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1. Introduction. C. D. Papakyriakopoulos [2] has recently proved 
Dehn's lemma [ l ] . His proof has the merit that the basic construc
tion (the tower) and the crucial lemmas apply to the sphere theorem 
as well as Dehn's lemma. However, if one is content with Dehn's 
lemma the proof can be simplified. In this note we first give a simpli
fied proof of Dehn's lemma and then prove an analogous theorem for 
surfaces with more than one boundary curve. 

By a surface of type (p} r) we mean a connected, compact, orientable 
surface of genus p with a boundary consisting of r 1-spheres. Thus 
the Euler characteristic of such a surface is 2(1 — p)—r. A surface of 
type (0, 1) is called a disc. A Dehn surface of type (p, r) is a polyhedral 
singular surface of type (py r) with no singularities on the boundary. 
Our extension of Dehn's lemma refers to surfaces of type (0, r). In 
order to state it we need two more definitions. 

Let M be a connected 3-manifold and let M be a universal cover 
of M". The manifold M is orientable and the set of elements of Ti(M) 
= 7Ti(Af, x0) which correspond, in the usual way, to orientation-
preserving covering transformations of M is a sub-group of index 2. 
We denote it by o>(ikf). Thus M is orientable if, and only if, oo(M) 
= 7Ti(ilf). 

Let G, • • • , Cr be nonsingular closed curves in M and let each Cr 

be oriented and joined to x0 by a path in M so as to represent an ele
ment au£7Ti(.M). The smallest invariant sub-group of wi(M) which 
contains cei, • • • , ar is independent of the orientations of G, • • • , Cr 

and of the paths joining them to XQ. We denote it by {G, • • • , Cr) M, 
or by {G, • • • , Cr} when there is no danger of confusion. 

We can now state our theorem, with the usual qualifications con
cerning piecewise linearity (see §2 below). 

THEOREM (1.1). Let (G, • • • , Cr) be a set of disjoint, nonsingular 1-
spheres in M which constitute the boundary of a Dehn surface of type 
(0, r). Let {G, • • • , Cr}Cco(ikf). Then a nonvacuous subset of 
(G, • • • , G) , s&y (Ci, • • • , Cq)(0<qSr), constitute the boundary of 
a nonsingular surface of type (0, a). 

If f = 1, then {G} = 1 £ C O ( M ) and (1.1) reduces to Dehn's lemma. 

2. Preliminaries. I t is to be understood that every ^-manifold 
(n = 1, 2, 3) to which we refer has a definite piecewise affine structure 
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and that all our maps are piecewise linear. Likewise a singular (or 
nonsingular) curve or surface in a 3-manifold will mean the image of 
some standard polyhedron in a piecewise linear map. As in [2] a 
singular surface in a 3-manifold M will be called normal if it has no 
singularities other than double lines, triple points and branch points. 
I t will be called canonical if it is normal and has no branch points. 

By a Dehn set of curves in M we shall mean a finite, nonvacuous 
set of nonsingular, disjoint (polyhedral) 1-spheres whose union is 
the boundary of a Dehn surface of genus 0. Such a set will be called 
good (bad) if it contains (does not contain) a nonvacuous sub-set 
which constitutes the boundary of a nonsingular Dehn surface of 
genus 0. Thus (1.1) states that the set (G, • • • , Cr) is good provided 
{G, • • • , Cr] Coo(M). If r = l, then C\ is called a Dehn curve. Any 
nonsingular (polyhedral) closed curve in M is obviously a Dehn 
curve if it is inessential in M. 

Let P b e a Dehn surface in M. According to our conventions there 
is a (rectilinear) triangulation, K, of M with a sub-complex, L, which 
covers D. Let K", L" be the second derived complexes of Ky L and 
let V be the union of all the (closed) simplexes of K" which contain 
vertices of L" in D—D. Then F is a bounded 3-manifold, DQV 
and D is a deformation retract of V. 

Let aGTTi(F). Then a£co(F) if, and only if, the transport of an 
indicatrix round a loop representing a preserves local orientation. 
Hence it follows that {G, • • • , Cr}vQ<*>(V) if, and only if, 
{Ci, • • • , CT}MQO)(M). Therefore we may replace M by V when 
proving (1.1). 

3. Proof of Dehn's lemma. Let C be a Dehn curve on the boundary 
of a compact, connected 3-manifold V. 

LEMMA (3.1). If V has no 2-sheeted cover, then C is good. 

