ON I'-EXTENSIONS OF ALGEBRAIC NUMBER FIELDS
KENKICHI IWASAWA!

Let p be a prime number. We call a Galois extension L of a field K
a I'-extension when its Galois group is topologically isomorphic with
the additive group of p-adic integers. The purpose of the present
paper is to study arithmetic properties of such a I'-extension L over
a finite algebraic number field K. We consider, namely, the maximal
unramified abelian p-extension M over L and study the structure of
the Galois group G(M/L) of the extension M/L. Using the result
thus obtained for the group G(M/L), we then define two invariants
{(L/K) and m(L/K), and show that these invariants can be also de-
termined from a simple formula which gives the exponents of the
p-powers in the class numbers of the intermediate fields of K and L.
Thus, giving a relation between the structure of the Galois group of
M/L and the class numbers of the subfields of L, our result may be
regarded, in a sense, as an analogue, for L, of the well-known theorem
in classical class field theory which states that the class number of a
finite algebraic number field is equal to the degree of the maximal
unramified abelian extension over that field.

An outline of the paper is as follows: in §1-§5, we study the struc-
ture of what we call I'-finite modules and find, in particular, invari-
ants of such modules which are similar to the invariants of finite
abelian groups. In §6, we give some definitions and simple results on
certain extensions of (infinite) algebraic number fields, making it
clear what we mean by, e.g., an unramified extension, when the
ground field is an infinite algebraic number field. In the last §7, we
first show that the Galois group G(M/L) as considered above is a
T'-finite module, then define the invariants (L/K) and m(L/K), and
finally prove our main formula using the group-theoretical results
obtained in previous sections.

1. Preliminaries. 1.1. Let p be a prime number. We shall first
recall some definitions and elementary properties of p-primary abelian
groups.?
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A discrete group is called p-primary if it is the direct limit of a
family of finite p-groups, or, what amounts to the same, if it is locally
finite and if every element of the group has a finite order which is a
power of p. A compact group is called p-primary if it is the inverse
limit of finite p-groups. For a finite group, which is at the same time
discrete and compact, both definitions coincide and the group is p-
primary if and only if it is a p-group.

Now, let 4 be a p-primary discrete abelian (additive) group. If the
orders of elements in 4 have a fixed upper bound, i.e. if 4 =0 for
some 7 =0, 4 is called a group of bounded order, or, simply, bounded.
Let A’ be the subgroup of elements ¢ in 4 satisfying pa=0.If 4’ isa
finite group of order !, 4 is called a group of finite rank . A4 is called
divisible if p4 =A.

It is clear from the definition that the character group of a p-
primary discrete abelian group is a p-primary compact abelian group
and, conversely, the character group of a p-primary compact abelian
group is a p-primary discrete abelian group.

Let {4, X } be such a dual pair of a p-primary discrete abelian
group A and a p-primary compact abelian group X. Obviously,
p"A =0 if and only if p»X =0. In such a case, the compact abelian
group X is also called bounded. As the subgroup 4’ of A defined
above is dual to X/pX, A is of finite rank [ if and only if X/pX is a
finite group of order % If this is the case, the compact abelian group
X is called a group of finite rank /; for a finite abelian p-group, both
definitions give the same rank /. Finally, 4 is divisible if and only if
X is torsion-free.

1.2. We shall next give a typical example of such a dual pair of a
p-primary discrete abelian group and a p-primary compact abelian
group.

For every integer #n=0, let Z,» denote a cyclic group of order p".
Clearly, for each #=0, there exist an isomorphism ¢, of Z, into
Z 1 and a homomorphism ¥, of Zymi1 onto Z,m. Let Z,= be the direct
limit of the sequence of cyclic groups Z,» relative to ¢,. Z= is then a
p-primary discrete abelian group and is isomorphic with the factor
group Q,/0,, where Q, denotes the additive group of p-adic numbers
and O, the subgroup of p-adic integers. On the other hand, the in-
verse limit of the groups Z,» relative to ¢, gives a p-primary compact
abelian group isomorphic with O, which is a compact group with
respect to its natural p-adic topology. Since the finite groups Z,» are
self-dual, it follows that Z,= and O,, or, Q,/0, and O,, form a dual
pair of p-primary abelian groups.

The duality between Q,/0, and O, can be seen also directly as
follows. Q, is a locally compact abelian group in its p-adic topology
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and there is a character x of Q, such that the kernel of the homo-
morphism a—x(a)(@EQ,) is O,. The inner product on Q, defined by:?

(a, b) = x(ab), a, b € Oy

then gives a dual pairing of Q, with itself such that the annihilator of
O, in Q, coincides with O, itself. Hence, the pairing (a, b) induces a
dual pairing of Q,/0, and O,.

1.3. Let G be a totally disconnected compact multiplicative group
with the unity element 1. A topological additive abelian group U will
be called a G-module when G acts on U so that 1-u=u for every # in
U and that the mapping o Xu—0ou of GX U into U is continuous.

Let {4, X} be a dual pair as considered in 1.1 and suppose both
4 and X are G-modules in the sense defined above. We call 4 and X
dual G-modules if there exists a dual pairing (e, x) of 4 and X such
that

¢y (08, 02) = (a, %)

for every ¢ in G, a in 4, and x in X.

Now, let (@, x) be any dual pairing of 4 and X. Suppose first that
only A4 is given a structure of a G-module. We can then define, in a
unique way, the product ¢x of ¢ in G and x in X so that X becomes
a G-module satisfying (1). Thus, if 4 is a G-module, the dual group
X can be also made into a G-module so that 4 and X form a pair of
dual G-modules with respect to a given pairing of 4 and X. The
structure of the G-module X defined in this way depends upon the
choice of the pairing (a, %), but it is uniquely determined up to an
automorphism of X. Similarly, if X is a G-module, we can define a
structure of a G-module on the dual group 4 so that 4 and X form a
pair of dual G-modules.

1.4. Let G be a totally disconnected compact group and {A, X}
a dual pair of a p-primary discrete abelian group 4 and a p-primary
compact abelian group X. Defining sa=a, sx=x for any a in 4,
xin X, and ¢ in G, we may consider {A, X } as a pair of dual G-mod-
ules as defined above. Let N, be any open normal subgroup of G and
Z(G.) the group ring of the finite group Go.=G/N, over the ring of
rational integers Z. We may consider Z(G.) as a G-module by defining

ow = ¢'w, c € G, we& Z(G),

where ¢’ is the image of ¢ under the canonical homomorphism
G—G.. Let Hom(Z(G.), A) be the group of all homomorphisms of
Z(G.) into A. Since both Z(G.) and A are G-modules, Hom(Z(G.), 4)

3 ab is the product of ¢ and b as elements of the field Q,.
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is also made into a G-module in a natural way.* Furthermore, if Ng
is an open normal subgroup of G contained in N, the canonical
homomorphism Gg=G/Ns—G, induces a natural G-isomorphism
¢s.« of Hom(Z(G,), A) into Hom(Z(G;), 4). Hence, considering the
set of all groups Hom(Z(G.), 4) attached one for each open normal
subgroup N, of G, we can form the direct limit M1(G, 4) of these
discrete G-modules Hom(Z(G.), 4) relative to the homomorphisms
¢s,«. By the definition, Mi(G, A) is a discrete G-module. Clearly,
Hom (Z(G.), A) can be identified with the additive group of all
functions defined on G, taking values in 4, i.e. with the additive
group of those functions on G with values in 4 which are constant on
each coset of G mod N,. Since G is totally disconnected and 4 is dis-
crete, we may then consider Mi(G, A) as the G-module of all con-
tinuous functions defined on G taking values in 4, where the action
of G on Mi(G, A) is defined by:

(of)(7) = flo™'r),  fE MG, 4),0 EG.

We now consider the tensor product Z(G.) ® X of Z(G.) and X over
Z. Clearly, Z(G,)®X is a compact G-module. Furthermore, the
canonical homomorphism Gs—G, again induces a continuous homo-
morphism Y s of Z(Gs) @ X onto Z(G.) ® X. Hence, the inverse limit
of the family of compact G-modules Z(G,) ® X relative to the homo-
morphisms ¢, g gives us a compact G-module M,(G, X).

Now, by the assumption, there is a dual pairing (e, x) of A and X.
Then, there also exists a unique dual pairing (s, #)« of the discrete
G-module Hom (Z(G.), 4) and the compact G-module Z(G.) ® X such
that

(s, w ® %)a = (s(w), %)

for any s in Hom (Z(G.), 4), w in Z(G.), and x in X. Since
(S, ‘l’a.ﬁ(t,))a = (‘t’ﬂ,a(s): tl)ﬁ’ sE Hom(Z(Ga), A): 4 € Z(Gﬂ) ® X;

for NgCN,, those pairings (s, ) together define a dual pairing of
Mi(G, A) and M:(G, X). We can thus obtain, for each dual pair
{A, X}, a pair of dual G-modules Mi(G, 4) and M,(G, X).

2. Some definitions. 2.1. Let T' be a multiplicative topological
group isomorphic with the additive group of p-adic integers 0,. We
shall fix such a group I once and for all in the following discussions.
I" is a totally disconnected compact abelian group and, for each
n20, it contains an open subgroup I', such that I'/T', is a cyclic
group of order p*. We have, then, a sequence of subgroups I'=T',DI'

4 Cf. the definition of of below.
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DOIyD - -+, and these subgroups form a fundamental system of
neighborhoods of the identity 1 in I'. Furthermore, there exists no
nontrivial closed subgroup of I' other than the I',.

For convenience, we take an element v of I' not contained in I'; and
fix it once and for all in the following. For each #» =0, put

VYo = 7.

Then, each v, generates an infinite cyclic group which is everywhere
dense in I',.. In particular, ¥ =+, generates an everywhere dense sub-
group in I'. We also put

wp =1 — 7, n = 0.

wy is an element of the group ring of the cyclic group generated by v
over the ring of rational integers Z.

2.2. In what follows, up to the end of §5, we shall exclusively deal
with p-primary discrete or compact abelian groups which are also
I'-modules in the sense of 1.3. Therefore, if there is no risk of mis-
understanding, we shall call those groups simply discrete or compact
modules. Similarly, T'-invariant subgroups, I'-homomorphisms, etc.,
of those modules will be simply called submodules, homomorphisms,
etc.

Let A be such a discrete module. For each #» =0, we denote by 4,
the submodule of all elements @ in 4 such that ca=a for every ¢ in
T',. Since v, generates an everywhere dense subgroup of I',, 4, is the
submodule of all @ in 4 satisfying y.a =a, i.e. w,a=0. Since I',41 is
contained in I',, 4, is a submodule of 4,1.

LEMMA 2.1. 4 s the union of the submodules A,, n=0.

PRrOOF. Let @ be any element in 4. Since 1-a=a, A4 is discrete and
the mapping oXa—oa is continuous, there exists a neighborhood
T, (n=0) of 1 in I such that ca=a for every o in the neighborhood
T'.. a is then contained in 4,.

We notice that, for a discrete abelian group 4 with operator do-
main I', the continuity of the mapping ¢ Xa—0ca follows, conversely,
from the fact that 4 is the union of all 4,, n=0.

For each n20, let A} denote the submodule of 4 generated by ele-
ments of the form (1 —o)a where ¢ and ¢ are arbitrary elements in
I', and 4 respectively. Since v, generates an everywhere dense sub-
group of I',, Ay coincides with w,4 = (1—v,)4.

Now the discrete module 4 will be called #n-regular if A¥=A4, and
A will be called regular if it is n-regular for all #=0. Clearly, a homo-
morphic image of an n-regular (regular) module is #-regular (regular).
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In particular, any quotient module 4/B of an n-regular (regular)
module 4 is #n-regular (regular). The sum of #n-regular (regular)
submodules of a discrete module is also n-regular (regular). Hence,
every discrete module has a unique maximal zn-regular (regular) sub-
module.

LEMMA 2.2. Let B be a submodule of a discrete module A and let B,
and C, be the submodules of B and C=A/B, respectively, defined
similarly as A, for A. Then, B,=A,MNB, and, if B is n-regular,
C.=(4,+B)/B=A,/B,.

ProoF. It is clear from the definition that B,=A4,MN\B and that
(4,4 B)/B is contained in C,. Suppose B be n-regular. Let @ be any
element in C, and a an element of 4 in the residue class @. As w,d=0,
w,a is contained in B, and, as B is z#-regular, w,a =w,b for some b in B.
@’ =a—b is then also in the same residue class @ and it is contained in
A,. Hence, C, is contained in (4,+B)/B.

2.3. We now define a certain kind of discrete modules.

Let A be a discrete module and 4, (#=0) the submodules of 4 as
defined in 2.2. 4 is called I'-finite if every 4, is a group of finite rank,
and A4 is called strictly T'-finite if every A, is a finite group.

Suppose A be strictly I'-finite. Then, the order of the finite group
A, is a power of p. We denote the exponent of p in the order of 4, by
¢(n; 4). For given 4, ¢(n; A) then defines a nondecreasing function of
the integers #=0, and we call it the characteristic function of the
strictly I'-finite discrete module 4.

Clearly, a submodule B of a I'-finite discrete module 4 is also I'-
finite. If A is strictly I'-finite, so is B, and ¢(n; B)Sc(n; A) for all
n=0. The following lemma is also an immediate consequence of
Lemma 2.2 and of the definition.

