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1. Following the investigations of Pontrj agin [6] and Iohvidov [3] 
on linear operators in a Hilbert space with an indefinite inner prod
uct, M. G. Kreïn [5] proved the following theorem. 

THEOREM (PONTRJAGIN-IOHVIDOV-KREIN). Let E be the Hilbert 
space of infinite complex sequences x={xi\ with convergent 2^11 |#*|2, 
with norm ||x|| = (]C£»i I x*l 2)1 /2- Let n be a positive integer and let 

Jn(x) = Ê | * < | » - E |*,|* 

for x— {xi} G-E. If a linear transformation $ : E-+E is continuous in 
the norm topology, and if 

( 1 ) Jn(x)*zO implies Jn(<£(x))^Jn(x), 
then there exists an n-dimensional linear subspace F of E such that: 
(i) <j)(F)(ZF't (ii) Jn(x) ^Ofor xÇzF\ (iii) every eigenvalue of the restric
tion of <fi on F is of absolute value ^ 1. 

This theorem is stronger than a result which Iohvidov [3] derived 
from the fundamental theorem of [6]. Iohvidov's theorem is so re
lated to Pontrjagin's fundamental theorem that either one can be 
obtained from the other by a transform analogous to the Cayley 
transform (see [4]). Pontrjagin's proof of his theorem uses delicate 
and rather complicated arguments. Kreïn's proof of the theorem 
stated above is much simpler and consists of an ingenious application 
of the fixed point principle. 

In the present note we shall prove two results similar to the 
Pontrjagin-Iohvidov-Kreïn theorem but of much more general na
ture, on existence of invariant subspaces of certain linear operators. 
I t will be seen that the Pontrjagin-Iohvidov-Kreïn theorem can be 
derived from our Theorem 2. All topological vector spaces considered 
here are implicitly assumed to be real or complex topological vector 
spaces satisfying the Hausdorff separation axiom. 

2. We shall need the following lemma which was proved in [2]. 

LEMMA. Let Xbea nonempty compact convex set in a topological vector 
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space. Let A be a closed subset of XXX with the following two properties: 
(2) (x, x)QA for every xQX. 
(3) For each xQX, the set {yQX: (x, y) Q.A } is convex (or empty). 

Then there exists a point xiQX such that (xi, y)QA for all yQX. 

THEOREM 1. Let £ = £1X^2 be the product of two locally convex 
topological vector spaces £ i , £2, of which £1 is of finite dimension n. 
Let S be a set in E with the two properties: 

(4) For each uÇ£Ei, the set S(u) = {i>££2: (u, v) QS) is compact and 
convex. 

(5) There exists an n-dimensional linear subspace L of E such that 
LCS and wi(L) = £1, where wi denotes the projection from E = EiXE2 

onto £1. 
Let <j> : E—^E be a continuous linear transformation satisfying the 

following condition : 
(6) For every n-dimensional linear subspace L of E such that LQS 

and 7TI(JL) = £ 1 , there is an n-dimensional linear subspace M of E such 
that MQS, TI(M) =£x and <j>(L)QM. 

Then there exists an n-dimensional linear subspace F of E such that 
FCS, 7ri(F)=E1and<l>(F)CF. 

PROOF. Let <£(£i, £ ) be the vector space of all linear transforma
tions from £1 into £ . Let 3 be the topology of simple convergence for 
£(£1, £ ) (see [ l , Chap. I l l , p. 18]). Because £1 is finite dimensional, 
3 is also the topology of bounded convergence. The locally convex 
topological vector space obtained by topologizing £(£1, £ ) with 3 
will be denoted by £>^(EU £ ) . 

Denote by 7T2 the projection from £ = £ i X £ 2 onto £2. Let JC be the 
set of all those ££«£(£1, £ ) such that TTI O £ is the identity mapping on 
£1 and £(£i)CS- In other words, 3C is the set of all £ £ £ ( £ 1 , £ ) such 
that (TTI O Ç)(U) =U and (7r2 o %)(U)QS(U) for every uQE\. Since S(u) 
is convex, 3C is a convex set in £(£1, £ ) . For each ££3C, the image 
L = £(£i) is an w-dimensional linear subspace of £ such that LQS 
and 7Ti(£)=£!. Conversely, if L is an w-dimensional linear subspace 
of £ such that LQS and T T I ( L ) = £ I , then each uQE\ determines a 
unique point £(&)£L such that 7Ti(£(w))=w; the so-defined £ is in 
3C and £(£1) = £ . Hence {£(£1) : ££3C} is the set of all w-dimensional 
linear subspaces Loi E such that LQS and iri(L) = £ 1 . In particular, 
(5) asserts that 3C is nonempty. 

