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1. Introduction. E. Cartan has proved2 that a connected semi-
simple Lie group is topologically the direct product of a compact 
subgroup and a Euclidean space. Cartan first proved this theorem in 
1927 by a reduction to special cases, and not until 1929 did he free 
his proof from the consideration of special cases. As a result Cartan's 
proof is diffused among several journals. Moreover, Cartan employs 
in an essential way the theory of symmetric Riemannian spaces and 
makes use of a result whose proof seems to be lacking (Ann. École 
Norm. loc. cit. p. 367, §20). 

In this paper there will be given a more direct proof which elim
inates the use of symmetric Riemannian spaces. The author wishes 
to acknowledge his debt to Professor C. Che valley who suggested in 
an oral communication Lemma 1.4 below and to whom a proof of 
Theorem 1, essentially the same as the one given here, was known. 

2. Definitions and preliminaries. Let Q be a semi-simple Lie 
algebra over a field K of characteristic zero. Let ad g denote the linear 
transformation #—>[#, x], where xf g£:Ç- By a Cartan subalgebra 
is meant a subalgebra 3C of (7 maximal with respect to properties (1) 
3C is abelian, that is, [JC, 3C] = 0 ; and (2) U£3C implies ad H is semi-
simple, that is, its minimal equation has no repeated factor. I t is a 
theorem that a Cartan subalgebra is a maximal abelian subalgebra 
(but not conversely). 

Let Ç be a semi-simple Lie algebra, that is, Ç contains no abelian 
ideal, and let 3C be any Cartan subalgebra. Assume that the base field 
K is algebraically closed. A nonzero linear function a defined on 3C is 
called a "root" if and only if there exists an -X" in Ç such that [H9 X] 
= a(jFZ)X for all i I£3C. Any nonzero Y in Ç with this property is 
said to "belong to a." 

The following is known:3 

R l . If X«, X& belong to a, /? respectively, then [ l « , Xp] belongs 
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to a+ /3 or is zero according as a+ /3 is a root or not. 
R2. The linear subspace of elements of Q belonging to a root is 

one-dimensional. 
Notation. uXa" denotes an element belonging to the root a. 
Clearly any collection {Xa} with distinct subscripts are linearly 

independent over K mod 5C and {3C, X a | a l l roots a} spans Ç. 
Suppose a, (3 are roots. Define 

k(a, fi) = max l(j3 — va is a root, 0 ^ v ^ 1; v, 1 integers), 

k'(a, (3) = max l(/3 + va is a root, 0 ^ v ^ 1; v, 1 integers). 

Define B(X, Y) = Trace (ad X ad F). J5 is called the "fundamental 
bilinear form." 

R3. B(X, Y) is nondegenerate on Q and on 5C. If a + / 3 ^ 0 , 
J5(Z«, Z/0 = 0 . J3(JHr, Xa) = 0 , if ÜG3C, for all roots a. 

Define Ha as the element of 3C such that B(H, Ha) =a(H) for all 
HEW. 

R4. 
*(«,fl-y(«,p) 

/*(#«) = a^Ha), 

a(£t«J /3 

[Xat X-a\ = B(Xa, X-a)Hcf 

For each root a select an Z a . Define Ca/3 by the relations 

[Xa, Xp] = Ca.pXa+fl if a + j8 is a root, 

C«f/3 = 0 if a + 0 is not a root. 

RS. Ca.fiC-a.-jSB^-Wia, P)[k(a, 0)+l]a(Ha). 
R6. {X a |a l l roots a} may be so chosen that [Xa, X-a] = ^ « and 

Cafj8= — C~a,-p- Here 5 ( J « , X_a) = l and Ca,/3 is real if K is the 
complex numbers. 

3. An algebraic theorem. We shall now deal exclusively with Lie 
algebras over the real and complex number fields R and C respectively. 

Let Q be a Lie algebra over C. By a real form of Ç is meant a real 
linear subspace which (1) is closed under the formation of brackets; 
(2) spans Ç; and (3) has a base which is linearly independent over C. 
If Ç is a Lie algebra over R, by the complexification of Ç'is meant the 
augmented linear space over C obtained by augmenting R to C. 