LeMMA 2.3. Let B be a regular submodule of a discrete module A.
Then, A s (strictly) T-finite if and only if both A/B and B are (strictly)
T'-finite, and, if A is strictly T'-finite,

c(n; A) = c(n; A/B) + c(n; B),
for all n=0.

2.4. We now consider compact modules, i.e. p-primary compact
abelian groups which also form I'-modules.

Let X be such a module. For each #=0, let X, be the closed sub-
module of all @ in X satisfying ca=a for every ¢ in I',, and X} the
closure of the subgroup of X generated by all elements of the form
(1 —o0)x where ¢ and x are arbitrary elements of I', and X, respec-
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tively. As v, generates an everywhere dense subgroup of I',, X, is
the submodule of all a in X satisfying w,a=0, and X} coincides with
w, X, .

Now, as stated in general in 1.3, there exists a discrete module 4
such that 4 and X form a pair of dual I'-modules, and such an 4 is,
up to isomorphisms, uniquely determined by X. Let (a, x) be the
dual pairing of A and X such that (ca, ox) =(a, x) for every o in T,
Since

((1_0_1)‘1': x)=(a: (1—0')9‘:): GEA,xEX,G'EP,

both {4.,, X#} and {4¥, X.} are pairs of mutually orthogonal sub-
modules of 4 and X, respectively, relative to the pairing (a, x).
Therefore, A, and X/X} form a pair of dual I'-modules, and so do
A/A¥ and X,. By Lemma 2.1, 4 is the union of all 4, (#=0). Hence,
by the above, the intersection of all X} (#=0) is 0. It also follows
that A4 is n-regular (i.e. A5 =4) if and only if X,=0.

Now, we call a compact module X I'-finite if every group X/Xj
has a finite rank, and we call it strictly T-finite if every X/Xj is a
finite group. In other words, a compact module X is called (strictly)
T-finite if and only if the discrete module 4 dual to X is (strictly)
T-finite. An n-regular (regular) compact module X is defined simi-
larly, either by X, =0 (for all #=0) or by the fact that it is dual to an
n-regular (regular) discrete module.

Suppose that X be strictly I'-finite. By the definition, X/Xj is a
finite p-group for every #n =0, and we denote by ¢(z; X) the exponent
of p in the order of X/X,. We thus obtain a nondecreasing function
¢(n; X) of the integers #=0 and call it the characteristic function
of the strictly I'-finite compact module X. Clearly, if 4 is a strictly
T'-finite discrete module dual to X, then

c(ny; A) = c¢(n; X)

for all n=0.

In the following, we shall consider the structure of discrete modules
and that of compact modules in parallel; by the duality between dis-
crete and compact modules, any results on discrete (strictly) I'-finite
modules will then immediately give us corresponding results on com-
pact (strictly) I'-finite modules, and vice versa.

2.5. Let G be a compact group containing a closed normal sub-
group X such that X is a p-primary compact abelian group and that
G/X =T. Then T acts on X in an obvious way and X is thus made
into a compact (I'-)module in the sense of 2.2.5 Furthermore, it is

5 Of course, we understand that X is then considered as an additive group.
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easy to see that the group extension G/X splits. Hence the structure
of the compact group G is completely determined by the structure of
the compact module X. On the other hand, given any compact
module X, we can immediately find a compact group G to which X
is related as stated above. Thus, there is a one-one correspondence
between ‘the set of all types of compact modules and the set of all
types of group extensions of a-primary compact abelian groups by I

In such a correspondence, the fact that a compact module X is
T'-finite can be interpreted for the corresponding compact group G
as follows: let G, (#=0) be the closed subgroup of G such that
XCG, and G,/X =T,. By a simple computation of commutators in
G, we see that the topological commutator group [Ga., G.] of G, is
equal to the submodule X, =w,X of X given in 2.4. Therefore X is
T-finite if and only if X/[G,, G.] has a finite rank for every # =0, or,
equivalently, if and only if G,/[G., G.] has a finite rank for every
n20.

In our later applications, I'-finite compact modules will be ob-
tained from compact groups such as G in the manner as described
above.

3. Modules of finite ranks. 3.1. Clearly, every discrete or compact
module of finite rank is I'-finite.

Let 4 be a discrete module of finite rank. As a p-primary abelian
group, 4 is then the direct sum of a finite group and a subgroup B
isomorphic with Z.», the direct sum of I copies of Z,~ (20). B is the
maximal divisible subgroup of 4 and is a characteristic subgroup of
A. Hence B is also a (I'-invariant) submodule of 4. We shall next
study the structure of such an 4 in the case 4 =B, i.e. in the case 4
is divisible.

LemMA 3.1. Let A be a divisible discrete module of finite rank. Then
A is the direct sum of a regular submodule B and a submodule C such
that wy C=0 for some m=0 and n=0. Furthermore, such a decomposi-
tion A =B+ C is unique for A, and B is also the unique maximal regu-
lar submodule of A.

Proor. Let B be the intersection of the submodules wi4 for all
m=0 and #=0. As a homomorphic image of divisible 4, every wp4
is also divisible, and, if m'=m, n'=#n, then w4 is contained in
wpA. Since 4 is of finite rank, it follows that B =wjA4 whenever both
m and » are sufficiently large, i.e. whenever m=my and #=n, for
some fixed m¢=0, 7o=0. But, then, w,B=wl"4 =B for any n=n,,
and B is, hence, a regular submodule of 4.

Let C’' be the kernel of the endomorphism of 4:a—w,la. Since
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wneA =B =w,’B, we have 4 =B-C(’, and since 4 and B are both
divisible, we also have A =B+p*C’ for any s=0. Now, choose s so
large that C=p*C’ is divisible. It then follows from the isomorphism
A/C'=B=uwp’4 that the rank of 4 is the sum of the ranks of B
and C, and, hence, the sum A =B+ C is direct.

Next, suppose that 4 =B*-+C* be any direct sum decomposition
of A such that B* is regular and w;C*=0 for some m and #. Since
W C*=0 for any m' 2m and #’ =%, we may assume that m =m, and
nZno. We have then B*=w,B*=w,4 =B. Therefore, B=w,’4
=WpeB+wydC*=B+w,?C* and, consequently, wp?C*=0. Thus C*
is contained in C’, and since C* is divisible as a direct summand of 4,
we then see easily that C* = C. The fact that B is the unique maximal
regular submodule of 4 can be proved in a similar way.

By the duality between discrete and compact modules, we can im-
mediately obtain the following result from the above lemma:

LemMA 3.2. Let X be a torsion-free compact module of finite rank.
Then X is the direct sum of a regular submodule U and a submodule V
such that wp V=0 for some m=0 and n=0. Furthermore, such a de-
composition X = U+ V is unique for X, and V also is the unique mini-
mal submodule of X such that X/ V is regular.

3.2. Let X be as in Lemma 3.2 and let ! be the rank of X. As a
p-primary compact abelian group, X can be then identified with O,
the direct sum of ! copies of O,, and the mapping x—yx defines a
continuous automorphism of 0,. Thus, there exists an /X! matrix
M with entries in O, such that the determinant of M is a p-adic unit
and that

yx = xM
for any x= (%1, - + -, %1) in O}, (x;E0,).8 Put M, = M»» (n=0) so that
Yok = xM,, wx = x(I — M,), xz € X,

I being the X1 identity matrix. Since the intersection of all X} =w, X
is 0, there exists an s=0 such that X7 is contained in pX. We have
then

(2 M, =1 mod p, M, = M7,

On the other hand, if we are given any /X! integral p-adic matrix
M satisfying (2) for some s =0, we can uniquely define a structure of a
I'-module on O} so that yx=xM holds for any x in the compact

8 x M is the product of the vector (1 X/ matrix) x and the I X! matrix M, and it is
again a vector in X =0}.
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module X =0),; the condition (2) then ensures the continuity of the
action of T on Oﬁ,. Furthermore, two such matrices M; and M; define
isomorphic compact modules on 0, if and only if M= TM,T-! with
a suitable integral p-adic matrix T whose determinant is a p-adic
unit. Thus the classification problem for all torsion-free compact
modules of rank / can be reduced to the problem of classifying all
IX1integral p-adic matrices satisfying (2) for some s =0, with respect
to the equivalence as stated above.

Now, let X and M be again as above. For any n=s+1, it follows
from (2) that

M, =1 mod p?,

namely, that M,=1I+4p2N with a suitable integral p-adic matrix N.
By a simple computation, we then see that, for any £=0,

pt—l :

> M, =p'(I+ pNy),

o
with an integral p-adic matrix Ny. Since the determinant of I+pN,;
is a p-adic unit, it follows that

t
» -1 P
X( S M) = p'X(UI + pN) = p'X.
tam(

Putting, in general,

i S
3 Vam = D, Yn mznz0,

im0

we then get from the above that v,4:,X =$*X and, consequently,
that

[X: vmnX] = [X: pmnX] = pim—m),
for any integers m=#n=s-+1. Thus, the following lemma is proved:

LeEMMA 3.3. Let X be a torsion-free compact module of rank I. Then
there exists an integer no=0 such that, for any integers m, n satisfying
m=n=n, the index [X: VmnX | is given by

[X: vmnX] = ptomm,

3.3. Let X and M be as above. Since Xi=w,X=XU—M,),
X/X?¥ is a finite module if and only if the determinant |I —M,,[ is
different from 0. Therefore, X is strictly I'-finite if and only if none
of the p"th roots of unity, for =0, 1, 2, - - -, is a characteristic root
of the matrix M.
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LeMMA 3.4. A torsion-free compact module of finite rank is strictly
T-finite if and only if it is regular.

ProoF. As stated above, such a compact module X is strictly I'-
finite if and only if |I—M,| 0 for every #=0. But the condition
| I— M,| %0 is equivalent to the fact that there is no x50 in X
satisfying x(I — M,) =0, i.e. w,x=0. Thus X is strictly I'-finite if and
only if the submodule X, of X as defined in 2.4 is 0 for every n=0.
The lemma then follows immediately from the remark also given in
2.4.

By the duality, we see that a divisible discrete module of finite rank
is strictly I'-finite if and only if it is regular.

LeEMMA 3.5. Let X be a torsion-free compact module of rank I and let
X be strictly T-finite. Then there exists an integer no such that, for n = n,
the characteristic function of X is given by

c(n; X) = In+ u,

where u is a suitable integer independent of n.

Proor. By the previous lemma, X is regular and X, =0 for every
nZ0. Hence the endomorphism x—w,x of X is one-one, and we see

that
[X:vmnX] = [02X: w0nvmnX] = [02X: 0nX],

for any m=7=0. But, Lemma 3.3, [X:vp . X]=p'"" when m2n
=mno. Therefore, if n=n,,

[X: 0 X] = [X:wnX [wnX: 0nX] = [X: wneX]pt»mo,
and if we put [X:w, X ]p~"=p*, then
cn; X) =In+ u, n = .

Again, by the duality, we obtain the corresponding result on divis-
ible discrete modules of finite rank /; if 4 is such a module, there
exists an integer 7= 0 such that

c(n; A) = ln + u, n = no,
with a suitable constant u.

4. Bounded modules. 4.1. We shall next consider I'-finite discrete
modules of bounded order. Clearly, all those modules are also strictly
T'-finite.

We shall first define an important class of such modules. Let m be
any non-negative integer. Let M;(T, Z,») be, as defined in general in
2.4, the discrete I'-module formed by all continuous functions on I'
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with values in Z,m. Clearly, if @ is any element in M(T', Z,m), then
pma=0. Hence, M:1(T', Z,») is a bounded module, and we denote it
simply by E(m). As noticed above, p™E(m) =0, and, in particular,
E(0)=0.

LEMMA 4.1. Let 0 SIS m. Then pm—'E(m) is the submodule of all a in
E(m) such that pla=0, and

E(m)/p™'E(m) = p'E(m) = E(m — 1).

Proor. The endomorphism c—plc of the cyclic group Z,» maps
Zm onto p'Zm==Z w1 and its kernel is p™~'Z,=. Hence, the endo-
morphism a—p'a of E(m) induces the above isomorphisms.

LEMMA 4.2. The discrete module E(m) is bounded, regular and strictly
T'-finite, and its characteristic function is given by

c(n; E(m)) = mpn, n =0,

Proor. By the definition, E(m) is the union of a sequence of sub-
modules Hom(Z(I'/T',), Z,m), n =0, each considered as the submodule
of all continuous functions on I" with values in Z,» which are con-
stant on every coset of I mod I',.. It is then clear that Hom(Z(I'/T',),
Zm) coincides with the submodule E(m), of all ¢ in E(m) such that
ga=a for every ¢ in I',.. Since Hom(Z(I'/T',), Z=) is a group of order
p™", E(m) is strictly I-finite and c(n; E(m)) =mp™.

Now, let #=0 be fixed. For any element @ in E(m), choose an
integer s=# so that a is in E(m), and that »,,,a =0, where v,,, is de-
fined as (3) in 3.2. This is always possible, because if a is in E(m),,
t=n and s=t-+m, then v, ,a=p"v;,a=0. On the other hand, as a
(T',/Ty)-group, E(m),=Hom(Z('/T,), Z,m) is isomorphic with the
direct sum of p" copies of Zm(I',/Ts)=Z(T4/Ts) ® Z,m. Hence, the
cohomology groups Hi(I',/Ts, E(m),) are 0 for all 4. Since v,,,6=0
and since I', /T, is a cyclic group generated by the coset of v, mod T',,
there then exists an element b in E(m), such that ¢ = (1 —v,)b=w,b.
As @ was an arbitrary element of E(m), E(m) is n-regular for every
n=0, and the lemma is proved.