PROOF. Assume that F has no 2-sheeted cover. Then it is orientable. 
If Hi(V) has infinite order, then, since H\(V) is finitely generated, it 
has a cyclic infinite direct summand. There is, therefore, an epi-
morphism H\(V)—»Z2. On composing this with the Hurewicz homo-
morphism 7Ti(F)—>HI(V) we have an epimorphism <ƒ>: 7Ti(F)—>Z2. The 
kernel of <j> has index 2 and determines a 2-sheeted cover of F, 
contrary to our assumption. Therefore HX(V) is finite and, since F 
is orientable, every component of F is a 2-sphere [3, p. 223]. Thus C 
lies in a nonsingular 2-sphere in F and (3.1) follows. 

Let C, F be as above and now assume that F has a 2-sheeted cover 
Ft. Let p: Fi—>V be the projection and r : Fi—>FL the covering trans-
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formation other than the identity. Then ^""1C= CiUrCi, where G is a 
Dehn curve in Vi, and CIC^TC\—4>* 

LEMMA (3.2). If G is good, so is C. 

PROOF. Let G = Z?i, where D\ is a nonsingular disc. We assume, as 
we obviously may, that DiC\Vi — Ci, whence GfV-Di==rGnr>i==0. 
Then pDi — D, say, is a Dehn disc bounded by C. Clearly D may be 
normalized without introducing singularities in D\ (each step in the 
normalization is a "local isotopy"). So we assume that D is normal, 
and hence canonical because p is a local homeomorphism. Then 
DIC\TDI consists of disjoint, nonsingular closed curves and D has no 
triple points. Since there are no triple points the lemma follows from 
Dehn's original argument [ l ; see also 2, no. 14], 

Now let C be a given Dehn curve in M and D a canonical Dehn 
disc bounded by C. Let d(D) denote the number of closed (possibly 
self-interesting) double curves in D. Let V be as in §2. Thus DC. V 
C.M, CC V and D is a deformation retract of V. Let F have a double 
cover Vi and let p: Vi-*V, r : Fi—»Fi be as above. Let D be canonical 
with respect to a m a p / : A—»F, where A is a 2-simplex (£>=/A), and 
l e t / i : A—>Vi be such that pfi—f. T h e n / i A = D i , say, is a canonical 
Dehn disc in Vi and P"1D=D\KJTD\. Since A.fV.Di7^$, because J9 
is a deformation retract of V, it follows without difficulty (cf. (9.1) 
in [2]) that d(Dx)<d(D). Therefore Dehn's lemma follows from 
(3.1), induction on d(D) and (3.2). 

4. Proof of (1.1). Let G, • • • , Cr (r>0) be a set of disjoint, non-
singular 1-spheres on the boundary of a connected, compact 3-mani-
fold V. Let d also denote a basic 1-cycle carried by the 1-sphere G 
and let W i G + • • • + w r G = dZ), where m»>0 and D is a singular 
2-chain in V. This condition is obviously satisfied if (G, • • • , G) 
is a Dehn set. Let {G, • • • , G} C W ( F ) . 

LEMMA 4.1. /ƒ F Aas wo 2-sheeted covering, p: Fi—»F, swcA / t o 
{G, • • -, Cr) C.p*7Ti(Vi), then some nonvacuous sub-set of (G, • • •, G) 
w a good Dehn set. 

PROOF. Assume that there is no such covering. Then V is orientable 
because {G, • • • , GJCco(F) . Let G be the image of the injection 
Hi(Ci\J • • • UC r ) -*ff i ( I0 . The Hurewicz homomorphism wi(V) 
—>Hi(V) obviously carries { G, • • • , G } into G. Therefore it follows 
from the first part of the proof of (3.1), with H\(V) replaced by 
Hi(V)/G9 that H1(V)/G is a finite group. Therefore every 1-cycle in 
V is homologous, with rational coefficients, to a linear combination 



1958] A PROOF AND EXTENSION OF DEHN'S LEMMA 177 

of G, • • • , Cr. The algebraic intersection1 Cv D is 0 since F and hence 
V are orientable. Therefore it follows that there is no 1-cycle C0 in V 
such that C0Cy = l, C0-C* = 0 if j^fk. Also pl(V)^ry where pl(V) 
is the first Betti number of V. If g(V) is the sum of the genera of all 
the components of V, then g{V)Spl{V) [3, p. 223]. Therefore g(V) 

