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ON T H E INVARIANT CHARACTER OF A SYSTEM 
OF PARTIAL D I F F E R E N T I A L EQUATIONS* 

BY GORDON FULLER 

1. Equations Set Up. We shall consider a differential equation 

(1) d ivF = I F I, 

where F i s a vector and | F\ denotes its length. Its real charac
ter is seen better if we write u, v, w for the components of F and 
p for I FI ; we have then the differential equation 

(2) ux + vy+ we = p, 

(subscripts throughout this discussion mean differentiation) 
with the condition 

(3) u2 + v2 + w2 = p2, 

which shows that the relation imposed on F is quadratic. 

2. Auxiliary Quantities. In an at tempt to reduce the system 
to linear equations we introduce auxiliary quantities a, /3, 7, 5 
(also functions of x, y, z), in terms of which we have 

u = 2(ad + 0y), w = a2 + /32 - y2 - Ô2, 
(4) 

v = 2(ay - 00), P = a2 + p2 + y2 + Ô2. 

Condition (3) is satisfied identically by a substitution of these 
expressions into it, and it remains to determine the conditions 
imposed upon a, j8, 7, S by (2). Substitution gives 

(5) 

<x(à* + 7, + «. - y ) + 0(7» - 8» + A - — J 

+ 7UÎ. + « » - 7 . - y ) + « ( « . - f t r - « . - • — ) =0, 

* This paper was presented to the Society, April 8, 1932. It gives in an 
abbreviated form the material covered in the first part of a University of 
Michigan dissertation to be available in lithoprinted copies. 
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which is a non-linear equation. However, if we equate to zero 
the coefficients of a, /?, 7, 5, we obtain 

. bx + yv + OLZ — a/2 = 0, @x + oiy — yz — 7/2 = 0, 
(6) 

7* - à, + (3Z - 0/2 = 0, ax - py - bz - Ô/2 = 0, 
a set of linear equations, of which (5) and therefore (2) are con
sequences. I t follows then, that if we know how to solve the 
linear system (6), we will have some solutions of the original 
system. However, we shall not be interested here in the solutions 
of equations but rather in interrelations of equations of different 
types. So far we have only found a linear system of which the 
given quadratic system is a consequence. 

3. Generalization of Equations. We shall now investigate some 
peculiarities of this linear system. We observe in the first place 
that auxiliary quantities a, /?, 7, 8 are used to represent the 
quantities u, v, w, p, of which only three are independent; we 
may expect then that there is some freedom in choosing these 
auxiliary quantities, and in fact we find without difficulty that 
we can replace ce, /?, 7, 5 by a', jS', 7 ' , ô', where 

a' = a cos 0 + (3 sin 12, 7 ' = 7 cos Ü — ô sin 12, 
(7) 

P' = a sin 12 + 0 cos 12, <5' = 7 sin 12 + ô cos 12, 

without affecting the values obtained for u, v, w9 p by (4). The 
substitution of (7) changes the form of (6), however, unless 12 
is constant. We prefer to consider the more general system 

yl — bm + f$n + ôx + yy + az — a/2 = 0, 

- ôl - ym - an + yx - Ôy + (3Z - 0/2 = 0, 

-al + 0m + on + p, + av-yB- 7/2 = 0, 

pi + am — yn + ax — fiy - hz — b/2 = 0, 

in which /, m, n are to be considered as given functions. The 
form of these equations is not changed under the transforma
tions (7); but the values of /, m, n are affected and become 
respectively,* / + 12*, w + 12y, w + 12*. 

* This situation is parallel to that in the Dirac equations; /, m, n correspond 
to the components of the four-potential. 



1936.] INVARIANT DIFFERENTIAL EQUATIONS 109 

4. Transformations on the Functions. The original system of 
equations, (2) and (3), is invariant under coordinate transforma
tions. That means that if we change the coordinates and at the 
same time subject the components of the vector F to correspond
ing transformations, and leave p as it was, the equations will 
have the same form. Is the system (8) invariant in the same 
sense? We will say in general that a system of equations is in
variant under a transformation of coordinates, if for every trans
formation of coordinates 2 we may introduce a transformation 
T on the functions appearing in the system so that a simultane
ous application of 2 and T gives a new system equivalent to 
the old one. In the case of the system (2), (3) these transforma
tions T are obtained easily; u, v, w, being the components of a 
vector, change in the same way as do the coordinates. The 
functions /, m, n were introduced into (8) with the idea of ab
sorbing Qx, Qy, £lz; since 0 is an angle, a scalar function, 12x, 
ö„, tiz are components of its gradient, and we are led to assign 
transformations to /, m, n, where we regard them as com
ponents of a vector. But the quantities a, /3, 7, 8 are neither 
scalars nor components of a vector—they are quantities of a 
special kind. However, transformations T have been found for 
them.* They may be described in the following way. A general 
rotation of coordinate axes may be presented as the result of a 
succession of rotations each of which affects only two co
ordinates; corresponding to each of these we indicate below a 
transformation of the a, /3, 7, 8. Namely, 

v' = ac + ps, y 
xy plane rotation < 

*"' as + Pc, 8 
ac + 8s y y 

Pc + ys, 8 

— ac — ys, y 

0' = pc + 8s, 8 

(a = ac 

V = -
(a' 

xz plane rotation < 

V 
(a' = 

yz plane rotation < 

= yc + 8s, 

= — ys + 8c, 

= - ps + yc, 

= — as + 8c, 

= as + yc, 

= - fis + 8c, 

where c and s, in each case, are the cosine and sine of one-half 
the angle through which the coordinate plane is rotated. Of 