Let Ç be a Lie algebra over C and let ÇTS be a real form. Consider 
the real-linear transformation 6 of Ç (considered as a linear space 
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over i?) : 

9: X+ (-1)"2Y->X - ( -1 ) 1 / 2 F , where X, F G QR. 

DEFINITION. 0 is called the "conjugation of Q with respect to QR." 

Note that QR is the set of elements which are invariant under 0. 
Note too that 0 ( [ X + ( - l ) 1 / 2 ^ U+(-l)^V}) =0(([X, £/] 

- [ F . ^ ] ) + ( ~ l ) 1 / 2 ( [ ^ ^ ] + [F, U])) = [X, U]-[Y, 7 ] - ( - l ) i / » 
. ( [X, F) + [F, F]) = [ X - ( - i y / * F , J 7 - ( - l ) i / « 7 ] if X, F, U, 
VEÇR. Thus 0([X, F ) = [0(X), 0(F)] if X, Y^Q. 

DEFINITION. A compact form of a complex Lie algebra is a real 
form on which the fundamental bilinear form is negative definite. 

This section is devoted to the proof of the following theorem. 

THEOREM 1. Let Çbe a semi-simple Lie algebra over R, let Qc denote 
its complexification, and let 0 denote the conjugation of Qc with respect 
to Q. Then 0 leaves invariant a compact real form QK-

Notation. "X"' denotes 0(X), where XGQc 
Clearly Qc is a semi-simple Lie algebra. Assume that for each root a 

an Xa is so chosen as to make {Xa\ all roots a} satisfy the condition in 
R6 above. 

LEMMA 1.1. Let 30, be a Car tan subalgebra of Q and let 3Cc denote the 
complexification of 3C. 5Cc is a Cartan subalgebra of Qc» Moreover to 
each root a there corresponds a root af such that 

(1) af(H)=a(H)forH<EW, 
(2) [H,Xl}=a'(H)XUorH<E.Kc, 
(3) if a, j8, a+j3 are roots, then a ' + / 3 ' is a root and (a+fi)' = a '+ j8 ' . 

PROOF. Inasmuch as {ad H\H^5CC} is a commutative set of 
linear transformations and is spanned by semi-simple transforma
tions, and inasmuch as C is algebraically closed, all the elements of 
{ad H\H£:3£C} are semi-simple. 

Suppose X + ( —1)1/2F, where X, Y&Q, is an element of a Cartan 
subalgebra of Qc which includes 3Cc- Then [H, X] = [H, F] = 0 for 
iJGSC. 3C being a maximal abelian subalgebra, X and F must be in 
3C so that Z + (~l ) 1 / 2 FG3Cc. I t follows that Wc is a Cartan sub
algebra of Qc. 

From 

e{[x,Y])= [x',r] 
and 

e(aX) = âX' if X, F G Qc 
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we infer that 

[H,XJ] = * ( # ) * « . if HG 3C. 

Lemma 1.1 follows from this. 

LEMMA 1.2. C«,/3= ±C«',/9'. 

PROOF. - C i ^ = - 2 - 1 J f e / ( a , j3)|>(ce, j3) + l ] a ( i l a ) . From Lemma 1.1 
it follows directly that 

k(a, fi) = k(a', IS'), *'(«, « = * V . 0'). 

Since 

«(#*) /s 

it follows that C«,/3 = ±C«',/3'. 

LEMMA 1.3. iJ«' = # « . 

PROOF. Since the fundamental bilinear form B is real on (ƒ, 
£ ( X + ( - l ) 1 / 2 F , £ƒ+(--i)i/2 7) i s the complex conjugate of 
B(X-(-iyi*Y, U~(-\yi*V) if XY&Ç, that is, J3(Z', HP") is 
the complex conjugate of B(Z, W) if Z, MÇLÇC Hence JB(fiT, JHT̂ ) 
is the complex conjugate of B(H, Ha) is the complex conjugate of 
a(H)=a'{H) if H £ 3 C Consequently S (H , #« ' )=<* ' (#) for all 
JETG^CC and thus by definition üZ«' = i la . 

Let ua be defined by the relation 

Xa ' = uaXa> (all roots a) . 

Since Ca,p are real, wa% = ±ua+p if <*, j3, oc+j3 are roots. Also #aw«' = 1, 

LEMMA 1.4. The choice of {Xa\all roots a} can be modified without 
changing the constants of structure Ca,p so as to make \ua\ = 1 for all 
roots a. 

