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The application of the Perron-Wiener method of solving the
Dirichlet problem for a diffusion operator, using only subharmonic
functions in the domain of the operator, may fail since the domain
of the operator may be too small. This leads to the consideration of
extensions of the operator to enlarge the class of subharmonic func-
tions. If maximal classes of subharmonic functions are used in the
Perron-Wiener method, then it is possible to show that the Dirichlet
problem for certain regular sets is solvable for a continuous boundary
function if and only if the upper and lower Dirichlet solutions are
continuous functions., With one exception, proofs will be omitted
since details will appear in a forthcoming paper [1].

Let C(X) be the usual Banach space of real bounded continuous
functions on a separable locally compact metric space X. P will de-
note a class of “subharmonic” functions in C(W), where W is an open
subset of X with compact closure W and nonempty boundary W’,
with the following properties: (i) P contains the constant functions;
(ii) P—P is dense in C(W); (iii) P is a wedge in C(W); and (iv) if U
is a nonempty open subset of W with T C W and nonempty boundary
U’ and fEP, then f() Ssupy- f for all &€ T. A nonempty open set U
with TCW and nonempty boundary U’ is called a regular set if
U'= VpU where VU is the Choquet boundary of U relative to P
(see [3] for the definition and existence of the Choquet boundary).
It is assumed that the regular sets form a basis for the relative
topology of W.

A wedge RCC(W) is said to be compatible with P if RDP and
fER, U regular, n&€T implies f(n) <supy:f. The class of wedges
compatible with P can be partially ordered by set inclusion and con-
tains a maximal element Q by Zorn's lemma. Just as in [2], it can be
shown that for each & T, where U is regular, there is a unit measure
p with support S(u) C U’ such that f(n) < [fdu for all fEQ. M(n, U, Q)
will denote the set of all such u. The maximal wedge Q possesses
properties not possessed by P in general. Not only is it true that Q is
closed under the operation of taking the maximum of two elements
of Q, but it is also true that Q is closed under an operation of taking
the partial maximum of two elements of Q; i.e., if f, gEQ and there
are open sets U, V with UCVCW, f2gon U, f<gon V—U, then
the function which is equal to f on U and equal to g on W— U is an
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element of Q. In order to prove these statements, a class Q; of func-
tions which are locally subharmonic relative to the measures in
M(n, U, Q) is defined as follows. Q; consists of functions f&C(W)
with the property that for each n&E W and all sufficiently small regu-
lar neighborhoods U of 9, f(y) < [fdu for all uEM(n, U, Q). Q1 obvi-
ously contains Q; in fact, Q1= Q. To show that Q;=Q, it is only neces-
sary to show that Q; is compatible with P. The only real problem
here is that of showing that elements of @, satisfy the maximum
principle for regular sets knowing that they satisfy a local maximum
principle. Since the definition of a regular set is weaker than that
used in [1], a proof of this statement will be given. All of the results
of [1] are valid if this weaker definition is used.

LeEmMA 1. If fEQy, U regular, and nET, then f(n) Ssupy f.

PrOOF. Suppose there is an € U such that f(n) >supy f. It can
be assumed that f(n) =supg f. Let E= {o': e €T, f(e)=f(n) } CU.Eis
nonempty and compact. Consider VgFE, the Choquet boundary of E
relative to Q| E (where Q| E denotes restriction of elements of Q to E).
Let oo be a point of VgE. By definition of the Choquet boundary,
g(o0) < fgdp for all gEQ| E, S(u) CE=S(u) = {a0}. Since f is locally
subharmonic, there is a small regular neighborhood V,, of ¢ such
that V,,C U and f(o0) < [fdu for all u&E M(co, Vs, Q). Consider any
such u. Suppose S(u) CE. Since 00€ VoE, S(u) = {¢0} and a contra-
diction results since S(u) C V), Thus, Su) CE and f(oo) > [fdu, a
contradiction.

Using the maximality of Q, the following lemma is proved by con-
sidering the wedge spanned by Q and an element not in Q.

LEMMA 2. If fEC(W) but f&Q, then there is an nE W and arbitrarily
small regular meighborhoods V of 7 such that f(n) > [fdu for all
pEM@, V, Q).

If Uis any regular set and x € C(U’), the upper and lower Dirichlet
solutions are defined as UY(x)=inf{f|T:f| U'2x, f€E—Q} and
QU(x) =sup{ fl U: f] U'=x, fEQ}, respectively. The Dirichlet prob-
lem is discussed relative to regular sets only. It is possible to show
that the upper and lower solutions satisfy an averaging principle.

THEOREM 3. Let U and V be regular sets with VC U and let xS C(U’).
Then for n€V, LV (x)(n) = [ (x)(0)p(n, V, do) for some p(n, V, *)
EMm, V, Q).

The proof of the following theorem is based upon the fact that a
convex linear combination of @U(x) and WY(x), if continuous and
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x=f| U’ for some fEQ, cannot be an element of Q if (x) and UY(x)
are not equal.

THEOREM 4. If U is a regular set, x&C(U"), and V(x) and 1Y (x)
are continuous on U, then {U(x) =10V (x).

The essential problem in showing that the Perron-Wiener method
solves the Dirichlet problem for regular sets is that of showing that
the upper and lower solutions are continuous. If X is the set of real
numbers and the class of regular sets is such that each point of W is
both the supremum of a regular set and infimum of a regular set,
then it is possible to show that the upper and lower solutions are
always continuous. A unified treatment of the one-dimensional case,
without regard to regular or nonregular points for the operator, will
be discussed in another forthcoming paper.
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