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1. Introduction.1 The operations of addition and multiplication of 
ordinals do not behave as well as one might desire. For example, the 
commutative laws are not valid, and the distributive law is valid on 
only one side. Consequently, we make definitions of a sum and prod­
uct that do not have such defects. 

A binary operation, a 0/3, on ordinals is termed a natural sum if 
a 0/3 is a well-determined ordinal for any two ordinals, a and (3, such 
that : 

(1) a 0 / 3 = / 3 0 a , 
(2) ( a 0 / 3 ) 0 ô = a 0 ( / 3 0 S ) , 
(3) a 0 O = a , 
(4) Ô 0 a > ô 0 / 3 i f and only if a> /3 , 

where ô is any ordinal. 
Throughout this paper, a(a, (3) will denote the natural sum defined 

by Hessenberg.2 It is the unique natural sum satisfying the condition 
that cûa'm+œ^-n=(x(œam} co%), where a and /3 are any two ordinals 
such that aèjS, and where m and n are any two positive integers. 
a (a, j3) shall be shown to be the "smallest" natural sum, and it shall 
be shown to be the best bound for the order type of the join of two 
well-ordered subsets, of respective order types a and (3, of an ordered 
set. 

A binary operation, a®/?, on ordinals is termed a natural product if 
a®/3 is a well-determined ordinal for any two ordinals, a and /3, such 
tha t : 

(1) a®/3 = jÖ®a, 
(2) (a®/3)®ô = a®(/3®ô), 
(3) a ® l = a , 
(4) a®ô>j8®S if and only if a>(3, 
(5) cr(a®j8, ce®ô)=ce®o-(/3, 8), 
(6) cüo:®co^ = co'y, 

where ô is any ordinal, and where 7 = 7(<x, /3) is a suitable ordinal. 

Presented to the Society, September 5, 1941 ; received by the editors June 6, 1941. 
The writer is indebted to Professor Reinhold Baer for his advice in the preparation of 
this paper. 

1 The writer presupposes familiarity with the material on ordinals found in 
F . HausdorfTs Mengenlehre. 

2 G. Hessenberg, Grundbegriffe der Mengenlehre, Abhandlungen der Fries'schen 
Schule, (n. s.), 1.4, Göttingen, 1906, no. 75. 
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It may be noted that the ordinal y above is a natural sum of a 
and /3. If we impose the condition that this ordinal be equal to a(a, ]8), 
we obtain the unique natural product defined by Hausdorff.3 This 
particular natural product will be denoted by 7r(a, /?) throughout this 
paper. We shall show that 7r(a, /3) is the "smallest" natural product 
and that it is the best bound for the order type of a certain rectangular 
array of ordered elements that has "a rows" and "fi columns." An­
other application of Hausdorff's natural product will be given in 
determining a bound for the order type of the semi-group generated 
by a well-ordered set of positive elements in an ordered Abelian 
group.4 

It is known that every ordinal a may be represented in the form, 
a=y£i==iOoaiai, where œ>n, ai, a^, • • • , an^0 and a^ai>a2> • • • 
> a n ^ 0 . Henceforth in this paper, when an ordinal is written in sum­
mation form, it will be assumed that the summation satisfies the 
above requirements. 

2. Natural sums and products of ordinals. We first prove the follow­
ing theorem. 

THEOREM 1. Let r(&p be any natural sum. 
I. Let T and R be well-ordered subsets, of respective order types r and 

p, of an ordered set of elements. Then the set of elements in the join of R 
and T, that is, R + T, is well-ordered and has order type less than or 
equal to r 0 p . 

II . There exists a well-ordered subset R, of order type p, of an ordered 
set, and a well-ordered subset T, of order type r, of the same ordered set, 
such that the order type of R + T is exactly a(p,r). 

I I I . (T{P,T)ST<&P. 

IV. T + pSr®p.5 

PROOF OF I. I is true for r = 0 and for all p. Assume it to be true 
for all p and for all r less than a. I t is true for p = 0 and r = a. Assume 
it to be true for all p less than j8 and r — a. We shall now prove I to 
be true for p=fi and r = a. 

