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The analogs of Theorems 3 and 5 in three or more dimen
sions require methods other than those developed in the present 
note, and are postponed for another occasion. 

HARVARD UNIVERSITY 

ON SEQUENCES OF I N D E F I N I T E INTEGRALS 

BY M. K. GOWURIN 

1. Introduction. The chief result concerning the subject of 
this paper is due to Lebesgue* and can be formulated as follows : 

If {fn(t)} is a sequence of f unctions defined and integrable in 
J= (0, 1) and if for every measurable set e c J 

(1) Hm f fn(t)dt = 0, 
n J e 

then the sequence of indefinite integrals 

(2) ƒ fn(t)dt 

is uniformly absolutely continuous. 

G. Fichtenholzf has shown that the same conclusion remains 
true, if the equality (1) is satisfied for all open sets e. 

S. Saks J considered the space R= {x} of the characteristic 

* Sur les intégrales singulières, Annales de Toulouse, (3), vol. 1 (1909), p. 58; 
see also Hahn, Über Folgen linearen Operationen, Monatshefte fur Mathematik 
und Physik, vol. 32 (1922), p. 45. 

t Theory of simple definite integrals depending on a parameter, Petrograd, 
1918, p. 98 (in Russian) or Sur les suites convergentes des intégrales définies, 
Bulletin de l'Académie des Sciences de Pologne, Sér. A, Décembre, 1923, pp. 
115, 117. 

J On some functionals, Transactions of this Society, vol. 35 (1933), pp. 
549-556. 
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functions of measurable sets contained* in / , by introducing 
the metric: 

||*|| = I x{t)dt = mEt(x(t) = 1), d(x, y) = I | x{t) - y(t) \ dt. 
Jo J 0 

He proved the following generalization of Lebesgue's theorem: 

If the equality (1) written in the form 

(l7) limFn(x) = lim j fn(t)x(t)dt = 0, 

is satisfied for all points x belonging to a certain set H of the sec
ond category in R, then the sequence of indefinite integrals (2) is 
uniformly absolutely continuous, that is, the sequence of functionals 

(20 Fn(x) = f fn(t)x(t)dt 
J 0 

is equally continuous in R, and Fn(x)-+0for all xGR. 

G. Fichtenholz has stated the following problem : What is the 
general characteristic of the sets H in R, such that the equal con
tinuity of the sequence (20 follows from its convergence to zero] 
on H? I shall study in particular the role of the category of H 
in this problem.J 

* The space R is complete but not linear. The sum of two elements of R, 
x-\-y, exists if x(t) • y(t) = 0 , their difference x—y exists if x(t) • y(t) =y(t). (Here 
as everywhere, all the equalities referring to the characteristic functions must 
be satisfied almost everywhere.) Further on we shall not prove the existence 
of sums and differences occurring in the text, since it is evident from the course 
of reasoning. The zero in the space R is the characteristic function of the vacu
ous set. Note also the equality | |#+3 ' | | = ||#|| + | |3 ; | | - Obviously, J can denote 
not only an interval, but every measurable set. We shall apply this statement 
in §3. 

f As he showed, the convergence to zero of the sequence (2') on all the R 
always follows from its convergence to zero on such a set H. 

t [Added in proof.] As Saks has kindly pointed out to me, the totality 
of all the open sets considered by Fichtenholz is of the first category in R. 
Nevertheless, it seems to me tha t the example stated below is not without 
interest. 
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Without solving the problem stated above, I give in this paper 
an example which shows that in any case the category H is 
not the decisive factor in the question under consideration. Of 
course it is not at all difficult to construct an example, of a set H 
which is of the first category in R, but, being enlarged by all 
the existing linear combinations of its elements, forms a set of 
the second category in R. It is more natural, however, to con
sider the set H as being additive (that is, such that every exist
ing linear combination of its elements belongs to it again). We 
shall prove the following statement. 

THEOREM. If the equality (1') is satisfied for all points x belong
ing to some spherical surface in R, 51(xo, r), (r<l), which does 
not pass through the point 0, then the system (2') is equally con
tinuous in R and Fn(x)—>0 everywhere in R. 

In general, the set H = S(xo, r) is not additive, but it is easy 
to see that the additive extension of S(x0, r) is nowhere dense 
in R. 

2. Proof of Theorem. Let x0 — 0. Then the spherical surface 
5(0, r) consists of the points of norm r. Let us suppose that 
our assertion is wrong and that there exists a system (2') con
verging to zero on 5(0, r), but not equally continuous. There ex
ists an e such that , for every ô > 0 and every integer N, R will 
contain an element x such that \\x\\ <S and |.Fn(:x;)| > e for a 
certain n^N. Denote by Hm the set of points x of 5(0, r) such 
that | Fn(x) | ^ e/6 for n>m. Evidently all Hm are closed and as 
^™Hm = S(0, r), at least one of them, for instance Hmo, is of the 
second category in 5(0, r). Being closed, Hmo contains in 5(0, r) 
a sphere JT(0, r; £0, p) or, more briefly, T (T consists of such 
points x that ||#|| =r and d(x, £o) Up). 

