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1. Introduction. In the formula for the number p(n) of unrestricted 
partitions of an integer n there appears the sum [ l ] 1 

(1) Ah(n) = ]T)' m,k exp (— lirihn/k), 
h mod k 

where the dash ' beside the summation symbol indicates here and in 
the sequel that the letter of summation runs only through a reduced 
residue system with respect to the modulus. The symbol o)h,k denotes 
certain 24&th roots of unity given by 

o?A,fc = exp (iris(h, &)), 

where s(h, k) is a Dedekind sum [2] defined by 

«*- mm)> 
The symbol ((#))> HI turn, is defined as follows: 

(x — [x] — 1/2 for x not an integer, 
\0 for x an integer, 

where [x] denotes, as usual, the greatest integer not exceeding x. 
D. H. Lehmer [3] has investigated these sums on the basis of a differ
ent expression for the roots of unity involved. In the first place he 
factored the Akin) according to the prime powers contained in k. 
Secondly, by reducing them to sums studied by H. D. Kloosterman 
[4] and H. Salie [5], he evaluated the Ak(n) explicitly in the case in 
which k is a prime or a power of a prime. Both results together pro
vide a method for calculating the Ak(n). Alternate proofs of Lehmer's 
factorization theorems have been given in [2]. In the present note a 
new approach to the second of Lehmer's results is presented. The 
method given here is simpler than Lehmer's method, especially in the 
treatment of the case k = 2X. 

2. Some lemmas. The proofs are based in part on three lemmas, 
which occur as Theorems 17, 18, 19 in [2]. 

LEMMA 1. Let 0 = 0(&) denote Ifor 3\k and 3 for 3\k so that Ok is 
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either prime to 3 or divisible by 32. For (ft, k) = 1 we have 

12hks(ht k) s h2 + 1 (mod 6k). 

Moreover 

12 ks(h, k) s 0 (mod 3) 

if and only if 3\k. 

LEMMA 2. For odd k we have 12ks(h, k) s f c + 1 - 2 ( h \ k ) (mod 8), 
where (h \ k) denotes the Legendre-Jacobi symbol. 

LEMMA 3. If k is equal to 2xj, X è 0, and j and h are odd integersf then 

12hks(h, k) s h2 + k2 + 3k + 1 + 2k(k | h) (mod 2X+8). 

The following lemmas concerning generalized Kloosterman sums 
are also needed. 

LEMMA 4. Let k—pa, where p is an odd prime. Put 

Sk(n) - £ ' (*| *) exp ( 2 « ( » * + «)/*), 
A mod k 

where h is defined as any solution of the congruence hh^l (mod k). Then 

[ 0 if n is a non-residue of k prime to k, 

2i«k-i)/2)2kH2 c o s \Tcmjk if m2 = n (mod k), n prime to k, 
Sk(n) = \ 

0 if n is divisible by p and a > 1, 
[ i((^D/2)2^i/2 if n {s divisible by p and a = 1. 

LEMMA 5. Let k — p^, /8 > 1, and w = l (mod p), where p denotes an 
odd prime congruent to 3 (mod 4). Then 

Z ' (*| P*-1) exp (2iri(nh + h)/k) 
h mod k 

= 2i«fc-1>/2>2+1(w| #)*1 / 2 sin (4*m/*). 

wAere m w aw integer such that m2^n (mod fe). 

Lemmas 4 and 5 may be proved by employing a method due to the 
author [ó]. The method carries over step by step with only slight 
modifications and it does not seem necessary to present it again here. 

LEMMA 6. If k is equal to 2 \ X ^ 9 , and n is an odd integer, then 

£ ' (2k | h) exp (2TMI(A + h)/k) 
h mod À 

- 2(jfe | w)(2Jfe)1'2 cos (*/4 + ( - l)<"-»'*4m»/*). 

file:///Tcmjk
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Lemma 6 may be established easily if use is made of Salié's [5] dis
cussion (§3) of the corresponding sum without a quadratic character. 
In fact, the introduction of the character has no influence on the argu
ment. It is therefore not necessary to reproduce the proof here. 

3. Proof of Lehmer's theorems. In order to apply the lemmas of 
the preceding section to the evaluation of Ak(n) for k a power of an 
odd prime p, we divide the discussion into two cases according as 
p>3 or £ = 3. For ^ > 3 w e employ the congruence 

6 * [ - ((* ~ l)/2)2 - 1 + (2A| *)] + 242ah + 24-24Â 
m 12ks(h, k) - 24/m (mod 24*), 

where a and B are defined by means of the congruences 

(3) 242a s 1 - 24n (mod *), hh s 1 (mod *). 

Divisibility with respect to k and with respect to 3 in congruence 
(2) follows at once from Lemma 1. Divisibility with respect to 8 fol
lows from Lemma 2 and the well known relation (2\k) = ( —1)(*2~"1)/8. 
Hence, from (1) and (2), we get 

4*(») - Z ' exp [2wi(ks(h, k)/2 - hn)/k] 
h mod h 

- Z ' exp {2*»[*(- ((* - l)/2)2 - 1 + (2ft | *))/4 
A mod k 

+ 24ah + 2ih]/k} 

. (_ i)((*-Dm\2 | k) £ ' (*| k) exp [2«(24<*A + 24*)/*] 
A mod ft 

. (_ i)((*-D/«s(3 | ft) X ' t (
A l *) exP [2«'(«* + *)/*]• 

A mod 

Applying Lemma 4, and using (3), we obtain the following theorem. 