It is easily verified that R + T is well-ordered for p=/3 and r — a. 
Suppose the order type of R + T is greater than (3® a. Then R + T has 
a segment Z of order type /50a. By our induction hypothesis, it is 

3 F . Hausdorff, Mengenlehre, 3rd edition, p. 70. 
4 For a definition of an ordered Abelian group, see S. MacLane, The uniqueness of 

the power series representation of certain fields with valuations, Annals of Mathematics, 
(2), vol. 39 (1938), p. 371. 

5 <T(T, p) may be larger than the maximum {r+p, P+T], for example, let r = p = co + l . 
ThenrH-p = p + r = co2 + l, and <r(p, r )=co2+2. 
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seen that the order type of the subset of elements of T that are in Z 
must be a, since a0/3>/x®/3 for a>ix. Likewise the order type of the 
subset of elements of R that are in Z must be j8. The elements of R 
that are in Z form a segment of R, and the elements of T that are in Z 
form a segment of T. Hence the set R-\-T is the same as the segment 
Z of R + T. This gives us a contradiction, proving I. 

PROOF OF II . Let p=XXi« a ta,- , a n (* r=23?.1w
a*6.-. Then cr(p, r) is 

equal to X X i ^ ^ + W - Let i? be a set of elements of order type p. 
Then i? is the join of sets Ru l^i^n, where Ri has order type coa'a», 
and where each element in Ri is smaller than every element in Ri+i. 

Let T be a set of elements of order type r. Then T is the join of sets 
Ti, l^i^n, where Ti has order type œaibil and where each element 
in Ti is smaller than every element in 7\-+i. 

By letting each element in Ti be greater than every element in Ri 
and smaller than every element in 2?t-+i, we form a set i£+2" of order 
type <r(p, T) . 

I l l is an immediate consequence of I and II , and IV is an immedi­
ate consequence of I. 

An ordered set of elements, A = {aap}, 0^a<r, 0^/3<fx, where r 
and JLC are any two ordinals, is an ordered r, fx-block if aap <aayi a$a <aya 

for j8 <Y. An ordered r, jit-block 4̂ is said to be less than an ordered p, 
X-block J3, that is, A <B, if each element in A is considered to be less 
than every element in B. Two ordered r, /x-blocks, A = {aap} and 
B = {6a/3}, are congruent if the following two conditions are equiva­
lent: (1) aap<ap\, (2) bap<bp\. 

THEOREM 2. Le/ T®IJL be any natural product. 
I. Le/ 4̂ = {#«0} fre a» ordered r, n-block. Then A is well-ordered and 

has order type less than or equal to r®jit. 
I I . There exists an ordered r, fx-block of order type exactly T(T, /X). 
I I I . 7r(r, /X) ^T<S>jU. 

IV. r ^ T 0 / i . 6 

PROOF OF I. Suppose that 4̂ is not well-ordered. Then there exists a 
subset 5 of A, datf^aatf^ • • • , of order type co*. Since the au are 
well-ordered, we may choose a chain C, oô l 7 l>aÔ 2 7 2> • • • , of order 
type co*, from the set B such that 5 i ^ 5 2 ^ • • • . Since the 7» are well-
ordered, there exists a 7;, say 7^, such that 7^ ̂  71. But then askyk à a^iyv 

which is a contradiction. 
The set A has order type less than or equal to T®/X for r = l and 

all /x. Assume this to be true for all ju and for all r less than ô. It is 
6 7r(p, r) may be larger than the maximum {rp, pr}, for example, let r = p = co + l . 

Then rp = pr = co2-r-w + l, and w(p, r)=co2-|-co2 + l . 
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true for ju = 1 and r = ô. Assume it to be true for all p, less than y and 
r = ô. We shall now prove A has order type less than or equal to r ® p 
for M = 7 and r = ô. 