4.2. Now, let A be a discrete module such that p4 =0. We may
then consider A as a vector space over the prime field P of character-
istic p and the endomorphism e¢—wee=(1—7)e as a linear trans-
formation of the vector space. Since P is a field of characteristic p,

wpe = (1 — 'yp”)a =(1- 'y)p"a = wﬁz, n 0,

for every a in 4. Hence, given any element a of 4, there always exists,
by Lemma 2.1, an integer 4= 0 such that wja =0. Suppose that 4 is
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I'-finite and that the submodule A4, of A defined as before has a
finite order p* (s=0). We then see easily that the vector space 4 is
decomposed into the direct sum of s subspaces 4¢? such that each
AW is a direct indecomposable submodule of A and has either a
finite or a countable number of basis af?, 0=i{<dim A®, over P,
with the property woa{’ =0 and wea? =a?, for i>0.

Now, consider the module E(1). Since pE(1) =0, dim E(1) = «,
and since E(1), has order p, it follows from the above that E(1) is
direct indecomposable and has a basis ¢;, 0 £7< «, such that weeo=0,
Woe; =€;—1 for :>0.

LEMmMA 4.3. Let A be a T-finite discrete module such that pA =0. Then,
A is the direct sum of a finite submodule and o finite number of submod-
ules each isomorphic with E(1).

Proor. By what was mentioned above, 4 is the direct sum of a
finite number of submodules 4 (7 as described there. Suppose 4 ¢ is
infinite dimensional. Then, 4@ has a basis a{’, 0<4< =, such that
9 =0 and wea =a, for 1>0, and it is clear that there is an iso-
morphism ¢ of the module E(1) onto 4@ such that ¢(e;)=ad,
0=<i< ». Thus, every infinite dimensional 4 is isomorphic with
E(1), and the lemma is proved.

It follows immediately from the lemma that if the rank of a I'-
finite discrete module A4 is infinite, 4 contains a submodule isomor-
phic with E(1); for the submodule 4’ of all @ in 4 satisfying pa=0
is then an infinite I'-finite discrete module with the property p4’=0
and, hence, contains a submodule isomorphic with E(1).

Now, let B be an infinite submodule of E(1). By the above, B con-
tains a submodule B’ isomorphic with E(1). Then, by Lemma 4.2,
the submodules E(1), and B, =E(1),MN\B’ have the same order p".
Hence E(1),=B, for all 20, and E(1) =B’=B. Thus, there is no
infinite submodule of E(1) except E(1) itself. It follows, in particu-
lar, that a regular submodule of E(1) is either 0 or E(1) itself, for a
nontrivial finite submodule of E(1) obviously can not be regular.

4.3. We shall now prove some lemmas on the modules E(m).

LEMMA 4.4. Let B be a regular submodule of E(m), m=0. Then,
B=p'E(m) for some l, 0ZI<m.

ProoF. If m =0, the lemma is trivial. Suppose that >0 and that
the lemma is proved for m—1. Consider the submodule B
= (B+pE(m))/pE(m) of E(m)/pE(m). B is a regular submodule of
E(m)/pE(m) and the latter is isomorphic with E(1) by Lemma 4.1.
Hence, by the remark in 4.2, either B=E(m)/pE(m) or B=0. In
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the first case, E(m)=B+pE(m) and, consequently, E(m)=B." In
the second case, B is contained in pE(m). But, as pE(m)=E(m—1)
by Lemma 4.1, it follows from the induction assumption that
B=p-Y(pE(m)) =p'E(m) for some 0= m.

LEMMA 4.5. Let m be any positive integer. Then, E(m) has a basis e;,
0=i< », such that

(i) every e; has order p™,

(1) woeo=0 and woe;=e;—1 for 1>0.

Proor. For m=1, the lemma is already proved in 4.2. Let m>1.
By Lemma 4.1, E(m)/pE(m)=E(1). Hence, we take a basis é;
0=<i< x, of E(m)/pE(m) such that wego=0 and weé;=é&,—; for 2>0.
Let ed be an element of E(m) such that &,is the coset of ¢f mod pE(m).
Since wyéo=0, weeq is contained in pE(m). But, by Lemmas 4.1, 4.2,
pE(m) is regular. Hence there is an element b, in pE(m) such that
woed =wobo. Put eg=e{ —by. Then, e is still in the coset &, and weeo =0.
Let ef be an element of E(m) such that é is the coset of ¢/ mod pE(m).
Since w1 = &0, woe! —eo is contained in pE(m), and, as pE(m) is
regular, there is an element b; in p E(m) such that wee! —eo=wob1. Put
er=e¢{ —by. Then, e; is again in the coset & and wee1=¢o. Proceeding
similarly, we can find elements e, e1, €2, » + + in E(m), successively,
so that each e¢; is in the coset &; and satisfies the condition (ii) of the
lemma. As the cosets of ¢; mod pE(m) form a basis of E(m)/pE(m),
the elements e; generate the group E(m). Let n be any positive in-
teger. Take an integer s such that all ¢y, e1, - + -, e,—1 are contained in
E(m),. Since e, e1, * + +, €,1 are independent mod pE(m) and, con-
sequently, also mod pE(m),, and since E(m),=Hom (Z(I'/T;), Zm)
is an abelian group of type (p™, - - -, p™) with rank p°, the = ele-
ments e, €, * * +, e,y generate a subgroup of order p™* in E(m),.
Therefore, every one of e, e, * - -, €,.1 has order p™ and they form
a basis of the subgroup generated by themselves. Thus, the lemma is
proved.

LEMMA 4.6. Let A be a regular discrete module satisfying pmA =0,
m>0, and let B be a submodule of A containing pA such that B/pA
=FE(1). Then, there exists a homomorphism ¢ of E(m) into A such that
S(E(m)) +pA =B and ¢~ (pA) = pE(m).

Proor. Since B/pA=2E(1), we can find a basis d;, 05¢< o, of
B/pA such that wydo=0 and wed;= ;- for 1>0. As 4 is regular, the

7 In general, if B is a subgroup of a bounded p-primary abelian group 4 and if
A=B+4pA, then A=B; A=B+pA4 implies A=B+p(B+pA)=B+p24=
= B-pn4 = B. This will be often used in the following arguments.
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homomorphic image pA4 of 4 is also regular. Hence, by a similar
argument as in the proof of Lemma 4.5, we can find elements a;,
0=<i< =, in B such that a; is in the coset d; and that w@¢=0 and
woa;=a;—1 for 2>0. Now, let ¢;, 0=7< », be a basis of E(m) as given
in Lemma 4.5. Since p™a;=0, 0=7< «, there is a homomorphism ¢
of the module E(m) into B such that ¢(e;) =a;, 0S7< «. It is then
clear from the choice of a; that ¢(E(m)) +pA =B and that ¢ induces
an isomorphism of E(m)/pE(m) onto B/pA. Hence ¢p~1(pA) = pE(m).

4.4. Let my, - - -, m, be any set of non-negative integers. We de-
note by E(my, - - -, m,) the direct sum of E(my), + - -, E(m,):

E(my, -+ - ,m,) = E(my) + - - - + E(ms,).

If my=-.-=my=m, E(m, - -+, m,) will be denoted also by
E(m)e. Clearly, E(m, - - -+, m,;) may be also defined as the module
of all continuous functions on I' with values in the direct sum
Zym~+ -+ + +Zym, It follows immediately from Lemma 4.2 that

E(my, - + -, m,) is a bounded, regular, strictly I'-finite, discrete mod-
ule and its characteristic function is given by
C(ﬂ; E(’Wh, ctt )ms)) = mp", n = 0;

where m= Y 5., m.

LEMMA 4.7. Let D be a submodule of E(m)® isomorphic with E(1).
Then, there exists a submodule C of E(m)® such that C=E(m) and
pm1C=D.

Proor. As stated in the proof of Lemma 4.1, the endomorphism
a—p™lg of E(m)* induces an isomorphism of E(m)*/pE(m)¢ onto
pm1E(m)*. Furthermore, by the same lemma, p™1E(m)* is the sub-
module of all ¢ in E(m)?* satisfying pa=0. Hence, D is contained in
p™1E(m)*®, and there exists a submodule B of E(m)® containing
pE(m)® such that p»'B=D, B/pE(m)*=D==E(1). Since pE(m)* is
regular by Lemmas 4.1, 4.2, it follows from Lemma 4.6 that there is a
homomorphism ¢ of E(m) onto a submodule C=¢(E(m)) of E(m)*
such that C+pE(m)*=B and ¢~ (pE(m)*) =pE(m), inducing an iso-
morphism of E(m)/pE(m) onto B/pE(m)?. Since the endomorphism
a’—p™1a’ of E(m) also induces an isomorphism of E(m)/pE(m) onto
p™1E(m), ¢ maps the submodule p”~1E(m) of E(m) isomorphically
onto the submodule D =pm"1B=p""1C of C. Hence ¢ must be an
isomorphism, and the lemma is proved.

LEMMA 4.8. Let D be a submodule of E(my, - - -, ms), isomorphic
with E(1). Then, E(my, - - -, m,)/D is a homomorphic image of some
E(m, « -+, n;) where D buy ;< D 4my M.
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Proor. We use induction on s. If s=1, the lemma is an immediate
consequence of Lemmas 4.1, 4.4. Suppose s>1. We may of course

assume my =me= ¢ ¢+ =m,>0. Put m=m, and
A=E@my---,m) = A+ A",
A" = E(my, - - -, Mey), A" = E(m,).

If D is contained in 4’, then 4/D=2(A’/D)+A", and the lemma can
be proved immediately by applying the induction assumption on
A'/D=E(my, - + +, ms1)/D. Hence, we may assume that D is not
contained in 4’.

Now, let B denote the submodule of all ¢ in 4 satisfying p™a =0,
and put

B =BNA4, N =pB, N =pid’

Then, B=2E(m)*, N = p»1E(m)=E(1), and we have also the follow-
ing direct sum decompositions:

B=B+ A", B =N + N".

Since p™1B is the submodule of all ¢ in 4 satisfying pa =0, D is con-
tained in p™~1B. But, by the assumption made above, D is not con-
tained in N’. Hence, (N'+D)/N’ is a nontrivial submodule of
p"1B/N'==N""=~F(1). As a homomorphic image of D=E(1),
(N'+D)/N'is also regular. Hence, by the remark in 4.2, or by Lemma,
4.4, N'+D=pm1B,

Now, by Lemma 4.7, B contains a submodule C such that C=2E(m)
and p™ 1C=D. It then follows that

pm—lB = N’ + D = pm—lB’ + Pm—lC = pm—l(Bl + C).

As B is isomorphic with E(m)*, pB is the submodule of all b in B such
that the p™~15=0. Hence the above equality implies that B=(B’'+C)
+#$B and, consequently, that B=B’+C. Therefore,

A=A+A4"=4"+B=A4"+B+C=4+C,

though the sums are not necessarily direct. But, then 4/D is a

homomorphic image of the direct sum of A’=E(my, + - -, m,_1) and
C/D=C/pm1C=E(m—1). It is thus proved that A/D is a homo-
morphic image of E(my, * « +, M1, m,—1), q.e.d.

4.5. A discrete module E will be called elementary if E is bounded,
regular, and I'-finite.

LemMA 4.9. 4 discrete module E is elementary if and only if E is a
homomorplic image of a module E(my, - - -, m,).
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ProoF. Let E be an elementary discrete module. As a homomorphic
image of a regular module E, the submodule pE is also regular.
Hence, by Lemma 2.3, the regular module E/pE is also I'-finite, for
E is T'-finite by the definition. Then, by Lemma 4.3, E/pE is the
direct sum of a finite number of submodules E®, - . ., E®) each
isomorphic with E(1). Let E® be a submodule of E containing pE
such that E =E® /pE. Since pmE=0 for some m =0, there exists,
by Lemma 4.6, a homomorphism ¢; (1=7=s) of E(m) onto a sub-
module B® of E such that B®O4pE=E®, We have, then, E
=EW4 ... L E@=BMO4 ... LB LpE  and, consequently,
also E=BM+4 . .. 4+B®, Since B® =¢;(E(m)), it is clear that E
is a homomorphic image of E(m)*=E(m, - - -, m).

Suppose, conversely, E is a homomorphic image of a module
E(m, - - -, ms). Among all such E(my, + + -, m,;) of which E is a
homomorphic image, we choose an E(my, - - -, m,) for which
> ¢ m;is minimal. Put E=E(m,, - - -, m,)/D. Suppose, now, that
D is an infinite module. Then, since D is bounded, it can not be of
finite rank. Hence, by the remark in 4.2, D has a submodule D’ iso-
morphic with E(1). But, by Lemma 4.8, E(m, - + -, m,)/D’ is then
a homomorphic image of a module E(n, « - -, n) where D 5oy n;
< D51 m; Hence E is also a homomorphic image of E(m, - - + , )
with D %y m;< ..y m; and this contradicts the choice of
E(my, - - -, m,). It is thus proved that D is a finite module.

