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ON THE ORDER OF THE PARTIAL SUMS OF 
A FOURIER SERIES* 

W. C. RANDELS 

We propose to show here that the known estimate Sn = o(n) cannot 
be improved. To do this it is sufficient to show that there exists a 
sequence of functions ƒ»(#) for which there is a constant A such that, 

(i) 

and 

(2) 

(3) 

S»(f», 0)>An, 

Sr(fn, 0) —»• 0 a s V —> 00 , 

J \fn(x)dx | < 1. 

For, if (1), (2), and (3) are satisfied, then for every sequence of posi
tive numbers dny with dn—»0 as n—>oo, Hm sup ndn = <*>, we can choose 
a sequence of integers %i such that 

E dnjSni(fnp 0) 
A 

< — ftidni 
3 

07T 

(4) 

and 

(5) 

We notice that 

(6) Snj(Jni9 0) = — I fni(x)Dn.(x)dx < Tftj I I fni(x) I dx < vni} 

and this implies that the constant A in (1) is less than w. Then, if 
f(x) is defined by 

00 

ƒ(*) == Z) dnJni(x), 

ƒ(#) c i , since from (3) and (5) 

f | ƒ(*) | dx ^ £ dni f | fn4(x) | <** < — E 3-« = 
• / -TT 1=1 • ' - T TT t = l 

diA 
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We have also 

I sni(f, o) i = f; <v*,.(/,,,, o) 

£ dn)sni(fnp o) + dnisnj(fn(, o) + £ ^ . « ( A , , o) 
j = l ƒ-»**+1 

oo 

> Afiidni - \Anidn. - 7m; 22 dn/ 

> \Ariidni. 

We shall now prove the existence of a sequence ƒ»(#) with the prop
erties (1), (2), and (3). We define 

(n/2, w/4(n + J) S \ x \ S ir/2(n + *) , 

(O, elsewhere. 

Then 

ƒ*(*)<** = < 1, 
8(̂  + f ) 

and, since fn(x) vanishes in the neighborhood of the origin, 

(2) Sv(fn, 0) -* 0 as v -> oo . 

Finally, 

Sn(/n, 0) = 7T I /n(#) 
•^ 0 

sin (^ + §)# 

sin #/2 

« T /• W2(*+l/2) s i n ( w _|_ 1 ) ^ 
(1) = I ; dx 

2 J 7r(n+i/2)/4 sin x/2 

irn ir 2{n + | ) 
2 4(» + i ) 7T 

and our theorem is proved. 
We shall merely mention that similar results could be easily ob

tained for the Cesàro sums of a Fourier series. For the sequence of 
functions we have constructed satisfies (1), (2), and (3) when Sn(f, x) 
is replaced by 5w

a(/, x) where Sn
a(f} x) is the Ca transform of the 

Fourier series of f(x). 
We shall now point out a consequence of this result.* We know, of 

* The author is indebted to Professor Szâsz for pointing this out. 
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course, that the Fourier series of a function of bounded variation con
verges everywhere ; we are now able to state that nothing can be said 
about the order of convergence even if we restrict ourselves to ab
solutely continuous functions. For let us suppose that there is some 
sequence cn, (cn—>0), such that for all absolutely continuous F(x) 

(7) Sn(F,x) -F(x) = 0(Cn). 

Let ƒ(x) be the function defined above, and define 

fa(x) = f (a + x) - f {a - x). 

Then 

and 

fa(x) ~ ^bn sin nx 

A 
(8) Sni(fa, a) > — ftidni - o(l) ^ o(fiidn^. 

If F(x) is defined by 

ƒ» X 

f(x)dx, 
o 

we have 

F(x) ~ h 2^i An cos nx, 
2 w=i 

where An = bn/n, n^l. Then, if (7) is true, 

n 

Sn(fa, x) = ^vAv sin vx 

= [— So(F, x) + F(x)] sin x + [Sn(F, x) — F(x)]n sin nx 

+ Z [S,(F, *) - F(x)][v sin vx-(v+ 1) sin (v + l)x] 

= 0(nCn). 

But by (8) the dn can be chosen so that this is impossible, and there
fore (7) must be false. 
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