ON DERIVATIVES OF ORTHOGONAL POLYNOMIALS. I
H. L. KRALL

It has been shown [1, 2, 7]? that if {y.(x)} is a set of orthogonal
polynomials whose derivatives {y.’ (x)} also form an orthogonal set,
then the original set {y,.(x)} are either Jacobi, Laguerre, or Hermite
polynomials. In the papers referred to, the ordinary definition of or-
thogonal polynomials was used, so of course the result was based on
this definition. Since then, however, there has appeared (3, 5] a defi-
nition of generalized orthogonal polynomialst and it is our purpose
here to find what G.O.P. sets have G.O.P. derivatives. Besides the
classical polynomials, we shall find another class of polynomials which
have this property. Of course, this new class will be G.O.P., but not
ordinary orthogonal polynomials.

DEFINITION. Given a set of constants {c,,} subject to the condition

Co €1 - Cn
A= T k0, =01,
Cn Cng1® " " Con
the polynomials
Co CL* " Cn
1 (2 S |
yn(x) =
Cn—1 Cn " Co2n—1
1 x X"
form a set of G.O.P.

It has been shown [5, 4] that there exists a function of bounded
variation Y(x) (hence infinitely many), such that

1 Presented to the Society, April 26, 1940, under the title Orthogonal polynomial
solutions of a certain fourth order differential equation.

2 The numbers in square brackets refer to the bibliography at the end.

3 So far as this author knows, the idea of generalized orthogonal polynomials
originated with I. M. Sheffer, who suggested its use in [3].

4 Hereafter we shall use the abbreviation G.O.P. for generalized orthogonal poly-
nomials.

261



262 H. L. KRALL [April

Cn = f_:wx”d\b(x).

If the constants {c.} are real and A,>0 for all values of #, this defini-
tion becomes the usual definition of orthogonal polynomials. In this
case one of the yY(x) will be monotonically non-decreasing.

In this paper we follow the method of Hahn [1] who showed that if
{ yn(x)} and {y,,’ (x) } are sets of orthogonal polynomials, the set
{ NED) } satisfies a differential equation of the form?®

(1) (la2x? 4 los =4 lao) yn ' (%) 4+ (lurx + 110) ¥ (%) = Nayn(x)

where the {l;;} are constants and N, =lun-+lsn(n—1). Hahn divided
his discussion of (1) according to the roots of the coefficient of y, ' (x).
Following his example and making suitable linear transformations, we
find that there are four distinct cases of (1) to be considered:

21 — 2y (%) + {a — (@ + Bz} y! (¥)

2

@ + n(a + B+ n — 1)y (x) = 0,
(3) xya " (%) + (e — hx)ys (%) + hny,(x) =0,
4 Ya! (%) — 22y, (x) + 2ny.(x) = 0,

&) 2y (0) + (kx + Dy (2) — n(k + 7 — Dya(x) = 0.

By using the ordinary definition, it readily follows that the only
orthogonal polynomial solutions of these equations are the Jacobi
polynomials (with «, >0) from (2), the Laguerre polynomials (with
«a>0) from (3), and the Hermite polynomials from (4).

We now examine these differential equations for G.O.P. solutions.
For this discussion, we need a result from [3]:

In order that there exists a set of G.O.P. as solutions of (1), itis
necessary and sufficient that the “moments” {cn} satisfy the condi-
tions

{ln + loa(n — 1)}Gn + {lm + loi(n — 1)}%-1 4 lyo(n — 1)cp2 = 0,
(6) n=1y2v"'7
App1 # 0, n=20,12,---.

Discussion of (2). Here, the recurrence relation (6) becomes
(nta+B—1)ca— (m+a—1)c,a=0, n=1, 2, - - - . From this we get

5 This part of Hahn's work applies to G.O.P. His notation has been changed to
conform to [3].
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_ T(a + #)T'(a + B)co

T T+ B+ @

n T(i 4+ DI (a + )T(B + )T(a + B)co ‘
i=0 I'(a+ B+ i+ m)T(a)T(B)

Accordingly, if a, 8, a+8#0, —1, —2, - - -, the differential equation
(3) has a set of G.O.P. as solutions. However, it does not seem to be
easy to write out the weight function when either « or 8 is less than
zero. These polynomials have been discussed by Szegs [6].

An+1

Discussion of (3). In this case we have

hew — (n+ a — 1)cp1 = 0,

I‘(a + n)(}o kid P(l + I)I‘(a + ’l:)(/'o
o= ————1 A= ]] . :
hT(a) =0 BT (a)
Accordingly, if 250, and a0, —1, —2, - - -, the differential equa-

tion (3) has a set of G.O.P. as solutions. These polynomials have also
been discussed by Szegs [6].

Discussion of (4). There are no exceptional cases here. The solu-
tions are Hermite polynomials.
Discussion of (5). In this case we have

(k+n— 1)cy + len1 = 0,

I"T'(k)co n (= I)T(R)T (G + oo
Cp = ——) A= IT : ’
T(k + ) w0 T(k+i+n)
Accordingly, if [5#0, and k0, —1, —2, - - -, the differential equa-

tion (5) has a set of G.O.P. as solutions. For no value of k& will A,
be greater than zero for all values of #. These polynomials were dis-
cussed by Hahn [1] to the extent of showing that they are not or-
thogonal polynomials in the ordinary sense. They are not mentioned
by any of the other authors.

Returning to (1) and differentiating, we get

(laaw? + I + L)yl (2) + {(lx + 2a9) % + Lo + Laa} 3. (%)
= (N = h)yd (%).

Thus, if a set of polynomials {y.(x)} satisfies (1), the set of deriva-
tives {y. (x)} satisfies the equation

(Taaw? + I + la0)9"' (%) + {(lu + 2lg0)x + Lo + l21}¢l(x)
= ()\n — l11)¢>(x)

™

(8)
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Since (7) is the same type as (1) and since (7) will not be an excep-
tional case if (1) is not, it follows that the only sets of G.O.P. whose
derivatives are again G.O.P. are:
(i) the Jacobi polynomials with «, 8, a+85#0, —1, —2, - - -,

(ii) the Laguerre polynomials with 20 and a0, —1, —2, - - -,

(iii) the Hermite polynomials,

(iv) the polynomial solutions of (5) with /30, and k>0, —1,
-2,
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