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ON SOME EXTREMAL PROPERTIES OF 
TRIGONOMETRIC POLYNOMIALS 

WITH REAL ROOTS 

BY J. GERONIMUS 

1. Introduction. L. Fejér [l],f O. Szâsz [2], [3], [4] and E. 
v. Egervâry [5] have found many interesting extremal prop
erties of non-negative trigonometric polynomials. In particular, 
Szâsz [3] has found that for every non-negative trigonometric 
polynomial of order Sn with real coefficients, 

n 

(1) G»(9) = 1 + <RX 7*e<M. (7* = «* + #» ; * = 1, 2, • • • , ») , 

the inequality 

(2) I T t | ^ 2 cos , (A = 1, 2, • • • , » ) , 

[f]« 
is valid.$ 

The object of this note is to find the minimum of the modulus 
of the first coefficient yn, supposing that all roots of Gn(6) are 
real. The first problem of this kind has been considered by 
Blumenthal [ó]; we shall return in §4 to his problem and its 
generalization. 

2. Equality of Roots of Gw*(0) for Problem 1. Consider the fol
lowing problem. 

PROBLEM 1. Find the minimum of the modulus of the first coeffi
cient yn of a non-negative trigonometric polynomial 

Gn{0) = l + ^efib*'M 

&-i 

of order n with real roots. 

t Numbers in brackets refer to the Bibliography at the end. 
% %z means real part of z; [a] means the greatest integer ^ a . 
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In order to solve this problem we shall prove the following 
simple lemma. 

LEMMA 1. All roots of the polynomial G*(d) for which the mini
mum in Problem 1 is attained must be equal. 

Consider a non-negative trigonometric polynomial f 

0 — di 0 — 02 A 
(3) Gn(0) = 4 sin2 ——— s i n 2 — — Fw_2(0) = <R.£ yke*M, 

2 2 &=:0 

where JFW_2(0) is a non-negative trigonometric polynomial of 
order n — 2 with real roots, 

(4) Fn_2(0) = <Bjt, 7,V** = E I 7** I cos (kO - a*), 

wherea/b = arg7fc*, (&=0, 1, 2, • • • , n — 2), and«o = 0. 
On putting a = (0i+ö2)/2, ô = (0i —02)/2, we see easily that 

7o 

(5) 

7o*( 1 H cos 25 1 — | 7i* | cos («i — a) cos d 

1 I I I I X I I 

+ — I 72* I cos (a2 - 2a) ; | yn \ = — | 7n*-21 
4 4 

We see that | ? n | does not depend on a, nor on ô; on the other 
hand 70 is maximal for 8 = 0 if cos («i — a ) ^ 0 , or for ô=7r if 
cos (ai — a ) ^ 0 . In both cases the minimal value of |7W | under 
condition 70 = 1 corresponds to S = 0 or S = x ; therefore 0i and 02 

coincide. J 

3. Polynomials for which yn has Extremal Values. I t follows 
from this lemma that G*(d) is 

(6) Gn*(0) = C[l + cos(0 + a ) ] \ 

a being an arbitrary real argument; it may be written thus:§ 

(7) G*(fi) = 4—C2n,n + EC2 n ,n_ f ccos k(6 + a)\ . 

t It is clear that all real roots of a non-negative trigonometric polynomial 
are of even multiplicity. 

% 0i and 0i+27r are not considered as different. 
§ See [6], p. 392. 
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For this polynomial we have 

1 1 
yo =—c(cin.n); I T » | = — c , 

whence we find the ratio 

| T n | 2 
(8) 

TO C*2w,w 

We have proved the following theorem. 

THEOREM 1. IfGn(0) is a non-negative trigonometric polynomial^ 

Gn(6) = 1 + î l t f ^ 

of order n with real roots, then 

(9) - ^ - g | T „ | g l ; 

the maximum is attained for the polynomial] 

(10) Gmax(0) = 1 + c o s < 0 + a ) , 

and the minimum for the polynomial 

(11) Gmin(0) = — - { 1 + cos (6 + a) }n , 
^2n,w 

a being an arbitrary real argument. 

4. The Generalized Extremal Problem. Consider now the fol
lowing extremal problem. 

PROBLEM 2. Find the minimum of the ratio 

(12) 

x^ + Z W + B*2) 

tSee[l],[2]. 
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where 

gm(0) = A0 + Ai cos 6 + Bi sin 6 + • • • + ^4W cos wö + Bmsin wö 

is a trigonometric polynomial of order m with real roots, and X is an 
arbitrary non-negative number. 