THEOREM 1. If k~pa, a ^ l , and v — l—24:n, where p is a prime 
greater than 3, then 

[ 0 if v is a non-residue2 of k, prime to k, 

2(3 | k)k112 cos (4wm/k) if v s (24m)2 (mod &), />nwa /<? k, 

0 i/" z; s 0 (mod p) and a > 1, 

I (3 | k)h1'2 ifv^O (mod ƒ>) <w<* a = 1. 

We turn next to the case which arises when k=pa and £ = 3. This 

Ah(n) 

* This condition should not be confused with (v\k) « — 1. We mean that no solu
tion exists of the congruence oP&zv (mod k). 
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time we use the congruence 

6 f t [ - ((ft - l ) /2) 2 - 1 + (2*1 *)] + &*ah + 8-85 
(4) 

= 12fts(*, ft) - 24*w (mod 24»), 

where a and h axe defined by the congruences 

(5) S2a aa 1 - 24w (mod 3ft), *£ • 1 (mod 3ft). 

Divisibility with respect to 3ft in congruence (4) follows immedi
ately from Lemma 1. Divisibility with respect to 8 follows from 
Lemma 2. Hence, by (1) and (4), we have 

Ak(n) = ] £ ' e x P [2iri(3ks(ht k)/2 - 3*n)/3ft] 
h mod k 

= £ ' exp { 2 T * [ 3 * ( - ( (* - l ) /2) 2 - 1 + (2* | ft))/4 
A m o d & 

= ( _ i)((W)/«)'(2 | ft) £ / (*| *) exp [27ri(8aÂ + 8**)/3*]. 
A m o d A 

As * runs through a reduced residue system mod ft, so does *+ft. 
Replace h by fo — kh2, and observe that (5) implies that 

8a(* + ft) + 8(* - ft*2) « 8a* + 8£ (mod 3ft). 

If * now runs over a reduced residue system mod 3ft, instead of mod ft, 
we obtain 3-4&(#) instead of Ak(n). Therefore, 

Ah(n) =* — (-i)«*~D/2>2(2 | ft) jy (*l *) exp [27ri(8a* + 8h)/3k] 
«5 A m o d 3 fc 

= _ (_t-)((*-D/2)J 2 ' (*| A) exp [2T*(O* + R)/3k]. 
O h m o d 3& 

Since a s l (mod 3), we may apply Lemma 5 with /? replaced by a + 1 . 
Thus we get the following theorem. 

THEOREM 2. If ft = 3", J*ew 

Ak(n) = 2 ( - l ) W ( w | 3)(ft/3)1/2sin (47rw/3ft), 

where m is an integer such that (8w)2 = l —24w (mod 3ft). 

Finally, we consider the case ft = 2 \ For this purpose we use the 
congruence 

(6) 3*ft - 6*ft(ft | *) + 32ah + 3>3h m 12ks(h, ft) - 2Un (mod 24ft), 
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where a and h are defined by the congruences 

(7) 32a s 1 - 24w (mod 8ft), hh s 1 (mod 8fc), 

and where we have assumed that X ^ 3 . 
Divisibility with respect to 3 in congruence (6) follows from the 

second part of Lemma 1. Divisibility with respect to 8k follows from 
Lemma 3. From (1) and (6) we now obtain 

M») = Z ' exp [2wi(Us(ht k) - 8hn)/8k] 
h mod k 

= J? exp [2ici(hk - 2frk(k | h) + 3ah + 3S)/8k] 
A mod h 

« — jy exp [2wi(h - 2h(k \ h))/S] exp[2wi(3ah + 3*)/8*]. 
8 h mod 8* 

I t is easy to verify that 

exp [2« (* - 2A(*| A))/8] - ( - l)x+*(*| 3*> exp l2«(3*) /8] . 

Therefore, 

(8) i4*(n) = — ( - l)x+x £ ' (* I 3*) exp [27ri(3a/* + 3*(1 + *))/8*]. 
8 A mod 8fc 

Now, for X ^ S , we have ( l + f t / 2 ) 2 s l + f t (mod 8k). Furthermore, it 
follows from (7) that a is a quadratic residue of 2X+3 since 3 2 a s l 
(mod 8). Let w 2 = a (mod 8k). Replacing h by 3m(l+k/2)h1 and ap
plying Lemma 6, we obtain for X §: 6, 

4 4 ( n ) = — ( - i)x+i(j | m) £ ' (k | h) exp [2ir«ii(l + */2)(* + h)/8k] 
8 A mod 8Jfe 

= ( - l ) x + 1(2 | w ^ c o s { T / 4 + ( - 1 ) < — « / « ^ [ « ( H - t / 2 ) ] / 8 i ) . 

The last equation may be simplified by employing the relation 
(21 m) = (~l) ( w 2" 1 ) / 8 . We obtain thus the following theorem. 

THEOREM 3. /ƒ £ = 2 \ X^O, /Aew 

il»(ii) = ( - l ) x ( - 11 m ) ^ ' 2 sin (4mii/8*), 

w&ere w is an integer such that (3w)2 = l—24w (mod 8k). 

Actually we have established Theorem 3 only for X â 6. The veri
fication of this theorem for X < 6 is left as an exercise for the reader. 
For 0 ^ X ^ 3 , use the definition of Ak(n) given by (1). For X = 4, 5 
use the formula for Ah{n) given by (8). 
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