Let ô=co a imi+ • • • +œarmr and 7=co^wi+ • • • +co/38?v 
Case I. m\>\ or r > l . 
Let p=co a lm1+ • • • +coar(mr—1), where mr—1 ^ 0 . By hypothesis, 

5 > p > 0 a n d ô><aa*. 
Let Ti be the set { a ^ } , where 0 ^ a < p and 0 ^ / 3 < 7 . Let T2 be the 

set {aafi}, where p ^ a < S and 0 ^ / 3 < 7 . Then 4̂ is the set Ti + T2. By 
our induction hypotheses, the order type of Ti is less than or equal 
to p ®y. Likewise, the order type of JH2 is less than or equal to œar®y. 
Theorem 1 implies that the order type of A is less than or equal to 
(j(p®7, co<*r®7) =7®o"(p, coar) = 7 ® ô. 

Because of the symmetry, A has order type less than or equal to 
r ® p for JU = 7 and r = ô, if ni>l or s > l . 

Case II . nii = r = ni = s = l, that is, ô=coai and 7=co^1. 
Suppose that the order type of A is greater than 5® y. Then A has 

a segment Z of order type ô®7. Let A=Z+Y. Let a\€ be the smallest 
element in F. Then ô >A and 7 > e. 

Let Ti be the set { a ^ } , where 0 ^a< ô and 0 ^ j8< e. Let T2 be the 
set {aa/3}, where 0 ^ a < X and where e^ /3<7 . Let W=T±+T2-

#00 , #o i 

aio, an 

# 0 € , ^oe+l 

# X É , 

The set at the left of the dotted line is 7\, and that in the upper right-
hand corner is TV 

W certainly contains Z. Therefore, according to our supposition, 
the order type of W is greater than or equal to 5®7. 

By our induction hypothesis, the order type of T\ is less than or 
equal to 5® e, and the order type of T2 is less than or equal to 7®X. 
Theorem 1 implies that the order type of W is less than or equal to 
<r(ô® e, 7®X). According to (6) of the definition of a natural product, 
ô®7=coT?, where rj is some ordinal. Likewise, by (4) of this definition, 
it is seen that ô® €<coT? and that 7®X<co1?. The definition of <r(a, /3) 
implies that cj(ô®e, 7®X) <o)'n= ô®7. This then is a contradiction 
which completes the proof of I. 

PROOF OF I I . L e t r = w a l a i + • • • +co a ^ r and jjL = œ^bi+ • • • +œ(i8b8. 
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Then 7r(r, H) =^i)jO)<r(ai^i)aibj=^2k^ykck where ck=^k(iibj, where 23* 
is over the finite number of pairs such that G(OLÎ, 13y) = Y&. 

Any ordered r, /z-block, A = { a ^ } , may be broken up into ordered 
œaiail a>0%-blocks, D(i, j)= {aap}, where œaWi+ • • • +o)ai~1ai-i'^a 
<o)aiai+ • • • +wa 'a t-, and co/3l&i+ • • • +ü>^-*&y_i^j8<«01&i+ • • • 
+œfi'bj. 

W^lÔl CO/32&2 . • . oMs 

-0(1, 1) 

0(2, 1) 

• 

0(r, 1) 

0(1,2) 

0(2, 2) 

• 

0(r, 2) 

0(1, *) 

0(2, )̂ 

• 

D(r, s) 

Suppose that we could order our blocks D(i, j) in such a way that 
each D(i,j) would have order type exactly ir(œaiai, co^'bj) =œ<T^ai'^)aibj. 
By then letting D(i,j) be less than D(k, m) if a(aif j8y) >cr(ûj/b, j8m) or 
if (r(a*-, ]8y) = <r(<Xk, ]8m) and i>&, we would have an ordered r, ju-block 
of order type exactly 7r(r, JU). Thus it is seen that it suffices to prove II 
for the special case that r=coaa and fx = co/3&. 

Hence we now assume that r = coaa and that ia = œ^b. Let 
a = o)'yifi+ - • • +caytft and /3 = co5ldi + • • • +œôvdv. We first assume 
that / = 0. In this case a = 0 and r = a. If we let a\n<dep for X<0, it is 
seen that an ordered r, /x-block is formed of order type JUT = 7T(/X, T). 

Assume that II is true for all integers / less than k and for all integers 
v. We shall now prove II to be true when t = k. 

co« = co t°T l / l +** , + u '7*- i / fc- i -co c o 7 À ; / A ; . 

Let 
0 = c o ü , 7 l / l + , , * + w 7 ^ - i / J t - i . 