According to the assumption there exists in R an element #i 
such that 

r \ — r p 
Xi\\ = ai < — j a\ < ; a i < — , 

and for some v>m0, \ Fv(xi)\ > e. For example, let Fy(xi) > e. 
Consider an arbitrary element x of the spherical surface 

5(0, ai). Construct such an element z that z+xi and z+x 
exist and are contained in T. The method of construction de-
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p e n d s upon t h e q u a n t i t y ft = || (xi+x — #i#)£o||, which can be 
equal to , grea ter , or less t h a n ot\. 

In t h e first case z = %, where { = £0 — (xi+x — #i#)£o. 
In t h e second case we p u t z = t;+rj, where rj is t h e charac te r 

istic function of a se t of measure /3— ai, lying in Et(^o(t)+Xi(t) 
+x(t) = 0) . I t follows from j3 — a\^a\ and from 

mEtiUt) + *i(0 + *(*) = 0) ^ 1 - (||{0|[ + H l̂l + ||*|[) 
1 - r \ - r 

— 1 — r — 2ai ^ 1 — r — 2 = • > cti, 
3 3 

t h a t such a se t exists . 
In t h e th i rd case £ = £ — x, where x is t h e charac ter is t ic func

t ion of a se t of measure a\— j3 lying in £$(£(/) = 1). I t follows 
from 

mEMt) = 1) = ||£|| è r - 2 « I > ttl, 

t h a t such a se t exists . 
In each of these cases | |s | | = r — a\ and d(z, £0) ^3ai. Ev iden t l y 

z satisfies t h e condi t ions ind ica ted above . T h e n 

Fv{z + *i) = Fv(z) + F , ( * i ) , F , (* + *) = /?,(«) + F„(x); 

F„(x) = Fv{z + x) - Fv{z) = F,(» + *) - F„(s + *0 + F,(a?i). 

As 2 + x G 2" and 2 + x G JT, t h e first two m e m b e r s of t h e r ight p a r t 
of t h e last equa l i ty are numer ica l ly < e / 6 , whence Fv{x) > 4 e / 6 . 

N o t e t h a t x is an a r b i t r a r y e l emen t of 5 (0 , cti). L e t a2 be t h e 
least non-nega t ive residue of r mod «i , t h a t is, r = feiai+«2, (&i a 
posi t ive integer , 0 ^ c e 2 < a i ) . T h e n £0 can be represented in t h e 
form 

Co = ux + u2 + • • - + ukl + x2y 

where Ui-Uj = 0, (i^j), itiX2 = 0, \\ui\\ =ÛJI, and ||#2|| =«2 . 
W e h a v e 

FP(x2) = Fv(£0) - F , («i) - . . . - F,(Wifel). 

Since | JF„(£O) | < e / 6 and Fv(ui) ^ 4 e / 6 , we h a v e 

e 4e 3e 
F,(*2) < &i — ^ 

6 6 6 
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Repeating for x2 and 5(0, a2) the reasoning given for xi and 
5(0, OL\), we find for X E 5 ( 0 , a2), Fv(x) < — e/6. 

Dividing a.\ by a2, we obtain 

ai = &2a2+a3, (k2 a non-negative integer, 0 ^ a 3 < a 2 ) . 

If X E 5 ( 0 , a3), then adding to it k2 suitably selected elements 
Vi, V2, • - • , Vk2 belonging to 5(0, a2), (vi-Vj = 0, when i^j, and 
Vi'X = 0), we obtain an element yE5(0, ai). Then 

F,(x) = F r(y) - F,(»0 - . . . - F ^ * , ) , 

and 

4e e 5e 
F,(aO > h k2 — ^ — 

6 6 6 
Divide a2 by a3, and so on. If r and ai are incommensurable, 

we shall obtain a sequence of spheres 5(0, ap) converging to 
zero, where 

on 5(0, ai), Fv{x) >4e/6 , 
on 5(0, a2), ^ ( x ) < - e / 6 , 
on 5(0, a8), F„(x) >5e /6 , 
on 5(0, a4), i*V(ff) < — 6e/6, 
on 5(0, a5), ^ ( x ) > l l e / 6 , 

and so on. Such a result contradicts the continuity of Fv(x). 
If r and ai are commensurable, a certain aM will be a divisor of r. 
Then 

f 0 = Wi + W2 + ' • ' + WX, 

where Wi-Wj = 0, (i^j), and W;E5(0, aM), {i — 1, 2, • • • , X). The 
numbers Fv{w%) have the same sign for every i and | Fv(wi) \ > e/6. 
Consequently, |.FV(£o)| >« /6 , which is impossible, since v>rn$ 
and ^oE//Wo. Thus the system (2') is really equally continuous. 

