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Let X be a real or complex Banach space with elements having 
norm | / | , let E(X) be the algebra of bounded linear transformations 
of X into itself and {T(t)} a one-parameter semi-group in E(X) of 
class (1, G ) : 

(i) T{t)e.E{X) for *G[0f oo), r ( 0 ) = I (identity). 
(ii) T(s+t) = T(s)T(t) for 5, *G[0, oo). 
(iii) lim^+o | (l/t)flT(r)fdT ~ / | = 0 for all ƒ £ X . 
(iv) /o | | r ( r ) | |dT< oo, where | | r | | denotes the norm of the operator 

T. 
The infinitesimal operator of a semi-group {T(t)} is the linear 

transformation A defined by 

T(f) - I 
Af=* lim — ƒ 

/ - •+0 / 

for a l l / , for which the limit exists (in the norm topology). I t is easy 
to verify that for all fÇ:D{Ap), where D{AV) is the domain of the 
iterated operator AP = A -Av~~l, 

- ^ T(t)f = T(f)APf = A*T(f)f, t â 0. 
dtp 

If f(E.D(Ap) we have the generalized Taylor's formula 

T(t)f - 2 -£- A*f = T - ^ T T f \t - T)>-iT(r)A»fdT. 
k~o k\ (p — 1)IJ o 

I t is our object to approximate T(t)f îorfE:D(Av~1) by the Taylor-
polynomial X^ïlJ (tk/k\)Akf, giving: 

THEOREM. Let { T(t) ) be a setni-group of class (1, Ci), foGD(Ap^1). 
(a) If 

I fil/ çzî ** \ 
liminf - r ( 0 - Z T : 4* I/o ~ So 

«—+o I /p \ fc»o *! / 

thenf0<ED(Ap) and Apf0 = go. If 

\ fil/ *=1[ tk \ I 
lim inf - ( T(t) - E TT 4* ) / 0 = 0, 

= 0, 
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th(mT(t)fo=T,l-oWkl)A*U 

(b) T(t)f0 - £ -£ ilVô = o(t*-i). 

(c) /ƒ X is reflexive and 

\p\( ci1 /* \ I 
liminf — ( 2 X 0 - E — il* J/o 

*^+o I ** \ A=o *! / I 

is finite, then f0Ç:D(Ap) and 

pi/ ÇL1 /* \ 
A*fo= l i m ^ ( r ( / ) - £ - ^ ) / o . 

In case p = l, resp. £ = 2 in part (b), the above theorem is essen
tially identical with a result contained in Hille and Phillips [3, 
p. 326], parts (a) for p = l and (b) for p = 2 being due to Hille [2, 
p. 323] and part (c) for p = l to Butzer [ l ] . We remark that de 
Leeuw [4] has considered the approximation by adjoint semi-groups 
so as to give results for part (c) (with p — V) in the case of non-
reflexive Banach spaces. 

SKETCH OF PROOF. Fundamental is the identity 

(*) 

where 

— I T(r)BtfdT = — ^ I p BT fdr 
S Jo S J o tp 

In the limit s-—>+0 we get 

Btf= P BP
T Afdr, 

J o tp 

which gives by induction on p that Bpf = Apf+o(l) for ftED(Ap) 
which is equivalent to (b). Under the hypothesis of (a) we obtain 
from (*) 

I T(s) - ƒ 1 r * I 
— A*-if0 T(r)g0dr 

I S S J o I 

g lira inf I— f T(r)(B?f0 - go)dr | = 0. 
*->+o I s J o 

giving the result (a). 
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Under the hypothesis of (c) there exists a sequence /„—»+0 such 
that Bfyfo is weakly convergent to an element go. Then also 
(l/s)jQT(T)BfvfodT converges weakly to go and the relation (*) can be 
used to show that 

T(s) - 7 1 rs 

A^fo = — I T(r)g0dr -> £0 = A*>f0. 
s J 0 

These results have various applications to the solutions of partial 
differential equations, e.g. the heat equation. The proofs of these 
and further results will appear elsewhere. 
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