Then 
co" = <j)-œ"kfk = 7 r0 , o)"kfk), 

wj8 _ w«*ldi+ • • -+Jede . œJe+1de+l+ • • -+<»Svdv 
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where d0^yk> ô0+i, O^e^v. Le t 

If e = 0, l e tX = l . If e = v, let 77 = 1. 

_ ^coe+ldg+14-- • > + W»dv 

7r(œaa, M) = T^-œ^^a, Xrjb) 

= 7r(7r(0, C X * ' * ) , TT(X, 7]))ab 

= 7r(7r(0, X), 7r(cow7&^, rj))ab 

= 7r(7r(</), X), u^W^ab 

= TT(0, Xjœ^^yjab. 

F0 

E0{ 

D I A G R A M 

X77 

£>o 

P i 

# 

E, 

Fl 

Gx 

By our induct ion hypothes i s , the re exists an ordered <£, X-block DQ 

of order t y p e 7r(</>, X). We m a y cons t ruc t congruent ordered <£, X-
blocks Da, 0^a<co a , 7* /*, as in t he Diag ram, such t h a t Da<D$ for 

Le t E0 be the block of all t he Da. E0 is an ordered coa, X-block. T h e 
o rder t y p e of E0 is 7r(</>, X) -co"7*^. W e m a y now cons t ruc t congruen t 
ordered oja , X-blocks Ep, 0^ j8< r? , as in the Diag ram, such t h a t 
Ep<E8, for p<8. 
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Let Fo be the block of all the Ep. Then F0 is an ordered coa, Xrç-block. 
The order type of F0 is 

Now we construct congruent ordered coa, Arç-blocks Fi, 0^i<a> such 
that Fi < Fjf for i <j. 

Let Go be the block of all the Fi. Then Go is an ordered a)aa, \rj-
block. The order type of Go is 7r(</>, \)ù)w7kfk-rja. We construct con­
gruent ordered œaa, Xrç-blocks Gi, 0^i<b, as in the Diagram, such 
that Gi < Gy, for i <j. 

Let A be the block of all the Gi. A is an ordered coaa, co^ô-block. The 
order type of A is 

TT(</>, \)œœykfk-rj'ab = 7r(coaö, co*6) = TT(T, JU). 

I l l is an immediate consequence of I and II , and IV is an immedi­
ate consequence of I. 

3. Well-ordered subsets of ordered Abelian groups. We prove the 
following theorem. 

THEOREM 3. Let G be an ordered Abelian group. Let T be a well-
ordered {according to size) set of non-negative elements in G, containing 0, 
of order type ]3 = T+n, where r is a limit ordinal or 0, and n is an integer 
greater than or equal to 0. Let M be the set of all finite sums of elements 
in T. Then : 

I. M is well-ordered. 
IL M has order type less than or equal to 7r(co ,̂ rT)-7 

PROOF OF I. 

Case 1. There exists an integer N such that each element in M is 
the sum of N elements in T. 

Let Mi be the set of sums of a t most i elements in T. Then Mi is 
well-ordered if i = l . Assume that Mk-i is well-ordered. Suppose that 
Mk is not well-ordered. Then there exists a chain of elements in Mk, 
a±>a2> • • • , of order type co*. Let ai = Ci+diy where d is in Mk-i, 
and di is in Mi = T. Then ci+di>C2+d2> • • • . The Ci are well-
ordered. Likewise the di are well-ordered. Hence this chain can not 
exist, tha t is, Mk is well-ordered. 

Case 2. There exists no integer N such that each element in M is 
the sum of N elements in T. 

Let T be the set {ta}, where ta < tp for a </3. Let Da be the subgroup 
of G tha t is generated by /« and all g in G such that 0^g<ta- Then 

7 If |8 is an integer, then a better bound of the order type of M is iriœ^1, TT) =O>/3~1. 
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0 = D0ÛD1^D2S • • • . W e pick out the well-ordered set R of all the 
different Da. R= {RQ, RI, • • • } ; 0 = R0<Ri< • • • £G. 

Let M(a) be the set of all elements in M such that each may be 
expressed as a finite sum of elements in T, all of which are in Ra. 