PROOF.4 Let ra=\ua\~
112 and let Ya=*raXa for all roots a. Then 

rar(i = ra+p and rar^a = 1 if a, /3, a+ / ? are roots. I t follows immediately 
that if we replace the {Xa} by { Ya}, then the constants of structure 
are unchanged. Moreover 

e(7a) = vaY*> 

where \va\ = |rauar"^ | = | u a | ~ 1 / 2 - \ u a \ • |«« ' | 1 / 2 = 1. The lemma is 
4 The proof given here is a simplification, pointed out by Dr. Harish-Chandra, of 

the author's proof. 
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thus proved. 
We assume now that Çc has a base \Hav Xa\ all roots a} such that 

\ua\ = 1 . Since waw_a = l, it follows that w_a = #a. 
PROOF OF THEOREM 1. Let OCodenote the real linear space spanned by 

\Ho\ all roots a} and let GK denote the real linear spaced spanned by 
{( — 1) 1/23Co, zaXa — ZaX-aJ all roots a, za assuming all complex values}. 
Since Ca,p is real and £_«,_£= — Ca,p, it is readily seen that ÇK is 
closed under formation of brackets. Moreover {i?i, • • • , Hi, 
Xa — X-a, ( — l)1 / 2(Xa+X_a) |al l pairs of r oo t s aand —a; Hi, • • •, Hi 
base for ( — 1)1/23C0} is a base for Çc with respect to complex numbers. 
I t follows that ÇK is a real form of Çc. If ZEÇK, then Z = ( - l ) 1 / 2 f f 
+%2a(zaXa — ZaX-.a), where HÇ. 5C0. Thus 

0(Z) = - ( - l)1 '2!? ' + £ (s«0«X«* - *««-«XL«0 
a 

= - ( - l ) 1 ' 2 ^ + D (zauaXa> - z«üaX-a.) 
a 

where H' E3Co. Hence" Ç& is invariant under the conjugation 0. Finally, 
ÇK is a compact realjorm. For if ZÇLÇK, then 

z = (- iym + E (Zaxa - *ax_a), F e 3c0. 
a 

By R3, 3 ( Z , Z) = - £ ( i J , JET) - Z « *«S«. But 

B(H, fl) = Tr (ad iT)(ad fl) = Z « a2(H)^0 

with inequality holding only if H = 0, since all roots assume real 
values on 3C0 (cf. R4). Hence B(Z, Z) < 0 if Z ^ O . Thus ( ^ is a com
pact real form invariant under the conjugation 0. 

4. The theorem. Let G be a connected real semi-simple Lie group, 
Ç its Lie algebra, and let ad G denote its adjoint group, that is, the 
Lie group of autmorphisms of (ƒ induced by the inner automorphisms 
of G. Let Çc denote the complexification of Ç, 0 the conjugation of 
Çc with respect to Ç, ÇK a real compact form of Çc which is invariant 
under 0. ad Çc, being a subalgebra of the Lie algebra of all linear 
transformations of Çc, determines a Lie subgroup G* of the Lie 
group of all nonsingular linear transformations on Çc. To Ç there 
corresponds a real linear subspace Ç*<Z.ad Çc under the correspon
dence : 

X e Ç<-* ad Z G ad Çc. 

To ÇK there corresponds, under the correspondence 

I G ^ < - > a d I G a d Çc, 
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a real linear subspace Ç | C a d Çc* Regarding ad Çc as a Lie algebra 
over the reals (that is, regard ad Çc as a linear space over the reals; 
since the bracket operation satisfies the identities of a Lie algebra, ad 
Çc is a real Lie algebra) Ç* and ÇK are then subalgebras and to them 
correspond subgroups G* and GK of G*. Clearly G*^ad G topo-
logically as well as algebraically. 

