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^-ALGEBRAS OF EXPONENT p* 

BY NATHAN JACOBSONf 

A. A. Albert and O. Teichmüller have recently investigated 
the structure of ^-algebras, that is, normal simple algebras of 
degree pe and characteristic p.% In particular they showed that 
a necessary and sufficient condition that such an algebra have 
exponent p is that it be similar to an algebra A having a maxi
mal subfield C=F(ci, c2, • • • , cm), where cf =yieF, the under
lying field. The latter algebra is cyclic. It is the purpose of this 
note to apply some results of my paper Abstract derivation and 
Lie algebras^ to obtain a new generation of A. For m — \ this 
generation is more symmetric than the cyclic generation. We 
obtain a condition that A be a matrix algebra in terms of the 
new generation, and when m — \ we have as a consequence a 
reciprocity law for fields of characteristic p. 

Let A be a normal simple algebra of degree pm (order p2m) 
over a field F of characteristic p and suppose A contains the 
maximal subfield C=F(ci, c2, • • • , cm), c$> =yieF. Let D be an 
arbitrary derivation of C over F, that is, a mapping x—^xD of C 
into itself such that 

(x + y)D = xD + yD, (xa)D = (xD)a, 

(xy)D — (xD)y + x(yD), aeF. 

It is known that D may be chosen so that the only elements z 
such that zD = 0 are those of JF,|| and for a D o f this type I have 
shown that 

(1) x(D*m + z y - V i + • • • + Drm) = 0, ueF, 

* Presented to the Society, April 10, 1937. 
f National Research Fellow. 
t A. A. Albert, On normal division algebras of degree pe over F of character

istic p, Transactions of this Society, vol. 39 (1936), pp. 183-188, and Simple 
algebras of degree pe over a centrum of characteristic p, Transactions of this 
Society, vol. 40 (1936), pp. 112-126. O. Teichmüller, p Algebren, Deutsche 
Mathematik, vol. 1 (1936), pp. 362-388. 

§ Transactions of this Society, vol. 42 (1937), pp. 206-224, referred to as J. 
|| R. Baer, Algebraische Theorie der differentierbaren Funktionenkörper. I, 

Sitzungsberichte Heidelberger Akademie, 1927, pp. 15-32. 
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or 

xip«) + x ^ ' \ i + • • • + x'rm = 0 

for all xeC, but no equation of the form 
xir) + x(r-l)bl _| + %<hr_x + br = Qt b.eCf 

can hold if r<pm.* I have shown also that any derivation in a 
simple subalgebra of a normal simple algebra may be extended 
to an inner derivation in the latter.f Thus there exists an ele
ment d in A such that [x, d]^xd — dx = xD for all xeC. 

We note that 

(2) xdk = dkx + Ck,id
k~lxf + • • • + a<*>, 

where the coefficients are those of the binomial theorem, and 
hence xdpi = dpJ'x+x^\ I t follows from (1) that {d^m+d^m~\i 
+ • • • +dr m ) commutes with every x, and since C is a maximal 
subfield of A, (d^+d^in+ • • • +drm)=ceC. Deriving with 
respect to d (taking commutators), we have [c, d]=0, and so 
c = ôe.Fand 

(3) d^ + d^'lTl+ • • • +drm = 8. 

We assert that C and d generate the whole of A. Suppose 

(4) d' + d^h + • • • + br = 0, bitC, 

is an equation of least degree having coefficients in C and satis
fied by d. If xeC by (2) 

dr~lxi + dr~2x2 + • • • + xr = 0, 

where, if we use the Cr,k notation for binomial coefficients, 

#1 = Cr,lX
f , X2 = Cr^XU + Cr—1,1%'bi7 • * * , 

xr = x ( r ) + »<r-1)ôi + • • • + x'£r_i. 

Since (4) has minimum degree, Xi = x2= • • • = x r = 0. But by (1) 
xr = 0 is impossible for all x unless r^pm. I t follows that r = pm 

and 1, d, • • • , d3?m~1 are (right) independent over C. Thus C 
and d generate an algebra of order pm over C and hence p2m over 
JP, and so C and d generate all of A. The field C, the derivation 

* J, p. 218. 
t J, P. 214. 
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D, and the equation (3) give a complete description of A. 
Let V(x) for xeC be the function 

V>(s) + Vpm-i(x)Ti + • • • + Vi(x)rm, 

where 

Vpi(x) = ^ ' + (^(P-D)^-1 + (a;<P2-l>)*'-* + • • • + X^^'-1). 

I have shown that F(x)€^, and that it has properties analogous 
to the norm in cyclic fields.* Now suppose S= V(xo). Hdi = d — x0, 
then [x, di] =xD for all x, and since 

dip/ = (d - ^o)p/ = dp' - F^-(xo), 

we have 

d/* + rf^-Vi + • ' • + ^irm = 0, 

and so A ^Fp™, the algebra of all £m-rowed square matrices with 
elements in F.f 

Conversely suppose that A^Fp™. Then there exists in A a 
field C~C and an e lement^ such that [5c, di\ =xD where x<—> 
in the isomorphism between C and C and 

2 ^ + d^n + • • • + drrm = 0. 

This isomorphism between Cand C may be extended to an auto
morphism in A.X Hence there exists an element d\ corresponding 
to di such that [x, di]—xD and 

dfm + d1V
m~1T1+ ' • » +dlTm= 0. 

We observe that d —di commutes with all the elements of C, and 
hence di = d XQ, XO eC. It follows as before that S= V(x0). 

THEOREM. A necessary and sufficient condition that A be 
^Fpm is that 5= F(x0), x0eC. 

We now consider the special case where m = l, C=F(c), 
cp = y. Let D be the derivation such that cD = l. It is easily 
seen that Dv = 0 and hence A is generated by c and d such that 

* See J, p. 224. 
f The symbol = denotes isomorphism. For the above equations and result 

see J, p. 223. 
J M. Deuring, Algebren. 1935, p. 42. 
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[c, d] = l and dp=d. Thus A has the basis d{c]' 0 \ i = 0, 1, • • • , 
p— 1) such that 

(5) cv = 7 , dp = 6, cd — dc = 1. 

The condition that 4 ^ - F p is 5= F(x0), x0eF(c). Here F(x)=x2 ' 
+x ( î > - 1 \ and so if x = £o+£fi + * * • +c*_1fp_i, then 

(6) V{%) = ($„* - ^ - i ) + yhv + • • • + T ^ Z - i . 

If 5 is not a £-th power, (5) is essentially symmetric in c and d. 
We define the derivation d—>dE= — 1 in F(d). Since JEP = 0, the 
condition that A ^Fp is that 

7 = F ( j o ) = I V o ^ - 1 + yf, yoeF(d). 

But if 

y = ï?o + di?i + • • • + rfp"1i?p_i, 

then 

W = (̂ o* ~ i7p-i) + Ô77î  + • • • + ^ ~ V - i -

Thus we have the following reciprocity theorem for arbitrary 
fields of characteristic p. 

THEOREM. If y and ö are not p-th powers in F, then (^op — ^P-i) 
+ Y £ I P + * * * + 7 p - 1 ^ - i = S is solvable for ^eF if and only if 
(VoP "~ VP-I) + ày? + • • • + ôp~1rjp_1=y is solvable for rjieF. 
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