M(0) consists of the single element 0 and so is well-ordered. Assume 
that M (a) is well-ordered for all a<y. Suppose that M(y) is not well-
ordered. Then there exists a chain in M(y), a\>a2> • • • , of order 
type co*. 

(a) Only a finite number of the a»- are in M(y) but not in an M (a), 
a < 7 . 

In this case, we may throw out this finite number of a»- and then we 
have a chain, Ci>c2> • • • , of order type co*, where each Ci is in an 
M (a), a<y. Let c\ be in M{p), p<y. By our induction hypothesis, 
there exists a c», say Ck, not in M(p). But then Ck>ci, a contradiction. 

(b) An infinite number of the a» are in Af(7) but not in any M {a), 
a < 7 . 

In this case, we may choose a chain, ci>c2> • • • , of order type co*, 
where each d is in M(y) but not in any M (a), ce<7. 

Let d =fi+gi, where ƒ* is in an Mia), a <y, and gt- is a sum of terms 
in r , each of which is in Ry but not in an Ra, a < 7 . We saw in (a) 
that the ƒ»• must be well-ordered. Hence the gi must not be well-
ordered, that is, we can choose a chain from the g»: g«1>g«2> • • • , 
of order type co*. Each gai is a sum of terms in T, all of which are 
in Ry but not in any Rat a<y. 

Let / be the smallest positive element in T that is in Ry but not in 
an Ra, a <y. There exists an integer n such that nt is greater than gai. 
According to Case 1, there must exist a gai, say gap that is the sum of 
more than n positive elements in T. But then gaj>nt>gav a contra­
diction. 

Before we proceed, we shall prove this lemma. 

LEMMA 1. Let G be an ordered Abelian group. Let T be a subset of 
non-negative elements in G, containing 0, that is well-ordered {accord­
ing to size) of order type /3. Let Hk be the set {XXl 0 ^*} » where the ni 
are non-negative integers such that XXi w * = &> the ai are in T> and k 
is any positive integer. Then Hk is well-ordered and has order type less 
than or equal to 0*(j3) = ^ - 1 ( ^ - 2 ( • • • 0ri(]8, ]8), j8), • • • ), ]3), where the 
subscripts merely denote the number of TT'S. 

PROOF. Hk is well-ordered, by Case 1 of Theorem 3. The order type 
of Hi is /?. Assume Hh-i has order type less than or equal to 0*_i(j8). 
Let the elements in Hh-i be b0, h, • • • , where ba<bs for a<8. 
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T h e set R= {ba+a8}, all ba in Hh-i, and all e lements a8 in ÜT, cer­
ta in ly conta ins Hh. Theorem 2 implies t h a t t he order t ype of Hh is 
less t h a n or equal to 7T(0A_I(/3), (3) = cf)h((3). 

W e now cont inue with the proof of Theorem 3. 
P R O O F O F I I . Le t Ma be the set of all e lements in M t h a t are sums of 

e lements tyi 0 ^ 7 < a , in T. No te t h a t M& = M. Le t a = ra+nai where 
ra is a l imit ordinal or 0, and na is an integer grea ter t han or equal to 0. 

M1 has order type 1. Assume t h a t Ma, a<ô, has order t ype less 
t h a n or equal to 7r(coa, r« a) . 

Case 1. ns>0. 
M8~x has order t ype less t h a n or equal to 7r(co5_1, rT

ô
8). M8 is cer­

ta in ly conta ined in the set {aa+nt8-i}, for all e lements aa in M8"1, 
and 0^n< oo. T h e o r e m 2 implies t h a t the order t ype of M8 is less 
t h a n or equal to ^(^(co5-1 , rjô), co) = 7r(coô, TJ*). 

Case 2. n$ = 0, t h a t is, T« = ô. 
Suppose t h a t M8 has order t ype greater t han 7r(co5, Ô5) . Then 

Af8 = S+-R , where S is the segment of M8 of order type 7r(coô, d8). 
Let b = taimi+ • • • +tams, a>i<a2< • • • < a s < ô , be the smallest 

e lement in R, where the m» are posit ive integers. Le t a s = / z + m , where 
û is a l imit ordinal or zero and m is an integer grea ter t han or equal 
to 0. Le t n be an integer such t h a t ntaft is grea ter t h a n b. 