Now, since E(m, - -+, m,) is bounded and regular, so is E
=E(my, -+ -, m,)/D. We shall next prove that E is (strictly) I'-
finite. Put 4 =E(m,, - - -+, m;) and denote, as usual, by 4, the sub-
module of all ¢ in 4 satisfying w,a =0, and by E, the submodule of E
defined similarly for E. By the definition, 4,=w,'(0) and E,
=w, '(D)/D. However, as w,4 = A4, w, *(D)/w; *(0) is isomorphic with
D. Since D is finite, it then follows that the order of E, is equal to the
order of 4,. Thus, by the remark at the beginning of 4.4, we see that
E, is a finite module of order p™*" where m = Zi,l m;. E is, therefore,
I'-finite, and the lemma is completely proved.

At the same time, the following lemma is also proved by the above
argument:

LEMMA 4.10. Let E be an elementary discrete module. Then, there is a

module E(my, + + -, m,) and a finite submodule D of E(my, - + -, m,)
such that EXE(m, - + -, ms)/D. The characteristic function of E is
then given by

c(n; E) = mp", n =0,

where m= Y 4oy M.
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LEMMA 4.11. Let B be a finite submodule of an elementary discrete
module E. Then

c(n; E/B) = c(n; E),

for all n=0.

Proor. Let E=~E(m, - - -, m,)/D, as stated in the previous
lemma. Then, there is a submodule C of E(my, « - -, m,) containing
D such that

E/B=2 E(my, - - -, m,)/C, B=C/D.
As C is also a finite module, we have, by Lemma 10,
¢(n; E/B) = mp" = ¢(n; E),
where m= Y 5., m..

LemMA 4.12. A homomorphic image of an elementary discrete module
s again elementary.

This follows immediately from Lemma 4.9.

LeMMA 4.13. Let B be a submodule of a discrete module A. If both
A/B and B are elementary, so is A.

Proor. Since both 4/B and B are bounded, regular modules, 4 is
also bounded and regular. By Lemma 2.3, 4 is also I'-finite.

LeEMMA 4.14. Let B and C be submodules of a discrete module A. If
both B and C are elementary, the sum B4-C in A is also an elementary
module.

Proor. Clearly, if both B and C are elementary, the direct sum of
B and C is also elementary. Since the sum B4C in 4 is a homo-
morphic image of the direct sum of B and C, B+ C is also elementary
by Lemma 4.12.

4.6. We now consider bounded I'-finite discrete modules in general.

LeEMMA 4.15. A bounded T-finite discrete module A has the unique
maximal elementary submodule E in which every elementary submodule
of A is contained. A/E is then a finite module.

Proor. Clearly, for any elementary submodule E’ of A, we have
¢(0; E’) =¢(0; A). Hence, there exists an elementary submodule E of
A such that ¢(0; E’') =¢(0; E) for any elementary submodule E’ of 4.
Put E"=E+E'. By Lemma 4.14, E" is also elementary, and ECE",
c(0; E) =<c(0; E"). Therefore ¢(0; E) =c¢(0; E'") and, by Lemma 4.10,
¢(n; E)=c(n; E") for all #=0. Then, for every 220, E, and E,/’
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have the same order and, consequently, E,=E,”. Hence, it follows
from Lemma 2.1 that E=E", E'’CE, i.e. that every elementary sub-
module of 4 is contained in E.

Suppose, next, A/E be an infinite module. Then, the bounded
module A/E can not be of finite rank. Since 4/E is I'-finite by
Lemma 2.3, it has a submodule isomorphic with E(1), by the remark
in 4.2. Hence, A has a submodule B containing E such that B/E
=F(1). As both B/E and E are elementary, so is B by Lemma 4.13.
However, this contradicts the fact that every elementary submodule
of 4 is contained in E. It is, hence, proved that 4/E is a finite mod-
ule.

Now, as above, let 4 be a bounded I'-finite discrete module and E
the maximal elementary submodule of 4. By Lemma 2.3, we have

c(n; A) = ¢(n; A/E) + ¢(n; E), n = 0.

But, as A/E is a finite module, ¢(n; A/E) is constant for all suffi-
ciently large n. By Lemma 4.10, we have therefore the following

LEMMA 4.16. Let A be a bounded I'-finite discrete module. Then, there
exists an integer no=0 such that, for n = no, the characteristic function of
A is given by

c(n; A) = mp™ + u,

where m and u are suitable non-negative iniegers independent of n.

Obviously, for given A, the integers m and # in the lemma are
uniquely determined by the above equality, and they give us invari-
ants of the module 4. In particular, we call the invariant m the weight
of the bounded I'-finite discrete module 4 and denote it by w(4).
As the above proof shows, the weight of 4 is given by

w(d) = o(0; B) = 3 my,
1=1

if E is the maximal elementary submodule of 4 and if
E= E(m, - -,m,)/D

with finite D. We also notice that w(4) =0 if and only if 4 is a finite
module.

LEMMA 4.17. Let A be a bounded T'-finite discrete module and B o
submodule of A. Then, A/B is also T'-finite and

w(A4) = w(A/B) + w(B).

Proor. Let E be the maximal elementary submodule of 4 and E’
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the maximal elementary submodule of B. Since (E+B)/B is a homo-
morphic image of E, it is elementary by Lemma 4.11. Clearly,
A/(E-+B) is a finite module and, hence, is I'-finite. Therefore, by
Lemma 2.3, A/B is also I'-finite. It is then easy to see that (E+B)/B
is the maximal elementary submodule of 4/B and that w(4/B)
=w((E+B)/B). As E’ is an elementary submodule of 4, it is con-
tained in ENB, and ENB/E' is a finite module, for B/E' is finite.
By Lemma 4.11, we then have w(E/ENB)=w(E/E’) and, hence,
w(4/B)=w((E+B)/B)=w(E/ENB)=w(E/E'). Now, by Lemma
2.3,

c(n; E) = ¢(n; E/E") 4+ ¢(n; E), n = 0.
Putting »=0, we obtain

w(E) = w(E/E") + w(E').

As w(E) =w(4) and w(E’') =w(B) by the definition, and as it is shown
above that w(E/E’") =w(A/B), the lemma is proved.

Now, let 4 be again a bounded I'-finite discrete module, E the
maximal elementary submodule of 4, and EXE(my, - - - ,m,)/D with
finite D. We shall next show that the module E(my, - - -, m,) with
the property described above is uniquely determined by 4.

Let 7 be any non-negative integer and let 4 ) denote the submod-
ule of all @ in 4 satisfying pla=0. Put E'=ENA®, Since 4 /E’
is a finite module, we have, by Lemma 4.17, w(4 ) =w(E’). Now,
consider the endomorphism ¢: b—pib of E(m, - - -, m), and denote
by B the kernel of ¢ and by C the inverse image of D under ¢. Clearly,
E'=~C/D and, hence, w(E’) =w(C/D). Since D is finite, C/B is also
finite. By Lemma 4.17, we have then w(C/D)=w(C) =w(B). There-
fore, w(4®) =w(B). However, by the definition, B is the submodule
of all b in E(my, - - -, m,) satisfying p%b=0. Hence, obviously,
B=~E(m, - -+, n,) where n;=min (mj;, 7), j=1, - -,s. As w(B)
= Z‘}_l nj, we have

w(A®) = Y min (m;, 7).
j=1

Since ¢ is an arbitrary non-negative integer and 4 ¢ is a module de-
fined uniquely by 4 and ¢, the above equality shows that the nonzero
integers in my, + - -, m,s are uniquely determined by 4. The module
E(m, - - -, m,) is therefore also uniquely determined by 4.

As shown above, the nonzero integers in m;, - - - , m, are invariants
of the bounded T'-finite discrete module 4 and those invariants deter-
mine the structure of 4 up to finite modules. Furthermore, they
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have, in various respects, similar properties as the invariants of finite
abelian groups. For instance, we can prove, by a similar argument as
above, that

w(?‘A) = Z max (mi - i’ O)’
=1
for any integer 4=0. Using Lemma 4.17, it then follows, in particular,
that

4 w(4®) = w(4/pA).

4.7. We shall now briefly state, without proofs, the results on the
structure of bounded I'-finite compact modules which correspond, by
the duality between discrete and compact modules, to what we have
proved above for bounded I'-finite discrete modules.

For any non-negative integer m, we denote by Y(m) the compact
module M.(T', Z,m) as defined in general in 1.4. Since the finite group
Zm is self-dual, E(m) and Y(m) form a pair of dual I'-modules, and
it follows that Y(m) is a bounded I'-finite compact module. More
generally, for any non-negative integers m, « - -+, m,, we denote by
Y(mi, -+ -, m,) thedirect sumof Y(m,),i=1, - - - ,s. Y(m, + - - ,m,)
is again a bounded I'-finite compact module and it is dual to the dis-
crete module E(my, - + +, m,).

A compact module Y is called elementary if it is bounded, regular
and TI'-finite, i.e. if YV is dual to an elementary discrete module. By
Lemma 4.9, a compact module Y is elementary if and only if it is
isomorphic with a submodule W of some Y(m,, « - -, m,). In fact,
if Y is elementary, we can find Y(m, - - -, m,) and a submodule W
of Y(my, - - -, m,) isomorphic with ¥ such that Y(m, - - -, ms)/ W
is finite.

In general, a bounded I'-finite compact module X has the unique
minimal submodule U such that X/U is elementary. U is a finite
module and, by the above, X/ U is isomorphic with a submodule of a
module Y(m, - - -, m,) having a finite index in Y(my, - + -, m,).
The nonzero integers in m;, - + -, m, are, then, invariants of X and
they determine the structure of X up to finite modules. The sum
m= Y 3.1 m; is again called the weight of X and is denoted by w(X).
For the characteristic function ¢(z; X) of X, we also have the result
corresponding to Lemma 4.16, for ¢(n; X) =c(n; 4) if 4 is a bounded
T'-finite discrete module dual to X.

5. I'-finite modules in general. 5.1. We now consider the I"-module
M(T, Z,=) defined in 1.4 and denote it by E(«). By the definition,
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E(®) consists of all continuous functions on I' with values in Z,».
Since T' is totally disconnected, every continuous function in E( )
takes only a finite number of distinct values in the discrete group
Z g, which, on the other hand, may be considered as the union of
finite cyclic groups Z,1, /= 0. Hence, if, for each /=0, E( ) ® denotes
the submodule of all @ in E( ) satisfying pla =0, E(»)® is naturally
isomorphic with E(), and E(x) is the union of all those E(w)®,
120. It then follows immediately that E(«) is a discrete module in
the sense of 2.2 and that it is also regular and I'-finite, though not
bounded.

More generally, for any m;, - - + , m, which are either non-negative
integers or «, we denote by E(mi, - - -, m,) the direct sum of
E(m;), 1=1, - - -, s. Clearly, E(my, - - -, m,) is again a regular I'-

finite discrete module.
Now, let 4 be a discrete module. For any integer /=0, let 4® de-
note the submodule of all ¢ in 4 satisfying p'a=0.

LeEMMA 5.1. Let E(«)® be the direct sum of s copies of E(), s=0.
A discrete module A is isomorphic with E()® if and only if A is divisi-
ble and AW =2E(1)-.

Proor. The lemma is trivial for s=0. Using the remark on E( %) ®
mentioned at the beginning, it is also easy to see that E()® has the
properties stated above.

Now, let s=1 and let 4 be any discrete module having the prop-
erties given in the lemma. We first prove the existence of a set of
elements a® in 4, 1=i<s, 0Sj<®, 1Sk< o, such that the ele-
ments au, 1<1<s, 0=<j< 0, form a basis of A(’”, such that pa(k)
=a¥™® for k>1 and that wea® =0 and woaS}‘)—af‘}_l for j>0. We
use induction on the upper index k. Since 4 “’"’E(l)’, it is clear from
Lemma 4.5 that there exist elements ag), 1=54=<s, 0=5j< «, satisfy-
ing the above conditions for k=1. Suppose we have found such ele-
ments af in 4 for 12i<s, 0=j< o, 1=k=l Let i be fixed. Since
4 is d1v1s1b1e and pA D =4 D there is an element @ in 4 ¢V such
that pa=aQ. We have then p(woa) =weald =0. Hence, woa is an ele-
ment of A(I)NE(I)‘ and there is an element b in A such that
woa =wob. Put a%P=a—b. Then, pal™ =a and wual™ =0. Next
we take an element @’ in 4%+ such that pa’ =a{®. We have then
P(woa’) =wea® =aQ =pal™. Hence, woa’ —aBt™ is contained in
A® and there is an element &’ in A‘” such that wea —a('+1)=w0b’ .
Put al™=q¢'—b". Then, paltP=0aQ and wwalt®=alt™. Proceed-
ing similarly, we can obtain elements al™, 1<i<s, 0Sj< o,
AW such that paftV=aQ, wwel™=0 and wwd™ =i, for
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7>0. Let B be the subgroup of 4@+ generated by those ait?,
1=57=<s, 0=5j< . Since the elements ag) form a basis of 4 ¥, we
have pB=A® =p4 D, But, as 4D is contained in 4 ®, and, hence,
also in B, we see immediately that B=A4 ™, From pal™® =aQ, it
then follows that the elements aﬁ"’l) form a basis of 4 ¢+D, Thus, by
induction, the existence of aff, 1=<i<s, 0Sj<w, 1Sk<w, is
proved. We notice that every a{® has order p*.