LEMMA 2.1. Ç=Çr\ÇK+Çr\(-iyi2ÇK (directly), that is, Ç has 
a base {Zi, • • • , XP, ( - I ^ Z P + I , • • • , ( - l ) 1 / 2 Z r j with X&ÇK 

(i = l, 2, • • • , r). Moreover, there is base Qfor Çc relative to which the 
matrix of ad X is real skew-symmetric f or all XÇÏÇK-

PROOF. Since the real form ÇK is invariant under 0 and since 02 is the 
identity, there is a base {Zi, • • • , Xp, Xv+\, • • • , Xr) of ÇK such 
that 0(Z*)=Z< 0' = 1, • • • , p) and ff(Zy) = - Z i ( j = £ + l, • • • , r). 
Inasmuch as 0((-\yi*X3) = ( - l ) 1 / 2 X i (j=/> + l, • • • , r), one infers 
that (-iyi*X,eÇ (j = P + U • • • , 0 . Clearly {Zx, • • • , XP; 
(-iy*Xp+i, • • • , ( - l ) 1 ' ^ } is a base for £ , that is, Ç=ÇC\ÇK 

+ Çr\(-iy*ÇK (directly). 
The fundamental bilinear form being negative definite on the com

pact real form ÇK, a base Q={Z\, • • • , Zr\ can be selected for Çc 
such that Zi £ ÇK (i = 1, • • •, r) and such that B (X, F) = — XX» i#*^ 
if Xs* X X I **£», F = X X i y%Zi' By the Jacobian identities, ad 
[Z, F] =ad F a d Z - a d Z ad F. Hence 

£(ad X(F), Z) + J3(F, ad X(Z)) 

= Trace ad [Z, F] ad Z + Trace ad F ad [Z, Z] 

= Trace (ad Z)(ad F adZ) - Trace (ad F adZ)(ad Z) 

= 0. 

I t follows that, relative to Q, the matrix of ad Z is real skew-sym
metric if XÇLÇK. 

DEFINITION. Let V be a linear space over a field -ST and let £ denote 
the group of nonsingular linear transformations on V. Let Q denote a 
base for V and TM the matrix of F C C relative to Q. If HC.&, 
{TM\ TÇZH} is denoted by iTa/. A subgroup G of £ is called "alge
braic relative to Q" if GM is the intersection of an algebraic subvariety 
of the space of matrices of all linear transformations of V with £M. 

I t is to be noted that if a group is algebraic relative to one base for 
V, then it is algebraic relative to any other base. Hence one can use 
simply the term "algebraic." 

In our usage of algebraic groups, the field K will always be the 
reals. 
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DEFINITION. Let Çbe a Lie algebra over the complex numbers and 
Ço a real form of Ç. The set of all automorphisms of Ç is called "aut 
Ç." The subset of aut Ç keeping Ç0 invariant is called "aut Ç0." 

Let T be a complex-linear transformation of Çc- If Çc is regarded 
as a linear space over the reals, then the transformation T is a fortiori 
real-linear. 

LEMMA 2.2. Let Çc be regarded as a linear space over the reals. Then 
aut Çc, aut Ç, and aut ÇK are algebraic groups. 

PROOF. Let D = [Xu • • • , Xr, ( - l ) 1 / 2 X i , • • • , ( - l ) 1 ' * * , } be a 
base for Çc considered as a linear space over the reals. Let Xr+k 
denote ( — 1)1/2-X"A; (k = lf • • • , r). Let i denote the real-linear trans
formation determined by the mapping 

* * - • ( - l)1,2Xk, 

(- iy*xk-*-xk ( * = l , • • • , / • ) . 
Let TV denote the matrix of T relative to D if T is a real-linear trans
formation of Çc- Finally, let the real numbers Cfj be defined by \X%} 

Xi\ = Z f - i CÏ,Xk (*, j , * = 1, • • • , 2r). 
Clearly !T£aut ^ c if and only if det T^O and 
(i) n - i r , 
(2) [TXu TXi] = T[Xt, Xf] (», j - 1 , • • • , r). 
The first condition states that 

T~{-E7)-{-E7)T-
where E is the rXr identity matrix. Condition (2) states that 

2r 2r 

a ,0=1 7=1 

where (aQ
P) — TM (p, 2 = 1, • • • , 2r). Thus aut Gc is algebraic. 

To prove that aut Ç is algebraic, assume [Xi, • • • , Xr} chosen 
so as to be a subset of Ç. Then, clearly, T G a u t Ç if and only if 
det 7 V 0 and 

(i) n = t r , 
(2) [TXu TX,] = T[Xi, Xs] (*\j = lf • • • , r), 
(3) 4 = 0 i f j> r . 