Let Hn be the set of all e lements XXi^.-w» in M8, such t h a t r ^n, 
XX»iw* = w> a n d each /$»<ô. By L e m m a 1, it is seen t h a t the order 
t ype of iT n is less t h a n or equal to # n (S) = xn_i(7rn_2( • • • (TTI(Ô, S), S) 

• • • ), ô). 
Le t ô = w ô l ^ i + • • • +œ8Qeq and ôi=copiz;i+ • • • +œpevz. Then 

Ô <cowPl^1+1) and 0W(6) <cowPiC«i+i)w. 
Le t x be a n y element in S. T h e n x = / \ 1 f i+ • • • +t\vrv-\-t\v±irv+i 

+ • • '+t\fe where X i< • • • <\v<as^\v+i< • • • < X e < d. Let ƒ = / \ / i 

H N x / * , a n d g = /x ,+ 1n+iH h V « ' T h e n / i s i n ^ * S i n c e x i s l e s s 

t h a n b, it follows t h a t g is less t han fr. Hence rv+i+ • • • +re^n. And 
so g is in Hn. Therefore the set S is conta ined in the set {ba+cp}j 
for all e lements ba in Hn, and for all e lements cp in Afaf. Theo rem 2 
and our induct ion hypothes is imply t h a t 5 has order t ype less t h a n or 
equal t o 7r(7r(co% MM), wwPl^1+1>w) ^7T(7T(COÔ, 5"), Ô* l n + n). 

(1) 7T(7T(COÔ, Ô»), ôvin+n) = TT(CO5, TT(>, Ô'")), where J = w + » is an integer, 

7r(8", Ô0^TT((CO 5 I (>I + 1))M> (co5l0i + l ) ) 0 - 8 I > 0 , since ô is a l imit or­

dinal . Hence (coôl(ei + l)) / i = coôl/x, since /x is a l imit ordinal . (co5lOi + l ) ) ' 

(2) ir(5", 50 ^ TT(CO5^, cos^'(ei + 1)) = c o ^ - ^ O i + 1). 
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ôiœ = œpl+1, and ôij = œplVij+œp2v2 + • • • +œpzve<copl(vij+l) ; 

ö-(öiM, àij) < <r(*Wpl(vij + 1)) < ôiM + ^ 1 + 1 = ÔIM + ôico. 

By (2), TT(>, ôO<co5^+ôlco = (coôl)(M+co)^ô^+co^ôô. 
Hence by (1), the order type of 5 is less than 7r(co5, ÔÔ). This is a con­

tradiction since S was the segment of Ms of order type 7r(co5, ÔÔ). 

UNIVERSITY OF ILLINOIS 

A CHARACTERIZATION OF ABSOLUTE 
NEIGHBORHOOD RETRACTS 

RALPH H. FOX 

By an absolute neighborhood retract (ANR) I mean a separable 
metrizable space which is a neighborhood retract of every separable 
metrizable space which contains it and in which it is closed. This 
generalization of Borsuk's original definition1 was given by Kuratow-
ski2 for the purpose of enlarging the class of absolute neighborhood 
retracts to include certain spaces which are not compact. The space 
originally designated by Borsuk as absolute neighborhood retracts (or 
$K-sets) will now be referred to as compact absolute neighborhood re­
tracts. Many of the properties of compact ANR-sets hold equally for 
the more general ANR-sets.3 

The Hubert parallelotope Q, that is, the product of the closed unit 
interval [0, 1 ] with itself a countable number of times is a "universal" 
compact ANR in the sense that4 every compact ANR is homeo-
morphic to a neighborhood retract of Q. The classical theory of 
Borsuk makes good use of the imbedding of compact ANR-sets in Q. 
The problem solved here is that of finding a "universal" ANR. 

Received by the editors June 28, 1941. 
1 Fundamenta Mathematicae, vol. 19 (1932), pp. 220-242. 
2 Fundamenta Mathematicae, vol. 24 (1935), p. 270, Footnote 1. 
3 Ibid., pp. 272, 276, and 277, and Footnote 1, p. 279 and Footnote 3. Note that 
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