Now, let 4 be another divisible discrete module such that 4@
=~FE(1)s. Then, 4 also contains a set of elements dﬁ?, 1=:=<s,
0<j< o, 1<k< «, having similar properties as aY. But, it is then
clear that there is an isomorphism ¢ of the module 4 onto the module
4 such that ¢(a?) = a{. Thus, any two discrete modules having the
properties stated in the lemma are isomorphic with each other. Since
E(»)* has these properties, the lemma is proved.

LeEMMA 5.2. Let A be a discrete module and B a submodule of A iso-
morphic with E()®, s20. Then, A is the direct sum of B and a suitable
submodule C: A =B+C.

Proor. Let D be a submodule of 4 such that BMND =0. Suppose
A #B+D. Then, there exists an element ¢ in 4 such that e is not in
B+D but both pa and wea are in B+D. Put pa=b-+d, bEB, dED.
Since B2E(«)?, there is an element by in B such that b=pb,. Put
@’ =a—by so that pa’ =d. Put also wea’ =b,+di, b6EB, di&D. Then,
pbi+pdy =wepa’ =wed, and, since BND =0, it follows that pb =0. As
B=E(®»)?*, there then exists an element b, in B such that pb,=0,
wobz=b1. Put a’’ =a’ —b.. Then, pa’’ =d and wea’’ =d;. Hence, if D*
denotes the subgroup of 4 generated by D and &'/, D* contains D
as a subgroup of index p, BN\D*=0 and D* is I'-invariant, i.e. a sub-
module of 4. Now, take a maximal submodule C of 4 such that
BN C=0. By the above, we have then 4 =B+, and the lemma is
proved.

5.2. To study the structure of I'-finite discrete modules in general,
we shall first prove the following

LeMMA 5.3. Let A be a T'-finite discrete module, A’ the submodule of
all a in A satisfying pa=0. Let B be an elementary submodule of A
containing A', and C a submodule of A such that pC is contained in B.
Suppose w(B/pB) =w(C/B). Then pC=B, and C/B is isomorphic
with B/pB.

Proor. The endomorphism ¢—pc of C obviously induces a homo-
morphism ¢ of C/B into B/pB. Suppose that pc (¢&€C) is contained
in pB. Then pc=pb for some b in B, and ¢—b is contained in A4’, and,
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hence, in B. Thus, ¢ is also contained in B, and we see that ¢ is an
isomorphism of C/B into B/pB. It then follows from Lemma 4.17,
that w(C/B) £w(B/pB) and, consequently, by the assumption, that
w(C/B) =w(B/pB).

Now, since B is elementary, so is B/pB by Lemma 4.12. Hence, by
Lemma 4.3, B/pB=E(1)t where t=w(E(1)*) =w(B/pB). However,
it is easy to see that no submodule of E(1)* has weight ¢ unless it
coincides with E(1)! itself. Therefore, ¢(C/B)=B/pB and ¢ is an
isomorphism of C/B onto B/pB. It then follows that pC+pB =B and,
hence, that pC=B.

Now, let 4 be any I'-finite discrete module. By Lemma 4.14, the
union of all elementary submodules in 4 is a submodule of 4. We
shall first study the structure of 4 in the case where 4 itself is the
union of all elementary submodules of 4.

Let C be any bounded submodule of such a discrete module 4.
Then the maximal elementary submodule E of C has a finite index
in C, and we can find a finite number of elements a; which generate
C mod E. Since, by the assumption, every a; is contained in some
elementary submodule of 4, it follows from Lemma 4.14, that C is
also contained in an elementary submodule of 4.

Now, for any elementary submodule E of 4, let E* denote the sub-
module of all ¢ in 4 such that pa is contained in E. Then, among all
elementary submodules of 4, we choose an E for which the weight
w(E*/E) attains the minimum. Since E* is obviously a bounded
module, there exists, by the above remark, an elementary submodule
B of A containing E*, Put A=A/E, B=B/E. E*=E*/E is then the
submodule of all @ in 4 satisfying pa=0. But, as E* is contained in
B, E* is also the submodule of all @ in B satisfying p@=0. Hence, by
(4) in 4.6, E* has the same weight as B/pB: w(E*) =w(B/pB). Let
B* be the submodule of all bin 4 such that pb is contained in B. Then,
B*=B*/E is the submodule of all b in 4 such that pb is contained
in B, and, by the choice of E, w(B/pB) =w(E*) =w(E*/E) Sw(B*/B)
=w(B*/B). Hence, applying Lemma 5.3 to B and B*, we see that
pB*=B and B*/B~B/pB.

Put A=A/B and A’ =B*/B. A’ is then the submodule of all in 4
satisfying pa=0 and A’=~B*/B=B/pB. As B is elementary, B and
B/pB are also elementary. Hence 4’ is an elementary module with
p/f’=0, and it is therefore isomorphic with E(1)¢, ¢t=0. Let @ be an
arbitrary element in A. By the remark mentioned above, there then
exists an elementary submodule C of 4 containing both a and E*.
Applying the above argument for C=C/E instead of B=B/E, we
see that there is a submodule C* of 4=A4/E such that pC*=C.
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Therefore, there also exists an element ¢ in 4 such that pc=a mod E,
and, hence, such that pc=a mod B. Thus the module A =4/B is
divisible and, by Lemma 5.1, it is isomorphic with E(«)?.

Now, since B is bounded, p™B =0 for some m =0. Consider, then,
the endomorphism a—p™a of 4 and denote its kernel by 4 ™), As
A/B is isomorphic with E(»)? and B is contained in 4 ™), the endo-
morphism induces an isomorphism pmA==2E(x)¢/K where K is a
bounded submodule of E(« )¢ isomorphic with 4 /B. On the other
hand, 4/B=E()*is divisible by Lemma 5.1, and we have p™4 +B
=A. Applying Lemma 4.9 to the elementary module B, it then fol-
lows immediately that if a I'-finite discrete module 4 is the union of
its elementary submodules, A is isomorphic with a module
E(my, « - -, m;)/D where my, - - -+, m, are either non-negative inte-
gers or © and D is a suitable bounded submodule of E(m;, - « -, m,).

5.3. Let A be as above. Among all modules E(m, « - -, m,),
0=m;=< o, such that A=E(m,, - + -, m,)/D with bounded D, we
choose an E(m, - - -, m,) for which the weight w(D) is minimal. We
shall next show that w(D) is then 0, i.e. that D is a finite module.

Suppose D be infinite. By the remark in 4.2, the bounded module D
then contains a submodule D’ isomorphic with E(1). Following the

proof of Lemma 4.8, we may assume that m;= - - =Zm,>0 and
that D’ is not contained in the direct summand E(my, - - -, #m,-1) of
E(my, + - -, m,). Suppose, first, that m =m, is not «. By the same
argument as in the proof of Lemma 4.8, we can then see that
E(my, - - -, m,) has a submodule C such that C=E(m), p»1C=D’'
and E(my, + - -, my)=E(m, - -+, ms)+C, though the sum is not
necessarily direct. The intersection of E(m;, « -+, m,—1) and C is
finite, for, otherwise, it would contain D’ =pm"1C=~E(1). A homo-
morphism of E(mi, -, m,)=E(m, -, msa)-+E(m,) onto
E(my, + + -, mg)=E(my, + + -, mey)+C, mapping E(m, + + +, Ms_1)
and E(m,) isomorphically onto E(my, - « + , m,—1) and C respectively,
induces a homomorphism ¢ of E(mi, - -, m,y, m,—1) onto

E(my, - + -, m,)/D’ whose kernel K is a finite module. Let ¥ denote
the homomorphism of

E(mh tr oty M, ms_l) onto E(ml’ tUe 7m°)/D

which is the product of ¢ and the canonical homomorphism
E(m, - - -, my)/D'—E(m, - - -, m,)/D. The kernel D* of ¢ then
satisfies D*/K=D/D’. Since K is finite, we have, by Lemma 4.17,
w(D*)=w(D*/K)=w(D/D")=w(D) —w(D’") =w(D)—1. As 4 is ob-
viously isomorphic with E(my, + -+, m,1, m;—1)/D¥*, this contra-
dicts the choice of D.
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Assume, next, m,= » so that my= -+ - =m,=x, E(m, + - -, m,)
=E(®)* Let E’-be the submodule of all ¢ in E(%)* satisfying
pa=0. Since E'=E(1)* and D’ is a submodule of E’ isomorphic with
E(1), it is easily seen that E’ has a basis a’, 1Si<s, 0<j < such
that woaly =0, wal) =a,(,l,)_.1 for >0 and that ¢, 0<j< «, form a
basis of D’. As shown in the proof of Lemma 5.1, we can then find
elements alf in E(»)*, 15i<s, 05j< o, 12k <, which include
those a{ above and satisfy the conditions stated there. Let B be
the submodule of E(«)¢ generated by ag‘), 1=275s—1, 05j< o,
1<k< «,and Cthesubmodule of E(« )* generated by ag), 0<j< o,
1=5k< oo, E(x)*®is then the direct sum of B and C, and D’ is the
submodule of all ¢ in C satisfying pa=0. Clearly, Be2E(x)*1,
C=~E(x), and the endomorphism ¢—pc of C induces an isomorphism
of C/D’ onto C=2E(«). These isomorphisms then define an isomor-
phism ¢ of E(»)* onto E()¢/D’ in an obvious way and we denote
by ¢ the homomorphism of E(» )¢ onto E(« )*/D, which is the prod-
uct of ¢ and the canonical homomorphism E(«)¢/D’—E()¢/D.
Denoting the kernel of Y by D*, we have thus E(»)¢/D=E(»)¢/D*
and D*=~D/D’. However, it then follows from Lemma 4.17 that
w(D*)=w(D) —w(D’")=w(D)—1, and this again contradicts the
choice of D.

We have thus proved the following.

LEMMA 5.4. Let A be a T-finite discrete module. Suppose that A 1is the
unton of all elementary submodules of A. Then, there exists a module
E(my, » - - ,m,), 0Sm; = o, and a finite submodule D of E(my, + « + , m,)
such that A is isomorphic with E(my, « - -, ms)/D.

5.4. We now consider an arbitrary I'-finite discrete module 4. Let
C denote the union of all elementary submodules of 4. By Lemma

5.4, C=E(m, + - -, m,)/D, 0Sm;< «, with a finite submodule D of
E(my, + - -, ms). As can be seen from the proof of Lemma 5.4 (or,
directly from the fact C=E(my, - - -, m,)/D), C has an elementary

submodule E such that C/E=E(«)! for some t=0. Then, applying
Lemma 5.2 to A/E and C/E, we see that 4 has a submodule B*
containing E such that 4/E is the direct sum of B*/E and C/E. By
Lemma 2.3, B*/E is I'-finite. Hence, if B*/E were not of finite rank,
B* would contain, by the remark in 4.2, a submodule E* such that
E*/E=~E(1). But, then, E* would be also elementary by Lemma
4.13, and were not contained in C, a contradiction to the defini-
tion of C. Therefore, B*/E must be a module of finite rank. Let B’
be the submodule of B* containing E such that B*/B’ is finite and
B'/E is divisible. As an abelian group, B’/E is then isomorphic with
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Zl» for some 120. Now, since E is elementary, p"E=0 for some
n=0. Put, then, B=p"B’. Considering the endomorphism b—p"b of
B’, we see that B is isomorphic with a quotient module of B'/E
modulo a finite submodule. Hence, as an abelian group, B is again
isomorphic with Zl=. Furthermore, since B’/E is divisible, it holds
that B'=B+E, and B+C=B’+C has a finite index in 4 =B*+C.
On the other hand, since B is of finite rank and E is bounded, BN\C
=BNE is a finite module. Therefore, the following theorem is
proved:

THEOREM 1. Let A be a I'-finite discrete module. Then, A has sub-
modules B and C with the following properties:

(i) both A/(B+C) and BNC are finite modules,

(ii) B s divisible and of finite rank, i.e., B is, as a discrete abelian
group, isomorphic with Zy» for some 120,

(iii) C is isomorphic with E(my, - - - , m,)/D for some my, - + -, ms,
0=m;=< =, and for a finite submodule D of E(m, - - - , m,).

We notice that the structure of a discrete module like B was studied
in §3.

We now consider the uniqueness of submodules given in the theo-
rem. Let B and C be any submodules of 4 having the properties
@), (ii), (iii) above; B and C need not be those which were considered
in the above proof of Theorem 1. Then, 4/C is of finite rank and
(B+C)/C is divisible. Take any elementary submodule E of 4. By
Lemma 4.12, (E+4 C)/C is elementary and, hence, is bounded. But, as
A4 /C is of finite rank, (E4+C)/C is finite. Since (E+C)/C is also
regular, we have (E+4+C)/C=0, i.e. E4+C=C. Thus, every ele-
mentary submodule of 4 is contained in C. On the other hand, it
follows easily from C=E(m, - - -, m,)/D that C is the union of its
elementary submodules. Therefore, C is also the union of all elemen-
tary submodules of 4 and is thus uniquely determined by 4.

Now, let 4* be any submodule with a finite index in A. By a sim-
ilar argument as above, we see that every elementary submodule of
A is contained in 4*. Hence, C is also a submodule of 4*. On the
other hand, if the index of 4* in 4 is p*, p"4 is contained in 4*.
Hence B =p"B is contained in 4*, and so is B4 C. Thus B+4C is the
minimal submodule of 4 having a finite index in 4 and is uniquely
characterized by this property.