Thus aut ( / is algebraic. By a similar argument aut ÇK may be proved 
to be algebraic. 

LEMMA 2.3. G*, Gj, G* are JA# components of the identity of aut Ç, 
aut (ƒ*:, aut Çc, respectively. 
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PROOF. Çf Ç*, Ç% are ail semi-simple Lie algebras. The lemma now 
follows easily from the observations: 

(1) If exp tX is an automorphism of Çc (or Ç or ÇK) for all real /, 
then X is a derivation of Çc (or ( / o r ÇK). 

(2) All the derivations of a semi-simple Lie algebra are inner. 

LEMMA 2.4. Let L be an algebraic Lie group containing s 
= exp ( — 1)1,2W, where the matrix of W relative to some base f or the 
underlying (real) linear space is skew-symmetric. Then exp ( — l)llHW 
£Z, for all real t. 

PROOF. Choose a base V for the underlying linear space relative to 
which the matrix of TF=diag {(- l ) 1 / 2 Xi, • • , (-1)1 / 2XW}, Xt- real. 
Relative to D the matrix of sk is diag {e~~kXl, • • • , e~k*n}. 

If ƒ is a polynomial and jf(e"~*Xl, • • • , e~k*n)~0 for all positive 
integers k, then from the fact that Xi, • • • , Xn are real it can be in
ferred that f(etXl, • • • , e*«) = 0 for all real t. 

Inasmuch as L is algebraic, it is seen that skÇE.L for all positive 
integers k implies that exp ( — l)1,2tWÇzL for all real t. 

As seen in Lemma 2.1, Ç=Çr\ÇK+Çr\(-iyi*ÇK. Let J=Ç 
r\GK, let 7*= {ad X\Xej}, let S=Çn(-iyi*ÇKy and let S* 
= [ad X\X£zS }. Let F* denote the Lie subgroup of Gc correspond
ing to the real Lie subalgebra J*CÇ* and let S* = {exp Z | X G S * } . 
Let Q be a base for the complex linear space Çc relative to which the 
matrix of ad X is real skew-symmetric for all XÇZÇK- Then GG is a 
subgroup of the orthogonal group relative to Q. Let F* denote the 
subgroup of G* whose matrices relative to Q are real orthogonal. 

Suppose now g£G*. Then g=f-s where s=exp ( — 1)1I2W, and 
relative to Q the matrices of ƒ and W are respectively real orthogonal 
and real skew-symmetric (cf. C. Chevalley, Lie groups, p. IS). 

LEMMA 2.5. In the above decomposition f or g, fÇ^P* and s £ 5 * . 

PROOF. Let rj denote the conjugation of (ƒ with respect to ÇK, let 
TM denote the matrix of T relative to Q if T is a complex-linear trans
formation of Çc, and let rj*(T) denote the complex-linear transforma
tion of Çc with matrix TM. Since Ç=Çr^ÇK + Çr\(-l)mÇK, 
V(Ç) = Ç- Moreover V([X, Y}) = [V(X), V(Y)] implies ad V(X)(V(Y)) 
= rç(ad X(Y)) for X, Y(EÇc On the other hand 7?*(ad X)(77(F)) 
= 7j(ad X(Y)). I t follows that iy*(ad X ) = a d rj(X) for XeÇc and 
that Ï 7* (£* ) = <7* where < / * = { a d X\X<EÇ}> Since G* consists of 
finite products of the type exp .Xi-exp X2 • • • exp X8 where 
Xi, • • • , X9ÇzÇ*, and since ??*(exp Xi-exp X2 • • • exp X8) 
= exp rj*(Xi) • • • exp rç*CX,) it is seen that rj*(G*) = G*. 
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Consider now the relation g~f-s. Then, r)*(g) =rj*(f)'r]*(s) —f-s"1. 
Hence ^ « ( i ^ f e ) ) - ^ is in G*; that is, exp 2(~1)1 / JWGG*. 

