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1. Introduction. A. P. Calderón and A. Zygmund [ l ; 2] have 
studied a class of singular integrals, proving that such integrals gener
ate continuous linear transformations of Lv into Lp, 1 <p < <». One 
of the many applications of their results is the derivation of integral 
estimates for derivatives of solutions of the Poisson equation Au =ƒ, 
where A = d2/dxl+ ' • * +d2/dxl. Corresponding results have been 
obtained for a different class of singular integrals; an application of 
these results is the derivation of integral estimates for derivatives of 
solutions of the parabolic equation ut—Au=f. We shall briefly out
line the development of the singular integrals of Calderón and Zyg
mund as applied to the equation Au=f, and then give the parallel 
development for the singular integrals associated with the equation 
Ut—Au=f. 

2. The equation Au=f. In w-dimensional Euclidean space Rn let 
T(x) be the fundamental solution of Laplace's equation, 

1 1 
T(x) = - — log -r—r > n = 2, 

2ir 1*1 

(2 — ») COn 

where \x\ = ( # J + • • • +xl)1/2 and con is the area of the sphere \x\ = 1 . 
Let 

(1) *(*) = f r(* - y)f(y)dy 

where fÇzLp(Rn). Then [ l ] the second partial derivatives of u exist 
almost everywhere, and 

(2) uXiXi = —««ƒ(*) + I kiS(x - y)f(y)dy, 
n J Rn 

where 8»»=1, 8»; = 0, i^j, and 

1 . . / XiXj \ 

ki,{x) = TX.XJ = — J *-*!«<ƒ - tf-j—r- ) . 

In particular, Au = ƒ. The kernel k = ki, has the properties that 501 



502 B. F. JONES, JR. [July 

(3) k(ax) = oTnk(x), a > 0, 

(4) f k(x)d<r = 0. 

Now if &(#) is any function satisfying (3) and (4), together with a 
certain mild smoothness or boundedness condition [ l ; 2] , then the 
mapping 

(5) -> I *(* - y)/(y)<Jy s lim I A(* - ^)/(^)rfy 

is a continuous transformation of Lp into Z>, for 1 < £ < oo. In (2) 
the integral is also interpreted in the principal value sense of (5). The 
integral in (5) converges in Lp and pointwise almost everywhere. In 
particular, the derivatives ux.x. in (2) satisfy 

lk*y|U* £ Ap\\f\W. 

3. The equation ut-Au=f. For 0<t< <*>, x&Rn, let T(x, t) be the 
fundamental solution of the heat equation {ut— Aw = 0), 

/ I x\\ 
T(x, t) = (47r0~n/2 exp ( - - — L J . 

Let 

(1') u(x, t) = f f r ( * - y, J - *)/(y, *)<Zy<fc, 

w h e r e / G i > ( ^ n X ( 0 , oo)). The analogue of (2) is 

(2') 

Here 

uX{Xj = I I *y(* - y, t - *)/(y, $)iy(fc, 

= f(x, 0 + 1 I &'(# - y, / — *)/(y, *)rfy<fo. 
J o «J #w 

*«(*, 0 = r w = (4»)-'»r*'« ( - 7 8« + ^ ) exP ( - ^ - ) -

£'(*, 0 = T, - (éTr)-»/̂ -"/2-1^ « + — ) exp( - — J . 

In particular, Ut—Au=f. 
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Now let us consider kernels k(x, t) satisfying 

k(x, 0 = 0 , / < 0, 

(30 k(ax, aH) = oTn~2k(x, 0 , <x > 0, 

(4') f k(x, l)dx == 0, 
J Rn 

together with certain mild smoothness and boundedness conditions. 
For instance, it is sufficient to require that | k(x, 1)| + |&* (#, 1)| 
<gae-&l*l for s o m e ^ > 0 , &>0. All these properties are satisfied by the 
kernels £#(#, t) and k'(x, /). Note the analogy between conditions 
(3'), (40 and (3), (4), respectively. 

If k(x, t) is any such function, then we shall consider the mapping 

ƒ - > I I k(x - y, t - *)/(y, s)dyds 

(50 ^ 

s Hm I I £(# — ;y, / — 5)7(3;, s)dyds, 

the integral converging in Lp. The integrals in (20 are also interpreted 
in this sense. Moreover the mapping (50 defines a continuous trans
formation of Lp into Z>, 1 <p < 00. Thus, for example, the derivatives 
uXiXj and ut in (20 satisfy 

I I ^ I L P + H^IUP = Ap\\f\\LP. 

The precise statements and proofs of these and allied results will 
appear elsewhere. The proofs are similar to some of the arguments 
in [1]. 
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