A simple example shows that the module B satisfying (i), (ii), (iii)
together with C is not unique for given 4. However, the rank / of
B is uniquely determined by 4, for it is equal to the rank of (B+C)/C.

Finally, for any integer ¢=0, let 4 be the submodule of all a in 4
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satisfying pla=0. Since 4/C is of finite rank, 4 P\ (C has a finite in-
dex in A®. Hence, by a similar argument as in 4.6, we see from
C=E(m, « - -, m,)/D that

w(A®) = > min (my, i), iz 0.
=1
Therefore, nonzero m;’s in my, « + + , m, are uniquely determined by
A and they give us a set of invariants of the module 4. Clearly, the
module E(m;, - - -, m,) is then also uniquely determined by 4, and
so is the sum m= Y 5., m;. Here, m is meant to be « if one of m;
is o,
We have thus obtained the following corollary to Theorem 1.

COROLLARY. Let B and C be any submodules of a I'-finite discrete
module A, having the properties (i), (ii), (iii) stated in Thorem 1. Then,
the modules C, B+C and E(m, - - -, m,) are uniquely determined by
A with these properties, and so are the rank | of the module B and the
SUM M= 5uy M.

In the following, we shall denote the invariants / and m of A by
I(A) and m(A4) respectively. /(4) is a non-negative integer and m(4)
is either a non-negative integer or . As can be seen easily, m(4) is
the supremum of the weights w(D) of bounded submodules D in A4.
In particular, if A itself is bounded, m(4) =w(4).

We now apply Lemma 3.1 to the submodule B in Theorem 1. B is
then the direct sum of a regular submodule B’ and a submodule B”
such that wiB” =0 for some #' and v’. Put M=B'+C. Since B’
and C are both regular, so is M. Furthermore, since B =0 and
A/(B+C) is finite, wj(4A/M)=0 for some u# and v. It follows that
wyd = M, and we see, as in the proof of Lemma 3.1, that M is the
unique maximal regular submodule of 4 in which every regular sub-
module of 4 is contained.? Thus the following theorem is proved:

THEOREM 2. Let M be the unique maximal regular submodule of a
T'-finite discrete module A. Then, M is the sum of a divisible regular sub-
module B’ of finite rank and the characteristic submodule C of A given
in Theorem 1. A/ M is a module of finite rank and wy(A/M)=0 for
some =0 and v =0.

5.5. We now consider a special kind of I'-finite discrete modules.

LeEMMA 5.5. For a T-finite discrete module A, the following conditions
are mutually equivalent:

8 The existence of such a unique maximal regular submodule of 4 was already
noticed in 2.2,
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(i) the invariant m(4) is finite,

(ii) the maximal regular submodule M of A is strictly T'-finite,

(iii) of A, denotes the maximal divisible submodule of A, (n=0),
the rank of A, has a fixed upper bound for all n=0.

Proor. Let M=B’+C as in the above. By Lemma 3.4, B’ is
strictly I'-finite. Hence M is strictly I'-finite if and only if C is so.
But it is easy to see that C=E(my, - - - , m,)/D is strictly I'-finite if
and only if m(4) = >3-, m.is finite. (i) and (ii) are therefore equiva-
lent.

Now, by Lemma 2.2, (4/M).=2A4,/M,. If M is strictly I'-finite,
M, is a finite module and it follows from the above isomorphism that
the rank of 4, is at most equal to the rank of (4/M),. The rank of
A, is, hence, not greater than the rank of 4/ M and we see that (ii)
implies (iii). On the other hand, if m(4) is infinite, then at least one
of my, -, my in E(my, - -+, m,)/D is infinite and the rank of
A/ NC is at least p*, as can be seen readily from the definition of
E(®). Therefore (iii) implies (i), and the lemma is proved.

Now, assume that m(4) is finite. C is then elementary; in fact, it is
the maximal elementary submodule of 4, having the weight w(C)
=m(A4). Therefore, p"»C=0 for m=m(A4). On the other hand, as
A/(B+C) is finite, p"4 is contained in B+ C for all sufficiently large
n=0. Hence p™t"4 is a submodule of p™B+pmC=pmB. However,
as B is divisible, p"B =B =p™*t"B, Therefore, p™t"4 = B, and it fol-
lows that B is the intersection of all p"4, =0, and is the unique
maximal divisible submodule of 4.

We summarize our results in the following

THEOREM 3. Let A be a T'-finite discrete module such that the invariant
m(A) is finite. Then the submodules B and C in Theorem 1 are both
uniquely determined by A ; B is the unique maximal divisible submodule
of A and C is the unique maximal elementary submodule of A. The
invariant I(A) is the rank of B as well as that of the maximal divisible
submodule of A/C, and the invariant m(A) is the weight of C as well as
that of the bounded T-finite discrete module A/B. Furthermore, the
maximal regular submodule M of A is strictly T-finite.

We consider next a strictly I'-finite module 4. The rank of the
module 4,/ in Lemma 5.5 is then 0, and we know that m(4) is finite.
By Lemma 3.4, the maximal divisible submodule B of 4 is regular.
Hence B+4-C is also regular and it coincides with the maximal regular
submodule M. Now, by Lemma 2.3, we have

cn; A) = c(n; A/M) + c(n; M), n = 0.



212 KENKICHI IWASAWA [July

Let B’ and C’ be discrete modules such that B’=~B and C'=C, and
let A’ be the direct sum of B’ and (. It is clear that there is a homo-
morphism ¢ of A’ onto M =B+ C, mapping B’ and C’ isomorphically
onto B and C, respectively. The kernel D’ of ¢ is then a finite module
isomorphic with BNMC. Since A’=B’+(’ is regular and w,(4’)=A4"'
for every 20, w, (D) /w; *(0) has the same finite order as D’. Hence
(A4’/D")=w;'(D")/D’ also has the same order as 4,/ =w;,*(0), and
we have c(n; M)=c(n; A’/D")=c(n; A")=c(n; B")+c(n; C') =c(n;B)
+c(n; C), for all #=0. Therefore,

c(n; A) = c(n; A/M) + c(n; B) + c(n; C), n = 0.

However, as A/ M is finite, ¢(n; A/ M) is constant for all sufficiently
large #. Hence, by Lemmas 3.5, 4.10, we immediately obtain the
following

THEOREM 4. Let A be a strictly T'-finite discrete module. Then the
invariant m(A) is finite and B+ C = M for the submodules B, C and M
in Theorem 3. Furthermore, there exists a non-negative integer ny such
that, for n=mno, the characteristic function of A is given by

c(n; 4) = U(A)n + m(A)p" + u,
with a suitable integer u independent of n.

Now, for any function of the form f(n) = In+mp™+u, the coefficients
I, m and » are uniquely determined by f. Hence, if 4 is a strictly I'-
finite discrete module, the invariants I(4) and m(4) are uniquely
determined from the characteristic function ¢(z; A) of A by the
above formula. On the other hand, such an 4 is bounded if and only
if /(4) =0 and it is of finite rank if and only if m(4)=0. Therefore,
we can see from the characteristic function of 4 whether or not 4 is
bounded or of finite rank.

5.6. Now, let O, be, as before, the additive group of p-adic integers
and let Y () denote the module M,(T', O,) defined in 1.4. Since O,
is a compact abelian group dual to the discrete abelian group Z,,
V()= MyT, O,) is a compact module in the sense of 2.2 and is
dual to the discrete module E(» )= M(T', Z,=). More generally, for
any my, ¢+ -, M, 0Sm; < ©, we denote by Y(my, « + -, m,) the direct
sum of Y(m;), i=1, - - -, 5. Clearly, Y(m, - - -, m,) is a regular
T'-finite compact module dual to the regular I'-finite discrete module
E(my, - - -, m,).

By the duality between discrete and compact modules, we can then
immediately obtain theorems on I'-finite compact modules which cor-
respond to the above results on I'-finite discrete modules. We state
here only some of them.
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THEOREM 5. Let X be a I'-finite compact module. Then, X has sub-
modules U and V with the following properties:

(1) both X/(U+V) and UNYV are finite modules,

(i) X/ U is torsion-free and of finite rank,i.e., X/ U 1is, as a compact
abelian group, isomorphic with O, for some 1=0,

(iii) X/V 4is isomorphic with o submodule of finite index in
Y(my, - - -, m,) for some my, + + -, My, 0SmM; S .,

COROLLARY. Let U and V be any submodules of a I'-finite compact
module A with the properties (1), (i1), (iii) in the above theorem. Then, the
modules V, UNV and Y(my, - -+, m,) are uniquely determined by X,
and so are the rank | of X/ U and the sum m= D sy m.

Thus, we have again invariants [=[/(X) and m=m(X) for any
I'-finite compact module X. Clearly, if 4 is a discrete module dual to
X, then I(X)=1l(4), m(X) =m(A). We also notice that the structure
of a module like X/ U was studied in §3.

THEOREM 6. Let X be a T'-finite compact module such that m(X) is
finite. Then the submodules U and V in Theorem S are both uniquely
determined by X ; U is the torsion submodule of X and V is the unique
minimal submodule of X such that X/V is elementary. The invariant
UX) is the rank of X/ U as well as that of the factor torsion module of V,
and the invariant m(X) is the weight of X/V as well as that of the
bounded T-finite compact module U. Furthermore, if S is the unique
mintmal submodule of X such that X/S is regular, then X /S is also
strictly T-finite.

6. Unramified extensions. 6.1. Let Q be the field of all algebraic
numbers. In what follows, we shall always consider the structure of
various algebraic number fields, i.e. the structure of various subfields
of Q. So, if there is no risk of misunderstanding, we shall call those
algebraic number fields simply fields. By the definition, our fields are
algebraic extensions of the field of rational numbers Q, but they need
not be finite extensions of Q; in other words, our fields are not neces-
sarily finite algebraic number fields.

If both E and F are such fields and if E is a Galois extension of F,
we denote the Galois group of the extension E/F by G(E/F).
G(E/F) is a totally disconnected compact group in Krull’s topology.
For any prime divisor of E, archimedean or non-archimedean, the
decomposition group and the inertia group of the prime divisor for
the extension E/F can be defined just as in the case of finite algebraic
number fields.? They are closed subgroups of G(E/F) and have sim-

9 For an archimedean prime divisor, the inertia group is defined to be the same as
the decomposition group.
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ilar properties as those defined for finite algebraic number fields.

Let p be a prime divisor of @ and T the inertia group of p for the
extension /Q. Let K and L be fields such that KC L. Then TNG(/K)
and TMG(Q/L) are the inertia groups of p for /K and Q/L, respec-
tively, and the latter is a subgroup of the former. Now, the prime
divisor p is said to be ramified for the extension L/K if TNG(/K)
#= TMG(Q/L), and it is said to be unramified for L/K if TNG(Q/K)
=TNMG(Q/L). Obviously, p is unramified if and only if TNG(Q/K)
is contained in G(Q/L).

A prime divisor p’ of K (or a prime divisor p” of L) is said to be
unramified for L/K if and only if every extension p of »’ (of p’’) on Q
is unramified for L/K. Otherwise p’(y’’) is said to be ramified for
L/K. If L/K is a Galois extension and T is the inertia group, for
Q/Q, of an extension p of p”’ on ©Q, then the inertia group of y’’ for the
extension L/K is given by the image of T\G(2/K) under the
canonical homomorphism G(Q/K) — G(L/K) = G(Q/K)/G(Q/L).
Hence, p’ is unramified for L/K if and only if the inertia group of p’’
for L/K is trivial. We also notice that our definition of ramified or
unramified prime divisors coincides with the usual one when both
L and K are finite algebraic number fields.

Now, an extension L/K is called an unramified extension if and
only if every prime divisor of K, or, equivalently, every prime divisor
of L, is unramified for the extension L/K. The following properties of
unramified extensions are immediate consequences of the definition:
if L/K is unramified and L’/K is conjugate with L/K in , then
L'/K is also unramified; if FCKCL, then L/F is unramified if and
only if both L/K and K/F are unramified; if FCE, FCK and E/F
is unramified, then the composite L = EK of E and K in @ is unrami-
fied over K; if L/K is the composite, in Q, of a family of unramified
extensions L,/K, then L/K is also unramified. From these, it follows
in particular that every field K has a unique maximal unramified
extension L in Q@ which contains every unramified extension of K in
Q; L is a Galois extension of K. Similarly, there also exists a unique
maximal unramified abelian extension 4 of K in € which contains
every unramified abelian extension of K in Q. If K is a finite algebraic
number field, 4 is nothing but the Hilbert’s class field over K, and
it is well-known that 4 /K is a finite extension with degree equal to
the class number of K. If the degree of K/Q is infinite, A/K is not
necessarily a finite extension,!® but we shall still call 4 the Hilbert’s
class field over K.

10 Cf, 7.7 below.
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6.2. We shall next show that every unramified extension can be
obtained by composing, in a suitable manner, finite unramified exten-
sions of finite algebraic number fields.

LeMMA 6.1. Given any finite unramified extension L/K, there exist
finite algebraic number fields E and F such that

(i) E s an unramified extension of F, and

(ii) FCK, ECL and L=EK.
If L/K is furthermore a Galois extension, then the fields E and F can be
chosen so that E/F is also a Galois extension and its Galois group is iso-
morphic with the Galois group of L/K.