Suppose C « { ^ i , • • - , Z r } . L e t e ' = { ^ i > • * • ,Zr, ( - l ) 1 / s Z i , • • -, 
( — 1) ll2Zr}. Regard now Çc as a linear space over the reals and denote 
by T» the matrix relative to Q' of a real-linear transformation T on Çc-
Since the coefficients of WM are real, Wp is the 2rX2r matrix 

/WM 0 \ 

\ 0 WM/ 

\ 0 WM/ \ 0 -WM) 

Consequently Wp is a real skew-symmetric matrix. Applying Lemma 
2.4, it is seen that exp ( — l)ll2t-2W belongs to aut Ç for all real t 
and thus, by Lemma 2.3, to G*. I t follows that (-l)li*WEÇ*. Since 
WM is real, W<EÇK and hence (-iyi*WeS* = Ç*ri(-iy*Çi. 
Consequently s £ 5 * and ƒ, being in G*, must be in F*. Proof of 
Lemma 2.5 is now complete. 

Let S* be endowed with its inner topology relative to G* (and F* 
with its topology qua Lie group). 

LEMMA 2.6. G* = 7?*X*S'* topologically. F* is a compact Lie subgroup 
and S* is topologically a Euclidean space. 

PROOF. Consider the one-to-one mapping g—*(f, s) denned by: 
g—f-s where ƒG^*, s£<S* of G* onto the topological direct product 
F*XS*. 

I t follows directly from Lemmas 2.2 and 2.3 and the fact that an 
algebraic Lie group is closed that G* and G& are closed in the group of 
all regular real-linear transformations on Çc and a fortiori in the 
group of all regular complex-linear transformations on Çc- F*, the 
set of all real orthogonal (relative to the base Q) complex-linear 
transformations in G*9 is clearly closed. 

The mapping gM—>{fM, SM) is the restriction of the well known5 

one-to-one bicontinuous mapping of the group of all regular complex-
linear transformations of Çc onto the topological direct product of 
the group of unitary matrices and the set of positive definite hermitian 
matrices (relative to Q). Furthermore, the exponential mapping of 
S * onto S* is the restriction to S * of the well known homeomorphism5 

of the hermitian matrices onto the positive definite hermitian 
matrices. Since G* and F* are closed, their topologies as Lie groups 

6 Cf. C. Chevalley, Lie groups, Princeton University Press, 1946, p. 16. 
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and the given topology of 5* are equivalent to their inner topologies 
relative to the group of all regular complex-linear transformations of 
Çc. I t follows that S* is topologically a Euclidean space and that the 
mapping g—*f-s is a homeomorphism of G* onto P*XS*. 

Since G* is connected, F* is connected. But the Lie algebra of F* is 
clearly Ç*C\ÇKJ the Lie algebra of the Lie subgroup F*. Conse
quently F* = i7*, and F* is closed in the full complex-linear group on 
Çc. Inasmuch as { TM\ TÇEF*} is a subgroup of the real orthogonal 
group (relative to base Q), F* is compact. Proof of the lemma is now 
complete. 

Let D denote the center of the semi-simple group G. D is discrete 
and G* = G/D topologically as well as algebraically, under the natural 
mapping f : 

gGG-*automorphism of Çc induced by T0, where Ta is the 
inner automorphism x-*g~~lxg of G. Let S= {exp X | X G S , S 
= Ç(~\( — IY^ÇK], and let F denote the connected Lie subgroup of 
G determined by J= ÇC\ÇK. 

f (exp X) =exp ad X\l XÇiÇ. Inasmuch as the mappings X—»ad X 
and ad X—>exp ad X are one-to-one if X G S , the mapping X—>exp X 
is one-to-one if X G S . Give 5 the topology which makes the mapping 
X—>exp X of S (endowed with its natural Euclidean topology) onto 
S a homeomorphism and F its topology qua Lie group. Clearly f 
maps iS homeomorphically onto S*. 

LEMMA 2.7. G = FXS topologically. 

PROOF. Let P — Ç^ÇF*). The homogeneous space G/P is homeo-
morphic to G*/F* = S*, a simply connected space. I t follows that P 
is connected, P = F, and D(ZF. 

Let g<EG. Since ?(g) =ƒ*•** where / G ^ * and s<ES*y g = d-f-s 
w h e r e / ' G ^ , *GS, d & P . But DQF; hence £=ƒ•* where/G-F, sES. 