* Analogous formulas for the four-dimensional case were indicated by Dar
win, Wave equation of electron, Proceedings of the Royal Society of London, 
(A), vol. 118, p. 656. 
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course these transformations on ce, /?, 7, 5 are not the only ones 
which satisfy our requirements, for they could be combined 
with (7), since (7) does not change the form of (8). 

5. Elimination of ce, /3, 7, 3. The quantities ce, /?, 7, ô and the 
expressions (4) were introduced to aid in the study of u, vy w, p, 
and consequently we at tempt to find now the equations cor
responding to (8) in terms of u, v, w} p. The divergence of a 
vector and the components of the curl are two standard types 
of expressions which appear in invariant systems. The diver
gence already appears in (2) and now we try to obtain the de
sired equations by aid of the components of the curl of F. These 
components may be had directly from (4) in terms of ce, /3, 7, ô 
and their derivatives; then by use of (8) they may be easily 
expressed as follows : 

wy — vz = 2(— a$x + fax + ydx — hx + pl), 

(9) u, - wx = 2 ( - apy + fay + ydy - byv + pm), 

vx- uy = 2 (~ apt + faz + yôz - ôyz + pn). 

We see that the left sides contain only derivatives of u, v, w, 
while p, /, m, n, and a, /3, 7, 8 and their derivatives appear in the 
right members. Now we shall try to get rid of ce, /?, 7, 5 and their 
derivatives. To accomplish this we return to (4) and solve for 
ce, /3, 7, 5. We cannot, however, solve for ce, /3, 7, 5 in terms of 
u, v, w, and p alone, for among u, v, w, and p there are only three 
independent quantities. Hence a parameter must enter. From 
the last two expressions of (4) we obtain 

p + w p — w 
a2 + £2 = , 7 2 + Ô2 = , 

and therefore 

/ p + w\1/2 ( p - w\1'2 

a = ( —J cos 0, 7 = ( — — • 1 sin ^ , 

/ p + w\l/2 ( p - w\112 

p = ( — j sin <£, Ô = ( — - — j cos yp, 

(10) 

where cj> and yp are not yet determined. Substituting these ex
pressions into the first two of (4), we obtain 
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u = (p2 — w2)112 cos (\p — </>), v = (p2 — w2)112 sin (^ —(/>). 

T h e r e f o r e 

z; ?; 

(11) t an (\f/ — <t>) = —; or \p — </> = a r c t a n — 
^ u 

Let us select for our parameter the quantity \f/+cj) and denote it 
by 

(12) e = ^ + 4>. 

We may express \[/—4> in terms of u, v, w, p, as shown by (11), 
but ^+cj> or 0 cannot be so expressed. To see that this is true 
we have but to substitute in (4) the expressions as given by 
(10) for a, /?, 7, ô, and taking into account (11), notice that (4) 
is satisfied for any value of d. Now if we substitute in the right 
members of equations (9), remembering (11) and (12), we ob
tain 

Wy — vz = — pdx + wl arctan — ) + 2p/, 

(13) uz — wx — — pdy + wl arctan — ) + 2ptn, 
\ U/y 

vx — Uy = — pdz + wl arctan — ) + 2pw. 
\ u/9 

6. Invariance of the New System, We now have the set (13) 
which does not involve a, /?, 7, d. To show that it is equivalent to 
(8) we have but to replace u, v, w, p, and 6 by their values in 
terms of a, j8, 7, ô by aid of (4) and (10), and notice that the 
set (8) is thus obtained. Since (8) is invariant we suspect that 
(13) is also invariant, even though 6, which is entirely arbitrary, 
is present. Suppose then that we test it for invariance under 
our definition of an invariant system of equations. That is, we 
ask, whether or not it is possible, given (13) and a new system 
obtained from (13) by a transformation of coordinates, to ar
rive at (13) from the new set by taking combinations of this new 
set. Corresponding to the new set of equations is the set ob
tained from (8) by the same transformation. In the same way 
that we obtain (8) from (13) we may get the new set correspond-
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ing to (8) from the new set corresponding to (13). But we have 
seen above that (8) and its transformed set is the same, and 
further that (13) may be had from (8). Therefore (13) transforms 
into the same set and is invariant in spite of the quantity 0. 