Proor. Let S be the space of all nonempty closed subsets of the
compact group G(2/Q). We may regard G(Q2/Q) as a subspace of S
by identifying each element of G(/Q) with the subset consisting of
that single element. Now, as a separable compact topological group,
G(2/Q) can be topologized by a metric p(e, b)(a, bEG(2/Q)), and,
as is known, this metric can be extended to a metric p(4, B) (4, BES)
on .S so that S becomes a compact metric space.’! Define a function
p' (4, B) on SXS by

0’'(4, B) = inf p(a, b), e€ 4,b € B.

Then, p’(4, B) is a non-negative continuous function on SX.S and
p'(4, B)>0 if and only if 4 and B are disjoint.

In proving the lemma, we may of course assume that both K
and L are infinite extensions of Q and that K#L. Since L/K is a
finite extension, there exist finite algebraic number fields K¢ and L,
such that KoCK, LyCL, KcCLo, L=KLy and [Lo: Ko]=[L: K].
We then choose a sequence of fields, Ko CKiCK.C - - -, so that
each K, is a finite extension of Q and that K is the union of all K,.
Put L,=K,Lo for n=1. Then we have again a sequence of fields,
LyCLiCL.C - - -, such that each L, is finite over Q, that L is the
union of all L, and that [L,: K,]=[L: K] for every n=0. Put

G = G(2/K), G, = G(Q/K,), n=0,1,2, .-

H = G(Q/L), H,=G(Q/L,), n=0,1,2,---.
As K is the union of all K,, G is the intersection of all G,, and as L is
the union of all L,, H is the intersection of all H,. Furthermore, since

L=KL,, H=GNH, for every n=0. Let C be the set-theoretical
complement of H in G. As KL and [G: H]=[L: K] is finite, C is

11 Cf. D. Montgomery and L. Zippin, Topological transformation groups, New
York, Interscience Publishers, 1955, p. 17.



216 KENKICHI IWASAWA [July

a nonempty compact subset of G(Q?/Q). From the fact that [G,: H,]
=[L.: K,]=[L: K]=[G: H], it also follows easily that G, is the
disjoint union of H, and CH,.

Now, let p/, - - -, p/ be all the prime divisors of the finite algebraic
number field L, which are ramified for the extension L¢/K,. For each
j (1=£j=<s), let T, be the inertia group, for 2/0Q, of an extension p; of
p/ on @, and let ¢; be a continuous function on G(/Q) X S defined by

¢J'(°'; A) = P,("'Tia—l) CA-): c & G(Q/Q)’ 4€8.

By the definition of C, we have CH = C. Hence ¢T;0-! N\ CH
=(¢T;0'MG)NC. But, since L/K is unramified and ¢Tj0~! is the
inertia group of the prime divisor p;j for @/Q, ¢T;6~N\G is contained
in H and the intersection (¢T;0-'MG)NC is empty. Therefore,
¢i(o, H)>0 for every ¢ in G(2/Q) and for every j, 1 <j=<s. On the
other hand, since H is the intersection of all H,, H is the limit of the
sequence, Ho, Hy, H,, + - -, in S. Using the compactness of G(2/Q),
it then follows that there exists an integer 7,20 such that ¢;(s, H,,)
>0 for every ¢ in G(/Q) and for every j, 1<j<s. But, then,
oT;671N\CH,, is empty by the definition of ¢, and, as G,, is the dis-
joint union of H,, and CH,,, 6Tje~'MG,, must be contained in H,,
Thus, for every o in G(/Q) and for every j, 1 £j<s, the prime divisor
p; of @ is unramified for the extension L,,/Kn,.

Now, let p be any prime divisor of Q different from pj, s €G(2/Q),
1=j<s. Therestriction p’ of p on L, is then different from p{, - « +, pJ
and it is unramified for Lo/ K,. p is therefore unramified for Lo,/K, and,
hence, also for L,,/K,, This, combined with the above, shows that
L,,/K,, is an unramified extension. Putting F=K,,, E=L,, the
conditions (i), (ii) of the lemma are then satisfied.

If L/K is a Galois extension, we can choose K, and L, in the above
so that Lo/K, is also a Galois extension. Every L,/K, is then also a
Galois extension and its Galois group G(L,/K,) is canonically iso-
morphic with G(L/K). Thus, in particular, G(E/F) is isomorphic
with G(L/K) and the lemma is completely proved.

THEOREM 7. An extension L/K (KCLCRQ) is an unramified exten-
ston if and only if there exists a family of extensions {La/Ka} of finite
algebraic number fields K, and L, such that

(i) every Lo/K. is an unramified extension, and that

(ii) K is the composite of all K, and L is the composite of all L,.

Proor. Suppose first that there exists such a family of extensions
{L./K.}. Put L! =KL,. Since La/Kq is unramified, L /K is also
unramified. Since L is the composite of all L/, L/K is again unrami-
fied.
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Suppose, conversely, that L/K is unramified. Let {L:/K} be a
family of finite extensions such that L is the composite of all L;, and
let {K;/Q} be a family of finite extensions such that K is the com-
posite of all K;. By Lemma 6.1, there exist, for each <, finite algebraic
number fields E; and F; such that E;/F; is unramified and L;=KE,.
Put X, ;=F;K;, L; ;=E;K; Then the family of extensions {Li,j/Ki'j}
has the properties (i), (ii) stated in the theorem.

CoOROLLARY. Let K be a field and {K.,} a family of finite algebraic
number fields such that K is the union of all K. Then the maximal un-
ramified extension of K in Q is the composite of all finite unramified
extensions of all fields K. in the family.

We next consider abelian extensions. If the extension L/K in
Lemma 6.1 is abelian, we may take also an abelian extension for
E/F in the lemma. By a similar argument as in the proof of Theorem
7, we can then immediately obtain the following

THEOREM 8. An extension L/K (K CLCRQ) is an unramified abelian
extension if and only if there exists a family of extensions {L./Ka} of
finite algebraic number fields K, and Lo such that

(i) every Lo./K. is an unramified abelian extension, and that

(ii) K s the composite of all K, and L is the composite of all L,.

COROLLARY. Let K be a field and { K.} a family of finite algebraic
number fields such that K is the union of all K. For each o, let L, denote
the Hilbert's class field over K,. Then the Hilbert's class field over K is
the composite of all such L.

6.3. As before, let p denote a prime number. An extension L/K is
called a p-extension if L/K is a Galois extension and the Galois
group G(L/K) is a p-primary compact group. Every field K has a
unique maximal (abelian) p-extension in @ which contains every
(abelian) p-extension of K in Q. By the properties of unramified ex-
tensions stated in 6.1, K has also a unique maximal unramified p-
extension and a unique maximal unramified abelian p-extension in
Q. The latter is nothing but the p-part of the Hilbert’s class field over
K, and, if K/Q is finite, its degree over K is equal to the highest
power of p dividing the class number of XK.

Using again Lemma 6.1, we get immediately such results on un-
ramified (abelian) p-extensions which are similar to those on unrami-
fied abelian extensions given in Theorem 8 and its corollary. We state
here only the following

THEOREM 9. Let K be a field and {Ka} a family of finite algebraic
number fields such that K is the union of all K. For each o, let L, denote
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the maximal unramified abelian p-extension of K, in Q. Then the maxi-
mal unramified abelian p-extension of K in Q is the composite of all
such L.

7. T-extensions. 7.1. Let p be a prime number and let I" be, as in
previous sections, a fixed p-primary compact abelian group isomor-
phic with the additive group of p-adic integers. An extension L of a
field K is called a I'-extension of K if L/K is a Galois extension and if
the Galois group G(L/K) is isomorphic with T'.

Let L/K be such a I'-extension and let, for simplicity, G(L/K) be
identified with I'. For each #=0, we denote by K, the intermediate
field of K and L such that G(L/K,)=TI',. We have then a sequence of
fields:

K=K CKi.CK,C:---CL

such that K, is a cyclic extension of degree p” over K and L is the
union of all K,, n=0.

LeEMMA 7.1. Let K be a finite algebraic number field and L a T'-exten-
sion of K. Then a prime divisor p of K is ramified for L/K only when
p 1s @ non-archimedean prime divisor dividing the rational prime p.

Proor. Assume that p is ramified for L/K and denote by T the
inertia group of p for the abelian extension L/K. Since T is a non-
trivial closed subgroup of I', T" must be equal to I', for some #=0.
Hence T is an infinite group and it follows immediately that p is
non-archimedean. Let p’ be an extension of p on K,. For any integer
m=mn, p’ is then completely ramified for the extension K,./K, and its
ramification is p™—*. Therefore, if p and, hence, p’ did not divide p,
we would have

N(@®') =1 mod pm,

where N(p’) denotes the absolute norm of the prime divisor p’. But,
since m can be taken arbitrarily large, this is obviously a contradic-
tion, and the lemma is proved.

From the lemma, it follows in particular that there exist only a
finite number of prime divisors of K which are ramified for L/K.
On the other hand, since an unramified abelian extension of K is
always a finite extension, there exists at least one prime divisor which
is ramified for L/K.

LemMA 7.2. Let K and L be as in Lemma 7.1 and let s be the number
of prime divisors of K which are ramified for L/K. Furthermore, let L’
be an unramified p-extension of L such that L'/K is an abelian exten-
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ston. Then the Galois group G(L'/K) is a p-primary compact abelian
group of finite rank and the rank of the factor torsion group of G(L'/K)
1S at most s.

Proor. Put G=G(L'/K) and N=G(L’/L). It is clear that G is a
p-primary compact group, for both N and G/N=G(L/K)=T are
such groups. Let p1, - + -, p, be all the prime divisors of K which are
ramified for L/K and let T3, - -+ -, T, denote the inertia groups of
P, - -+, P, respectively, for the abelian extension L’/K. Since L'/L
is an unramified extension, the intersection T3 \N is 1, and we have
T, =~T:N/N. T, is thus isomorphic with a nontrivial subgroup of
I'=G/N and, hence, also isomorphic with T' itself. Let T be the

product of the subgroups 73, « - -, T in G and E the intermediate
field of K and L’ such that T=G(L'/E). As L' /L is an unramified ex-
tension, no prime divisor of K, different from py, + - -, 9, is ramified

for L'/K. It then follows from the definition of T that E/K is an
unramified abelian extension. Therefore, E/K is a finite extension
and G/T is a finite group. From this and from the fact that T is the
product of T4, - - -, T,, each isomorphic with T', the lemma follows
immediately by a simple group-theoretical consideration.

We notice that the rank of the factor torsion group of G(L'/L) is
at most s—1. Hence, if s=1, G(L'/L) is a finite group.

7.2. As before, let L be a I'-extension of a finite algebraic number
field K. Let M be an unramified abelian p-extension of L such that
M/K is also a Galois extension. We put G=G(M/K), X=G(M/L).
Then X is a closed normal subgroup of G and G/ X =G(L/K)=T. As
X is a p-primary compact abelian group, G is such a compact group
as we considered in 2.5, and X is thus made into a compact I'-module
in a natural way. We shall next show that this compact I'-module X
is I'-finite.

For each =0, put G,=G(M/K,). Then X is contained in G, and
G./X =T,. By 2.5, we have only to prove that, if [G., G.] is the
topological commutator group of G,, then G,/[G,, G.] has a finite
rank for every n=0. Let L, denote the intermediate field of K and M
such that G(M/L,) = [G,, G.]. By the definition of [G,, G,], L, is the
maximal abelian extension of K, contained in M. Hence, in particu-
lar, L is contained in L,. On the other hand, as G(L/K,)=1,=T,
L/K, is a T'-extension. Therefore, we may apply Lemma 7.2 to K,,
L and L,, and we see that G(L,/K,) =G,/[G., G,] has a finite rank.
Our assertion is thus proved.

Now, let p1, - - -, 9, be all the prime divisors of K which are rami-
fied for L/K. The inertia groups of pi, - - -, p, for L/K are then non-
trivial subgroups of I' and we can find a suitable integer #,=0 such
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that T',, is contained in all these inertia groups. Then a prime divisor
of K., which is ramified for L/K,,, is not decomposed for any ex-
tension K,/K,,, n=mn,, and the number of the prime divisors of K,
which are ramified for L/K, remains the same for all K,, n=n,.
Thus, it follows from Lemma 7.2 that the rank of the factor torsion
group of G,/[G, G.] has a fixed upper bound for all »=0. But, since
[Gnry Go]=w,X =X}, this implies that the rank of the factor torsion
module of X/X} also has a fixed upper bound for all #=0. Now,
let A be a discrete I'-module dual to the compact I'-module X and let
A, (n=0) be the submodules of 4 as defined before. Then the duality
between A and X implies a duality between 4, and X/X}, and also
a duality between the maximal divisible submodule of 4, and the
factor torsion module of X/X}. Hence, by above, the maximal divisi-
ble submodule of 4, has a fixed upper bound for all #=0. It then
follows from Lemma 5.5 that the invariant m(4) of 4 is finite, and,
as the invariant m(X) of X is equal to m(4), the following theorem is
proved:

THEOREM 10. Let L be a TI'-extension of a finite algebraic number field
K and M an unramified abelian p-extension of L such that M/K is
also a Galois extension. Then the Galois group G(M/L) is a T'-finite
compact T'-module with respect to I'=G(L/K), and the invariant m(X)
of the compact T'-module X =G(M/L) is finite. The structure of G(M/L)
as a p-primary compact abelian group with operator domain G(L/K)
s thus given by Theorem 6.