Suppose that fi'Si=f2'S2 where / i , /2 G -F and si, ^ G S . Then 
f (/Offal) = f (/a)f ($0 implies that f (*i) = f (s2). Since f is one-to-one on 
<S, s± = S2 and hence / i= / 2 , that is, the mapping 

<*>: (f,s)->g 

defined by g=f-s is a one-to-one mapping of FXS onto G. 
We now prove that 0 is a homeomorphism. Inasmuch as the 

exponential mapping of a Lie algebra (endowed with its natural 
Euclidean topology) into a Lie group is a continuous mapping, and 
inasmuch as group multiplication is continuous, the mapping 0 is 
continuous. 

Let U, V be connected neighborhoods in F, S respectively. Since f 
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is a homeomorphism on 5, f ( V) is a connected open set of S*. Since F 
and F* are closed subgroups of G and G* respectively, it follows that 
their topologies qua Lie groups are equivalent to their inner topologies 
relative to G and G* respectively. Consequently f ( U) is a connected 
open set of JF* and Ç(</>(UXV)) is a connected open set of G*. 

r(*(ff x TO) = ?(u-v) = r(to-r(7). 
Hence by selecting Z7and F sufficiently small, f ( ^ ( [ / X F ) ) can be 

made arbitrarily small. Since G is a covering space of G* under f, 
f""1(iV) is a union of disjoint connected open sets if N is a sufficiently 
small connected open set. Inasmuch as <I>(UX V) is connected, it is a 
(connected) open set of G if U and V are sufficiently small. The 
mapping <j> is therefore open. 

LEMMA 2.8. y*=<£*©c/f* (directly) where «£* <md of* are respec
tively semi-simple and abelian ideals of J*. Let L*, A* be the Lie sub
groups of F* determined by «£*, eyf* respectively. Then L* and A* are 
compact. 

PROOF. Consider the adjoint group of F acting on J. Since F* is 
compact, the adjoint group of F (a homomorphic image of F*) is 
compact and is therefore completely reducible, that is, if the linear 
transformations of the adjoint group keep a subspace invariant, they 
keep invariant a complementary subspace. I t follows that J is the 
direct union of minimal ideals. Consequently J=J(1@QA (directly) 
where «£ and zA are respectively semi-simple and abelian ideals of J. 
Let «£*, iA*, be the images of «£, zA respectively under the adjoint 
representation of Ç. Then 3f*=o£*©<vf* (directly). 

Since «£* contains no abelian ideals, cyf* can clearly be character
ized as the maximum abelian ideal of J*. I t follows that A* is the 
maximum connected normal abelian Lie subgroup of F*. Since A*, 
the topological closure of A*, is a connected normal abelian Lie 
subgroup, A*=A*, that is, A* is a closed subgroup of F* and is thus 
compact. 

Consider now F*/A*. This is a compact Lie group whose Lie 
algebra is isomorphic to J*/QA*=J(^. Since there is a compact Lie 
group with Lie algebra isomorphic to «£*, by a theorem of Weyl6 any 
Lie group whose Lie algebra is isomorphic to «£* is compact. Conse
quently L* is compact. 

THEOREM 2. G — KXE topologically, where K is a maximal compact 
subgroup and E is topologically a Euclidean space. 

« H. Weyl, loc. cit. p. 170. 
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PROOF. AS was seen in the proof of Lemma 8, J=jÇj&iA where «£ is 
semi-simple and cA abelian. Let L, A be the Lie subgroups of F cor
responding to o£, <zA respectively, <Ç{IS) = L * and Ç(A) =A*. A, being 
the component of the identity of the closed subgroup ^~1(A)t is closed. 

Since jÇ^jÇ? and L* is compact, by Weyl's theorem L is compact. 
Let TX V be a decomposition of the connected abelian Lie group A 

into the direct product of a toroidal group T and a vector group V. 
V is closed in A and hence in F. 

Set K=LT, that is, K~ {lt\lÇzL, t(ET}. K is a compact normal 
subgroup of i7 and F = KV. K and F being closed subgroups of F, 
KC\ V is both compact and a subgroup of V; it follows that K and F 
intersect in only the identity of F. Inasmuch as K and V are closed 
normal subgroups of F, F — KXV topologically as well as alge
braically. Finally, let £ = V-S. Clearly E is topologically the direct 
product of two Euclidean spaces and is hence itself Euclidean. I t 
may now be asserted that G — KXE topologically. 
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