The above mentioned problem of Blumenthal [ô] corresponds 
to X = 1. I t is easy to see that for X = 2 Problem 2 is a particular 
case of the Problem 1. Indeed we see that 

(13) gj(fi) =GnW = ^ Z Y * e i f c ô 

is a non-negative trigonometric polynomial of order n = 2m, 
while 

1 m A 2 + B 2 

(14) yo-Af+ — j:(Ai + Bt), \yn\=
 m

 o " ; 
2 fc-i 2 

therefore we have for X = 2 

AJ +BJ 2 2 
(15) 

k=l 

To solve our problem for all X ̂  0 we shall put it in the following 
form. 

PROBLEM 2' . Find the maximum of the expression 

(16) L(G) = i - f GWW^ + 4 ^ f T [GnWfVfll, 
2 x */ o V27T t/ o / 

( « à - l ) , 

w/^re Gn{6) is a non-negative trigonometric polynomial 

of order n=*2m with real roots. 

5. Equality of Roots of Gn*(0) for Problem 2'. We shall prove the 
following lemma. 
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LEMMA 2. All roots of the polynomial £w*(0) for which the maxi
mum in Problem 2' is attained must be equal. 

Put 
r m /o $ 01 0 02 
[Gn(0)]il2 = 2 sin - y - sin —j- Fm^{B) 

= [cos ô - cos (0 - a) ]Fm_i(0), 

where a = (0i+02)/2, S = (0i —02)/2, and Fm-i(6) is a non-nega
tive trigonometric polynomial of order m — 1, 

m—i 

(18) Fm_x(Ö) = « . £ * * » » , 

with real roots. Thus we get 
1 r2ir 1 

(19) — I [Gn(d)]l'2d$ = cocosd \ci\ cos (ft - a ) , 
2w J o 2 

where ft = arg c*, (& = 0, 1, • • • , m — 1), and j80 = 0. Further let 
2m—2 

(20) FLi(e) = 51Z *»V»; 
fc=0 

then we obtain 

f Gn(0)</0 = c0*(l + — cos 25 j 
i r2 T 

27T i 

(21) t 

- | cf | cos (ft* - a) cos Ô H 1 c2* | cos (ft* - 2a), 

where ft* = arg o*, (fe=0, 1, • • • , 2m —2), and j3o* = 0. Using 
(19) and (21) we have 

(22) L(G) = A cos 20 + £ cos 5 + C, 

where 
1 

A = — (co* + €C0
2), 

£ = — | c* | cos (ft* — a) — €Co | Ci | cos (ft — a), 

(23) 1 . , 
C = — U * | COS (02* ~ 2a) 

4 
+ — e| C l |

2cos 2 (ft - a) + Co* + — eco2 . 
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It is important to point out that | Y»| = (1/4) | c<L_2| does not de
pend on a, nor on ô. Since we have 

(24) c0* = Co2 + — Z |c f c | 2 , 
2 k=i 

it is clear that for e ^ — 1 we have 

1 1 m~1, 
(25) 4 = — (1 + e)c<? + — Z <* 2 > °-

2 4 *_! 

Therefore L(Gn) is maximal for S = 0 if B^O, and for 8=T if 
B^Q;in both cases 0i and 02 coincide, which proves our lemma. 

6. Polynomials having the Extremal Property. We see that the 
polynomial Gn*(0) is 

G*(6) = 2-~1[l + cos (0 + a)]n 

(26) 1 » 
= — C2n,n + Z ^ C2n,n-k COS &(0 + « ) , 

2 fc=i 

and we have for it 

(27) Z(G»*) = — (C2n,n + €(Cw>n/2)
2). 

Thus we have proved the following theorem. 

THEOREM 2. IfGn(d) is a non-negative trigonometric polynomial 
of order n = 2m, 

Gn(fi) = ^ £ ?*«"', I 7» I = 1, 

with real roots, then 

1 C 2T ( 1 C 2 T ^ 2 

— Gn(d)dd + e{ — [G„(0) ] » W ^ 
, v 2TJO \2IT J Q ; 
(28) t 

^ — ( C 2 B , n + e(C„>n/2)
2), ( e ê - 1 ) ; 

tffte maximum is attained for the polynomial 
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(29) G*(S) = 2 - 1 {1 + cos (0 + a) }* , 

a èeiwg <m arbitrary real argument. 

This result may also be stated as the following theorem. 

THEOREM 2'. If gm(0) is a trigonometric polynomial of order m, 

gm(0) = A0 + Aicosd + i?isin0 + • • • + Amcostnd + J3msinw0, 

wtó real roots, then 

AJ + BJ 2 
(30) m ^ 1 ' (XâO); 

X̂ 4o2 + E (^J? + Bi) C,m,2m + —— (C2m,m)2 

&=i 2 

/Aw minimum is attained for the polynomial 

(31) gm*(0) = C{1 + cos (0 + « )}" . 
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