Thus every sequence (2'), which satisfies condition (1') on 
5(0, r) is equally continuous. Hence it follows that such a se
quence converges to zero everywhere* on R, according to the 
general assertion. 

* The reader sees that as far as it concerns the spherical surface S(0, r) with 
the center at the point x = 0, the proof will not have to be changed consider
ably if we suppose that H, although not coinciding with S(0, r), is of the second 
category in 5(0, r). 
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3. Application of Functionate. Now let 5(#0, r) be any spheri
cal surface which does not pass through 0 and suppose that, 
for XGS(X0I r), \imnFn(x) = 0. Note that every spherical surface 
in R has two centers and divides the whole space into two 
spheres, that is, that 5(x0, r) = 5(1 —x0, 1—r). Suppose that x0 

is that one of the two centers whose norm is greater than the 
radius. 

For further reasoning it is necessary to show that Fr,(xo) —>0. 
For that purpose consider the set of points XES(X0, r) for 
which «A/ * «A/ Q X and denote it by 5 ' . If we introduce the set 
Jf —Et(xo(t) = 1), then 5 / = 5'(0, \\x\\—r) is a spherical surface 
with the center at 0 and with radius ||x0|| — r in the space R' 
of characteristic functions of measurable subsets of J'. Since 
reasoning in §2 remains valid when J' is substituted for ƒ, we 
have Fn(x)-^0 everywhere in R' and in particular at the point XQ. 

Any element xGR can be represented in the form x = Xo — u{x) 
+v(x), where u(x) = x0(l — x) and v(x) =x(l—Xo). Let us define 
a one-to-one and bicontinuous transformation of R into itself 
according to the formulas 

y — ty(x) = u{%) + v(x) = #o(l — x) -\- x(l — Xo), 

x = ^/^(y) = xo — yxo + y{\ — x0). 

In this way S(x0, r) is transformed into 5(0, r). 
Further define in the transformed space the sequence of func-

tionals {$„(3/)} on putting 

Fn(Xo) rl 

(A) *n(y) = Fn(x) - -ij—Ü- x0(t)x(t)dt. 
\\%o\\ Jo 

If we remember the definition of Fn(x) and express x in terms 
of y, we easily find that the functionals $n(y) have the form re
quired, 

*»M = f gn(t)y{t)dt. 
J 0 

Since Fn(x0)-+0 and Fn(x)—>0 on S(x0, r), we conclude from 
the equality (A) that <&n(y) converges to zero on 5(0, r). Apply
ing the result of §2 to the sequence {*n(y)}, we see that 
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&n(y)—*0 everywhere in R. Since t h e t ransformat ion is one- to-
one, i t follows from t h e formula (A) t h a t Fn(x)-+0 everywhere 
inR. 

N o t e t h a t t he s t a t e m e n t m a d e in §1 is no t t r ue for a spherical 
surface which passes t h rough zero, S(x0, | |#o||). Th i s we can 
p rove on p u t t i n g 

Fn{x) = n I [x0(t) - (1 - x0(t))]x(t)dt. 
J o 

L e t xE:S(xo, ||#o||) ; oc = x0 — u-\-v and 

il M C\ 
\\XQ\\ = d(x, Xo) = I I x(t) — Xo(t) | dt 

J n 

-ƒ. 

-I 

0 

1 

| - u{t) + v(t) I dt 
0 

1 

[u{t) + v{t))dt = \\u\\ + ||v|| 

t h a t is, | |x0 — u\\ —\\v\\. According to definit ion, Xo — U = XQ-X 
a n d V = X(1—XQ). Consequen t l y for such an x, Fn(x)=Q, for 
n = l, 2, • • • . A t t h e same t i m e t h e sequence {Fn(x)} is b y 
no m e a n s equal ly con t inuous in R, as | Fn(x) \ —>oo for eve ry 

x n o n - G 5 ( ^ 0 , | | x o| | ) . 

4. Remark. In t h e p a p e r of Saks men t ioned above there are 
some vague po in t s in t h e proof of L e m m a 4. Th i s refers to t he 
w a y he m o t i v a t e s t h e inclusion (on page 553) 

H c Hx + # 2 H . 

T h e l e m m a itself is no t t r ue , a t leas t for t h e space R, as is shown 
b y t h e example of t h e following sequence of t r ans fo rmat ions : 

£n(#, t) = nx(t). 

Moreover , t h e asser t ions of T h e o r e m s 3 and 4 are no t t r ue in 
so far as t h e y refer to R, as is seen from t h e same example . 
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