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THEOREM. Let F(z, w) be analytic for small \ z\ and \ w\ and F(Q, 0) 
= 0. Then (Weierstrass Preparation Theorem) 

(1) F(z, w) = zk[wm + ai(z)wm-1 + • • • + am(z)]$(z, w) 

where $>(0, 0) 9^0 and ay(0) = 0 . Let the discriminant of the polynomial 
in w, in the bracket above, not vanish identically (so that there are no 
quadratic factors of F which are polynomials in w). Then there exists 
*Kr> œ) a polynomial in (f, co) of degree m in œ and analytic f unctions 
y(z, w) and Ô(JS, w) such that 7(0, 0) =dy/dz(0, 0)~dy/dw(0, 0 ) = 0 
and similarly for ô such that if 

(2) f = 2 + 7(2;, w), o) = w + ô(z, w) 

then 

(3) *(r,«) = F(*,«O. 

(Note that ^ is a polynomial in both variables.) An outline of the 
proof follows. 

By [ l ] it is known that F can be transformed by use of (2) to the 
form of (1) with $ = 1. Hence the case 

(4) F(z, w) = fo(z)wm+f1(z)wm-1 + • • • + fm(z) 

where fo = zk and zk+l\fj(z) j ^ l , can be considered. 
Because of the hypothesis on F it can be shown that the resultant 

of Fz~dF/dz and Fw does not vanish identically. Thus 

1 The preparation of this paper was supported by the Office of Naval Research. 

366 



A POLYNOMIAL CANONICAL FORM FOR ANALYTIC FUNCTIONS 367 
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for small \z\ > 0 . Let the lowest nonvanishing power of z in D(z) be 
z». Let Po(z)=zk and for j ^ l let Pj{z) be polynomials of degree 
2/x + 2 such that Pj—fj has least power of z of degree at least 2/x+3. 
Let the polynomial 

*(f, «) = f*"m + -PiG")»"^1 + • * ' + P»(f). 

Consider now the equation 

iK* + #0 + Wg! + • • • + Wm~2gm-2, W + ho + • 
(6) 

+ wWr-1Alw_i) 

+ fm(z). 

Clearly 

lK« + g, w + ft) = ^(g, w) + gt£*(z, w) + hpw(z, w) + R(z, w, g, A) 

where each term in the polynomial R is of degree at least two in 
(g, ft). Hence (8) can be written as 

(go + wg! + 

(7) 

+ Wm-2gm-2)fa(z, W) 

+ (*o + • • • + w^hm-Mwiz, w) 

= (ƒ! - P O ^ " 1 + • • ' + (fm - Pm) 

R(z, w, go + + gm-2W™~2, ho + • • • ) • 

Certainly the equation (7) will be satisfied if the coefficients of wJ' on 
the left are set equal to those of wi on the right except that —R is 
kept with fm — Pm so that the 2m — 1 equations obtained from (7) are 

(8) 
Pó 0)gm-2 + mP0(z)hm-i = 0, • • • 

Pm go + Pm-lho — fm — Pm ~" R> 

Because of (5) and the coincidence of the early terms of P, and ƒ,, 
the equations (8) can be inverted to give 

(9) gi = *~M X «»>(*) C/i - Pj) — Z^CiimR, 
i - i 

(10) ft, = ar* ^ fty(«)(/y - Pi) - 2T"0*JÎ, i = 0, 

,ni — 2 

, m — 1 
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where at;- and j8»-y are analytic in z. Next let gi = z^Ui and hi — s***1»». If 

R(z, w, z^uo + • • • + ^+%m_2wm-2, sM+1z>o + • • • + ^+1z;w-iww-1) 

then $ is a polynomial in all variables of degree at least two in 
(tit, Vj). Hence (9) and (10) become 

m 

Ui + zaim(z)R = X) «iy(2)2-2"-1(/i - Pi), i = 0, • • • , m - 2, 

<»> r 
Vi + zpimR = X) Pisiz)*-**-1^ - Pi), i = 0, . • . , m - 1. 

* - i 

Since {fi — Pi)z~2ll~l is analytic and vanishes at 2 = 0, and since 
Ui — Vi = 0 is a solution of (11) for 2 = w = 0, it follows from the implicit 
function theorem that for small \z\ and | w | , (11) has an analytic 
solution Ui(z, w), Vi(z, w). 

The question of whether it was possible to extend the result of [ l ] 
to the form of a polynomial ^ in both variables (rather than in just 
one as in [l]) was asked of me by Felix Browder. 
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