (10) 
is satisfied, and also the equations (7) can be obtained. Hence 
we have the following theorem. 

THEOREM 2. The identities (11), (12), (17) constitute a complete 
set of identities f or the components B)ki,m,P and B)kh 

file:///kjpml
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The identities for the components Bijki,m,P of the second co-
variant derivative of the metric curvature tensor with com
ponents Bijki will now be considered. In terms of the com
ponents of the metric normal tensors and the gij and their ex
tensions it is found that 

a a 

(18) &ijkl,m,p gia\A jklmp A jlkmp ) + h 

where 

fîijklmp = = gia\A jlcpAbim - | - A. blpA jkm A jlpA bkm 

a b b a 

(19) •<* bkp-A. jlm 

+ BjklAbmp) 
b b b 

-Bibkl/*. jmp J3ijblJ3kmp J^ijkbJ^lmp • 

Also 

(20) Babcd = gac,bd — gbc,ad, 

and Aba can be obtained in terms of the g's by means of (16) 
and (20). We find that 

(Ah _ Ak \ 
. .gdk\/^ijlmp A. il jmp) 

+ gil,djmp gdl,ijmp gij,dlmp) ~T~ &dijlmp\ 

where 
& & & 

&dijlmp = = Aumgbdfjp S±ijmgbd,lp i ^-ilpgbd, 

(22) » » 
•<iijpgbd,lm •K.ijlgbd,mp > 

and gij,kimp are the components of the fourth extension of the 
gij. If we place 

(23) djk Imp Qijklmp \ "ijklmp) 

then (18) can be rewritten, by means of (21), 

\Z^t) -Dijkl,m,p == \*-/£)\gik,jlmp I gjl,ikmp gil,jkmp gjk,ilmp) 

klmp • 

It is evident that Cijkimp can be expressed in terms of the g's. 
The ga,kimp satisfy the complete set of identities 

ga,kimp = gjitkimp = gij.qr&t, (qrst is any permutation of klmp), 

gij,klmp r gik,jlmp ~T~ gil,]'kmp \ gim,jklp \ gip,jklm = = " • 
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From (4) and (12) we can obtain the identities 

•Bijkl,m,p = = J5 j'ikl,m,p = = J^ijlk,m,py 

J5ijkl,in,p ~T~ Hiklj,m,p \ J^iljk,m,p = : "> 

\£0) J^i]'kl,m,p "T" J^ijlm,k,p ~l~ J^ijmk,l,p ' = vJj 
a a 

•&ijkl,m,p •Dijkl,pim
 == -Biamp-B jkl &iakl& jmp 

a a 
-Bijal&kmp •& ijkaJ^lmp > 

It is found that we can solve for the components gu,kimP by the 
use of (24) and (25), obtaining 

mgijf]clmp = = J-Jtkjlmp \ J-^jkilmp \ J-^ikjmlp "T* -^jkimlp 

(27) + Eik jpml ~T~ -t^jkipml I J^iljmkp 

\ -t^iljpnik I J-'jlipmk \ J^imjpkl "T" •t-Jjmipkl; 

and 

\£o) J-^ijklmp -Lsijkl,m,p ^ijklmp • 

The following identities are useful in obtaining (27) 

/ . gmp,ijkl = gij,klmp ~T~ gik,]'lmp ~T~ gil,jkmp i gjk,ilmp 

i gjl,ikmp I" gklyijmp y 

these being derivable from (25). The quantities E are expressed 
in terms of the gu, Bun, Buki,m,v. Now we can obtain (25) and 
(24) by means of (27) and (26), and as the BUM have the com
plete set of identities 

(30) BUM = — Bjiki = — Bijik) Bijki + Bikij + Bujk = 0, 

we have the following theorem. 

THEOREM 3. The identities (26), (30) and gu = gn constitute a 
complete set of identities f or the components gu, B-uku and Bijki,m,P. 

The components gu have to be included since they appear ex
plicitly in the right member of (27). 
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