7.3. Let K and L be as above. We now take as M the maximal
unramified abelian p-extension of L in €, i.e. the p-part of the Hil-
bert’s class field over L; M/K is then obviously a Galois extension.
By Theorem 10, the Galois group G(M/L) is a I'-finite compact
I'-module with respect to I'=G(L/K) and we denote the invariants
I(X) and m(X) of the I'-module X =G(M/L) by I(L/K) and m(L/K),
respectively. By the above theorem, not only /(L/K) but also m(L/K)
are non-negative integers, and they give us information on the struc-
ture of the Galois group G(M/L) of the maximal unramified abelian
p-extension M over L. For instance, G(M/L) is of bounded order if
and only if I(L/K) =0 and it is of finite rank if and only if m(L/K) =0.

Actually, I(L/K) depends only upon L (and M), but not upon K,
for it is an invariant of the Galois group G(M/L) considered merely
as an abelian group. On the other hand, the invariant m(L/K) is
defined by means of the I'-structure of G(M/L) and, hence, essen-
tially depends upon the ground field K. In fact, if we consider the
T'-extension L/K, (2=0) instead of L/K, then we see easily that
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m(L/K,) = p"m(L/K).

Now, let K’ be any finite extension of K and L’ the composite of
K and L in Q:L'=K'L. Then K'N\L=K, for some =0 and
G(L'/K")=G(L/K,)=T'. Hence L'/K' is also a I'-extension. If M is,
as before, the maximal unramified abelian p-extension of L in {,
the composite ML’ of M and L’ in © is contained in the maximal
unramified abelian p-extension M’ of L' in @, and G(ML'/L') is a
factor group of G(M’'/L’). On the other hand, G(ML’'/L’) is canon-
ically isomorphic with G(M/MML’) which is a subgroup of finite
index [MNL': L] in G(M/L). Thus the Galois group G(M/L) is,
up to a finite factor group, isomorphic with a factor group of the
Galois group G(M’/L’), and this is so even when both groups are
considered as modules over the same operator domain I'=G(L'/K’)
=G(L/K,). It then follows immediately that

(L/K.) = L'/K"), m(L/K.) =m(L'/K'),
or, by the above, that
L/K) = (L'/K"), m(L/K) = p~m(L'/K’).

7.4. We shall next give another arithmetic characterization of the
invariants /(L/K) and m(L/K). Let K, L and M be as in 7.3 and
put G=G(M/K), X=G(M/L), T=G/X=G(L/K), G,=G(L/K,),
7n=0. As in 7.2, we choose an integer %, such that, for any # =n,, the
field K, has the same number of prime divisors which are ramified
for L/K,. We then denote by pi, + + +, P, all the prime divisors of
K,, which are ramified for L/K,,. Let p* (1 =7=s) be an extension of
p; on M and T; the inertia group of p* for the extension M/K,,.
Since M/L is unramified, T:MNX =1, and since p; is completely rami-
fied for K,/K,, for any n=n,, T.X =G,, Hence T is naturally iso-
morphic with I',,=G,,/X and it contains an element ¢; such that
the coset of ¢; mod X is the element 'y;ol of I',,. Put 0 =01 and o;=0x;,
1=7<s, with x; in X. For any {=0, we have then
(5) crf, = optx:,
where ¥ =vn.4 1,4, is defined as (3) in 3.2.

We now fix an integer #=Z#, and put G’ =G,/ [Ga, G.]=G(L./K,)
and X'=X/[G,, G.]=G(L./L), where L, denotes, as before, the
maximal abelian extension of K, contained in M. Let p/ (1=7=5s) be
the unique extension of p; on K, and let 7/ denote the inertia group
of p! for the abelian extension L,/K,. Since the inertia group of p;
for the extension M/K, is T:N\G,= T?', where t=n—mno, T! is the
image of 77 under the canonical homomorphism G,—G’ and, hence,
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is the closure of the cyclic subgroup of G’ generated by the coset of
o? mod [G,, G.]. On the other hand, as G,=T%X, G’ is the direct
product of 7Y and X’: G’ =T{ X X'. Therefore, if we denote by T” the
product of the subgroups 77, + - -, 7/ in G’ and if we put

T'=T{ XY, YV CX,

it follows from (5) that Y’ is the closure of the subgroup of G’ gener-
ated by the cosets of x; mod [G,., G,,] for 1<:¢=s.

Now, let E, be the intermediate field of K, and L, such that
G(L,/E,)=T'. From the definition of T”, it follows that E, is the
maximal unramified extension of K, contained in L,, and, hence, is
the maximal unramified abelian extension of K, contained in M.
As M was the maximal unramified abelian p-extension of L in Q,
it is easy to see from Theorem 9 that E, is the maximal unramified
abelian p-extension of K, in {, i.e., the p-part of the Hilbert’s class
field over K,. E,/K, is therefore a finite extension and the degree
[E.: K.] is equal to the highest power of p dividing the class number
of K,. By the above, G(E,/K,)=G'/T'=X'/Y’. Let Y, be the closure
of the subgroup of X generated by [Ga., G.] and «}, 1 <4=<s, where
¥=Vyn, Then, ¥'=V,/[G,, G,] and we have G(E,/K,)=X/ V.

We now consider the group Y, for every #=n,. For simplicity, put
Y'=7Y,, If we use the additive notation for the group X, Y, is the
closure of the subgroup of X generated by X} = [G,, G.] and va,n%:,
1055 As Xy =0uX =Vn,n@neX =VnnyXng a0d Vyg,ne%i=%s, We then
see that Y,=v,,Y, and the isomorphism G(E,/K,)=2X/YV, im-
mediately implies that

[Ent Kn] = [X3 Vn,noYL

for any n=n,.

7.5. We shall next compute the group index on the right hand side
of the above equality. As in Theorem 6, let V be the minimal sub-
module of X such that X=X/V is elementary. V is then a module
of finite rank, and if we denote by W the finite torsion submodule of
V, V=V/W is a torsion-free compact module of finite rank I=1(X).
Therefore, if #n, is large enough, then, by Lemma 3.3,

(6) [V:vpn V] = prv—mo,

for any n=n,. For large n,, we also have that w,,W =0 and v, .,)W
=ptW with t=#n—n,. In the following, we shall assume, as we can,
that n, is chosen so large that all these conditions are satisfied, to-
gether with what is mentioned at the beginning of 7.4.

Now, we have
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[X:»7] = [X:0X][»X: 07, V = Va,ng
and
[X:9X] = [X:vX + V]pX + V:»X]
= [X:»X][V:vX N V].
Let x be an element of X such that vx is contained in V. Then w.x

=WanneX is also in V. But, as X=X/V is regular and X,=0, x
itself must be in V. Therefore v XMV =»V, and it follows that

[X:2X] = [X:X][V: V]

Now, we can see from the proof of Lemma 3.3 that »5=0, &7V, im-
plies 1=0.12 Hence, by a similar argument as above, we obtain that
yVNW=pW and [V:vV]=[V:»V][W:»W]. On the other hand,
since X is a regular module and X,,=0, the endomorphism &—wy%
of X is one-one. Therefore, using w,=w,¥n 4, we also have

[X:9X] = [0, X: 0aX] = [X: Xol[X: X ]
Thus, we obtain
[X:vX] = [X: Xol[X: X [V o7 [ W2 wW].
We next compute [»X:»Y]. As is readily seen,
bX:»7] = [X: 7][X0 YO,
where X° is the submodule of all ¥ in X satisfying »x=0 and Y°
= YNX° By the above argument, we know that X° is contained in
W. However, as W is a finite module, yW=p!W=0 whenever
t=mn—mny is sufficiently large. Hence, there exists an integer z1 =%,
such that, if =, then yW=0, X°=1WW, Y°=YNW and, conse-
quently, pX:»V]=[X: Y][W: YNW]-.
Putting all these together, we then see that, for any #=mn;,
[X: van V] = $4[X: Tal[V: vani¥],

with an integer « independent of #. Here the factor [V: v,,,,V ] on the
right hand side is given by (6), and the other factor [X: X}] is a
power of p whose exponent is given by

c(n; X) = m(X)p~,

for X=X/V is an elementary compact I'-module of weight w(X)

12 The endomorphism 9—»¥ of V is the product of the endomorphism 7—p*) and
an automorphism of V.
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=m(X). It then follows immediately that, for any n=m, [E,: K, ]
=[X:v,.4,Y] is a power of p whose exponent is equal to

UX)n + m(X)p™ + o,

where #’ is an integer independent of #.
Changing the notation slightly, we can now state our result as
follows:

THEOREM 11. Let K be a finite algebraic number field and L a T'-
extension of K. For each n=0, let K, be the intermediate field of K and
L with degree p™ over K, and let pe~ be the highest power of p dividing
the class number of K,. Then, there exist an integer no 20 and an integer
¢ such that, for any n=mn,,

en = In 4+ mp™ + ¢,

where l=1(L/K) and m=m(L/K) are the invariants of L/K as defined
in 7.3.

The theorem shows, in particular, that the invariants /(L/K) and
m(L/K) are uniquely determined by e, (#=0), and, hence, also by
the extension L/K, without knowing the structure of the extension
M over L.

7.6. In some special cases, the result of Theorem 11 can be ob-
tained more simply in the following manner: suppose, namely, that
the field K has only one prime divisor » which is ramified for the ex-
tension L/K and suppose also that the inertia group of p for L/K
coincides with I'=G(L/K). Then, for each =0, the field K, also
has exactly one prime divisor p, which is ramified for L/K,, namely,
the unique extension of p on K,. Applying the same argument as in
7.4 for the case s=1, we then see that the Galois group G(L./K,)
=G,/ [Gn, G,] is the direct product of X/[G., G.] and the inertia
group of p, for the abelian extension L,/K,, and, consequently, that
the Galois group G(E./K,) of the maximal unramified abelian p-
extension E, over K, is isomorphic with X/X}. Therefore, the com-
pact I'-module X is strictly I'-finite and, for every # 20, the degree
pen=[E,: K,] is equal to the order of X/X}. We have thus:

en = c(n; X), n =0,

with the characteristic function ¢(z; X) of the strictly I'-finite com-
pact I'module X, and the result in Theorem 11 then follows im-
mediately from the dual of Theorem 4.

7.7. We finally give here some examples of I'-extensions of finite
algebraic number fields, illustrating the results obtained above.
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For each #=0, let C, denote the field obtained by adjoining all
p*th roots of unity to the field of rational numbers Q. If p2, Co1
is a cyclic extension of degree (p—1)p" over Q and we denote by
F, the cyclic subextension of C,41/Q with degree p™ over Q. On the
other hand, if p=2, we denote by F, the maximal real subfield of
Cny2; F, is again a cyclic extension of degree p* (=2") over Q. In both
cases, we have then a sequence of fields:

Q=F CFCF,C---,

and the union of all these F, (#=0) obviously gives us a I'-extension
E of Q. Suppose next that E’ be any I'-extension of Q and denote by
F.! the subfield of E’ such that [F,: Q]=p" By Lemma 7.1, the
conductor of the cyclic extension F,/ /Q is a power of p, and it follows
immediately that F,) =F, for every #=0. Therefore, E’ must coin-
cide with E and we know that E is the unique I'-extension of the
field of rational numbers Q. Now, it can be proved that, for every
n=0, the class number of F, is prime to p.1* Hence, we see from
Theorem 9 that the maximal unramified abelian p-extension of E
just coincides with E itself and, consequently, that

KE/Q) = m(E/Q) = 0.

More generally, for any finite algebraic number field K, the com-
posite of K and E in Q always defines a I'-extension L over K,
though this is not necessarily the unique I'-extension of K.

Consider, in particular, the case where p#2 and K is the cyclo-
tomic field of pth roots of unity. Then the subfield K, of L=KE
with degree p” over K is nothing but C,y1, and the assumptions
stated in 7.6 are satisfied for the I'-extension L/K. Therefore, by
Theorem 11 or by the remark in 7.6, we immediately obtain the
following

THEOREM 12. Let p#2 and let C, denote the cyclotomic field of prth
roots of unity (n=0). Furthermore, let K= Ci and let L be the union of
all C,, n=0. Then there exists an integer no=0 such that, for n=mn,, the
exponent e, of the highest power of p dividing the class number of Cpi1 is
given by

en = In 4+ mp™ + ¢,

where Il =I(L/K) and m=m(L/K) are the invariants of the I'-extension
L/K as defined in 7.3, and c¢ is a suitable integer independent of n.

18 Cf. K. Iwasawa, 4 note on class numbers of algebraic number fields, Abh. Math.
Sem. Univ. Hamburg vol. 20 (1956) pp. 257-258.
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Of course, a similar result can be obtained for p =2, if we only put
K =C_C; and denote by e, the highest power of 2 dividing the class
number of C,y.. However, for any regular prime p including p=2,
we know a more precise result that e, =0 for all #=0."* Thus, in such
a case, the maximal unramified abelian p-extension M of L coincides
with L itself and both invariants I(L/K) and m(L/K) are 0. On the
other hand, if p is irregular, it can be shown that at least one of
I(L/K) and m(L/K) is different from 0; in such a case, M is therefore
an infinite extension of L.

Further arithmetic properties of our invariants will be studied in
our forthcoming papers.

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

4 Cf, (12) above.