7. Elimination of 0. The system (13) is not quite satisfactory. 
In the first place the components u, v, w do not appear in a sym
metric way; and in the second place it involves the quantity 0, 
which, although it does not affect the invariant character of the 
system, is an unorthodox quantity. We shall see that by elimi
nating 0 we obtain a system which can easily be made sym
metric in u, v, w. Solving (13) for 6X} dy, and 0* we have, after re
arranging the terms, from dxy = dyX} dyz = 6zy, and 6XZ = 6ZX: 

p(py — Çx) — (pyp — Pxq) + 2p\mx — ly) 

= (pwy — pyw) ( arctan— ) + (pxw — pwx) ( arctan— ) , 
\ U / x \ U / y 

p(qz ^ rv) — (pzq — Pvr) + 2p2(ny - mz) 

(14) / v\ ( v\ 
= (pWz — PzW) ( arctan — 1 + {pyw — pwy) I Cretan — 1 , 

\ U/y \ U/Z 

p(rx — pz) — (pxr — pzp) + 2p2(lz — nx) 

= (pWx ~ Pxw)[ a rc tan—) + (pzw — pwz) ( arctan—J , 
\ u/z \ u/x 

where p, q, r are the components of the curl of F, wy—vZ} uz — wx, 
vx — Uy. Hence we have a set of equations, known to be in
variant, where 0 does not appear. 

8. Invariance of Forms. We shall now try to express (14) in a 
more satisfactory form. The left member of the first equation 
may be written in the form 

Now 

(P-2l) -ll-2m\ 
\P /V \P /x 

is the z component of the curl of a certain vector, namely, 
the vector (1/p) curl F—2L, where L = (lfm,n). Since curl is an 
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invariant operation, this member is now in a satisfactory form. 
The right side must be the z component of a vector, but its form 
does not show this fact. We may, however, change the form by 
using the relations 

p 2 = U2 + V2 + W2, Ux + Vy + Wz = p , 

and relations obtained from these by differentiation. Multiply
ing the right side by p/p, we have 

— (ppWy — PPyw) ( arctan — ) 
P L \ u/x 

+ (ppxW — p2wx) ( arctan —J , 

and from 

P2 = U2 + V2 + W2, Ppy = UUy + VVy + WW y , 

ppx = UUX + Wx + WWX, 

this becomes 

1 r 1 / v \ 
— [{it2 + v2 + w2)wy — {uuy + Wy + wWy)w\ [ arctan — ) 
P \ u / x 

1 , / A 
H l(ww* + ^ * + wwx)w — (w2 + z;2 + w2)w*J ( arctan — 1 

O \ U I y 
1 r i/ v \ 

= —Uu2 + v2)wy — (w% + zw„)ze;Ji arctan — ) 
P \ U/x 

1 / z>\ 
H l(wwx + ÏW»)W — (u2 + fl2)waj( arctan — I 

P \ U / y 
1 

= [Wy(uvz — ÏW3) — Wx{uVy — VUy) — w(uyV x — ^»^)j 
P 

1 

p 

u 

Ux 

Uy 

V 

Vx 

Vy 

w 

w 

w 

The right side appears here in a symmetric form. In a similar 
fashion we change the forms of the other two equations and we 
have then the following equations : 
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u 
Uy 

Uz 

U 

Uz 

Ux 

U 

ux 

Uy 

V 

Vy 

Vz 

V 

Vz 

Vx 

V 

Vx 

Vy 

w 
Wy 

Wz 

W 

Wz 

Wx 

W 

Wx 

Wy 

The left members of our equations are the x, y, z components of 
a vector, and consequently in the right members we have a new 
kind of expression which like divergence and curl is obtained in 
invariant fashion. In fact, it can be verified by rotation of axes 
that the determinant expressions change in exactly the same 
way as do the components of a vector. We may inquire how our 
new equations change by the transformations (7). Since u, v, w, 
p, as we have observed, are unchanged it is obvious that the 
right members are unaffected. On the left side we have but to 
look for the effect on the terms involving the derivatives of 
/, m, n, all other terms being expressible in terms of p and 
derivatives of u, v, w, p. But (7), as we have seen, adds Q», Qtf, 
$lz, respectively, to / , m, n. We have then, noticing the left mem
ber of the last equation above, transformed mx — ly into (m + Qy)x 

— (/ + Q«)y; and since Clxy — &vx, we see that no change results. 
The other quantities are likewise invariant by (7). We now have 
our equations in forms which indicate their invariant character, 
and thus have accomplished the purpose of this discussion. 

It might be added that the left members of the equations may 
be combined into one expression by using vector notation, and 
if we denote by V the vector whose components are the deter
minants, the three equations may be written 

p3 curl ( — c\xr\F - 2L J = V. 

'•[(-H-HT-2*).]-

'KT-Hf- ) ] -

4(f-»).-(7-)]-
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