Let Uu • • • , £/w be the components of V— ( G U • • • UCV) and 
let S\ = V\. Then Sx is a nonsingular surface of type (p\, r\), say, and 
S\CCxyj • • • VJCr. If CyCInt (Sx), then nearby points on opposite 
sides of Cy are joined by a path in U\. There is therefore an oriented 
closed curve G C S x s u c n t n a t C0-Cy = l, C o G = 0 if k^j, which 
contradicts a previous conclusion. Therefore each d is on the 
boundary of two of Si, • • • , Sn and it follows t h a t m + • • • +r» = 2r. 
Hence, if x(X) denotes the Euler characteristic of a given space X 
and if V has m components, then 

2(« - g&)) > x&) = £ x(5x) = E (2(1 - pd - n) 
X X 

and g(V)=m + (p1-l)+ • • • + Ü > * - l ) + r . 
If p\ = 0, r\ = 0, then Sx is a nonsingular surface of type (0, r\) 

bounded by a sub-set of (G, • • • , Ci). So we assume that p\>0 if 
rx>0. Then rx = 0 if p\ — l<0. In this case Sx is a component of F 
which does not contain any of Ci, • • • , Cr. Since G C F it follows 
that m + (pi-l)+ - • • + ( £ n - l ) > 0 , whence g ( F ) > r . This contra
dicts a previous conclusion and (4.1) is proved. 

Let (Ci, • • • , Cr) be a Dehn set on F and let £: V\—*V be a 2-
sheeted covering of F such that {G, • • • , Cr} O W F i ) . Let S be a 
nonsingular surface of type (0, r) a n d / : S—>Fa map whose image is a 
Dehn surface bounded by G U • • • UC r . Clearly 

/ • T I ( 5 ) C { C I , • • - , < : , } C ^ T I ( ^ I ) . 

Therefore ƒ can be lifted to a m a p / i : S—>Fi such that £ / i= / . Then 
/ i S is a Dehn surface of type (0, r) and fiS is the union of a Dehn 
set of curves (Ci', • • • , Ci) such that & = pQ. Moreover p-xCi=* CI 
yJrCl, CiC\rCi = # , where r : Fi~»Fi is the covering transformation 
other than the identity. 

LEMMA (4.2). //"tóe ^ (G' , • • • , Ci) is good, so is (Ci, • • • , Cr). 
1 This refers to the intersection pairing H}(V)XH2(V, V)-+Z. Ui*:Hq(V)->Hq(V) 

is the injection and d: Hi(Vt V)-^Hi(V) the boundary homomorphism, then, 
i*a-b=±i*(a-db). (Cf. [4, pp. 171, 172].) 
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The proofs of (4.2) and then of (1.1) are essentially the same as 
those of (3.2) and Dehn's lemma. The details are left to the reader. 
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RESEARCH PROBLEMS 

12. Richard Bellman: Ordinary differential equations. 

It is known that if 
a. A is a stability matrix, i.e., all characteristic roots have negative real parts, 
b- ||«(*)||/JM|-»0 as IHI-0, (||*|| = E.-W), 

then all solutions of dx/dt—Ax-\-g(x) approach zero as t—»<*>, provided that ||#(0)|| 
is sufficiently small (Poincaré-Lyapunov theorem). 

If x(0) —a\c, where c is a characteristic vector of A and a\ is a scalar, what is the 
precise bound for \a\\ in terms of A and g(x)? (Received January 7, 1958.) 

13. Richard Bellman: Partial differential equations. 

It is known that if \g(u)\ / |u \ —»0 as u—>0, then the solution of ut = uxx+g(u), 
u(0, t) —u(l, t) =0, />0, approaches zero as t—» oo, provided that Maxo^a^i | u(x, 0)| 
is sufficiently small. 

a. If u{x, 0) —c\ what is the precise bound for \c-\ in terms of g(u)7 
b. If u(x, 0) =ci sin kirx, what is the precise bound for |ci| in terms of g(u)7 

14. Richard Bellman: Functional equations. 

Let fn(u) be an analytic function of the function u(x) and its first n derivatives 
u'{x), • • • , u{n){x), for u 7e 0, satisfying the functional equation 

fn(uv) =fn(u) + ƒ » ( » ) . 

It is well-known that/o(«)—ci log u, and under much lighter conditions, and it is 
easy to show that fi(u) —C\ log u+ctu'/u. 

What is the analytic form of fn for general w? (Received January 9, 1958.) 

15. Richard Bellman: Functional equations and differential equa
tions. 

Consider the nth order linear differential equation 

dnu dn~xu 