Let {eu e2, • • • , en\ be a basis of E%. Let F be a balanced (i.e., 
"équilibré" in [l]) convex neighborhood of 0 in £2. Since each S(e») is 
compact, there is an e > 0 such that e-S(ei)QV for lSi=*n. If 
# = ] T X i X ^ » and ]C?-i IM =€> * n e n f ° r every ££3C we have 
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Or ,oö ( f0= I ^ i X ^ o ö C ^ G l ^ i X ^ C ^ C K T h u s {7r2of:fG3e} 
is an equicontinuous set of linear transformations from E\ into E2. 
Since Ti O f is the identity mapping on E\ for every f G3C, it follows 
that 3C is an equicontinuous set in <£(i£i, £ ) . For each wG-Ei, the set 
{f(^):fG3C} is contained in {u\ XS(u) and therefore is relatively 
compact in E. Consequently the equicontinuous set 3C is relatively 
compact in «C3CE1, £ ) . I t is easy to verify that 3C is closed in JB3CE1, £ ) . 
Hence 3C is a nonempty compact convex set in <£g(£i, £ ) . 

Consider an arbitrary fG3C and let Z, = f(Ei). By (6), there is an 
w-dimensional linear subspace M of E such that MQS, ir\(M)—Ei 
and <j>(L)CM. Let rçG3C be such that rj(Ei) = M. For each wG-Ei we 
have (0 o f) (w) G<£(£) C*?0Ei), so there is a W1G.E1 such that (<j> o f) (u) 
= r)(ui). Since (7Ti O t]){u\) = #1, we have 

(?7 o 7Ti o 0 o £) (w) — 0? o TTI o 17) («1) 

= v(«i) = (0o{)(«). 

Hence r)0 7TiO<£of = <£of. Thus for every fG3C, there exists an 
i)£3C with 0 o f = 17 o 7Ti o<£ of. 

We claim that there exists a fG3C such that 

(7) 0 O I = I O 7Tl O 0 O | . 

Let {/>,},ei be the set of all continuous seminorms on «CgCEi, E) (see 
[l , Chap. II , pp. 93-97]). For each j>€7, let (B, denote the set of all 
f G3C satisfying £„(<£ o f— f o xi o 0 o f) = 0 . Then the existence of a 
|G3C satisfying (7) is equivalent to C\vei (8>vy*0. The function 
f—*£ o f —fo7TiO0of from £g(-Ei, E) into itself is easily seen to be 
continuous, so each (B„ is a closed subset of 5C. By compactness of 3C, 
in order to show flvei (8,7*0, it suffices to prove that fli»i CB^.^0 
for every finite subset {v\, *% • • • , VH } of J. Given {vi, vi, • • • , Vh} 
C I , let a denote the set of all (f, r/)G3CX3C satisfying 

Z) £*/(* o f — £ o 7 r i O 0 o £ ) g ] T ) ^ ( 0 o f - i 7 O 7 r i O 0 o f ) . 

One verifies easily that (f, 17)—x£ of—rj o ir\ o<t> o f is a continuous 
function from £Q(E%, E)X£$(EU E) into «CgCEi, £ ) ; so Ct is a closed 
subset of 3CX3C. Clearly (f, f )G& for every fG3C. Since the semi-
norms are convex functions, for every f G 3C the set {77 G 3C : (f, rj) $ Ct} 
is convex (or empty). By our Lemma there exists a fiG3C such that 
(fi, rç)GCt for all rçG3C. As we have seen above, there exists 771G 3C 
satisfying 0 o fi = ^i o 7Ti o 0 o fi. This equation and (fi, 771) G öt imply 
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t h a t £ , y ( 0 o £ i - £ i O T i O 0 o £ i ) = O for lSjèk, i.e., JiGfly-i <B„y?*0. 
This proves the existence of a |G#C satisfying (7). 

Finally, let F=l(Ei). Then dim 77=», FQS and T T I ( F ) = £ I . By (7) 
we have <t>(F) = (0 o |)(Ei) = ( | o TTI O 0 O | ) ( £ I ) C | ( J S I ) = F, which 
concludes the proof. 

3. In the next theorem, we are interested in linear subspaces F 
which are not only invariant under 0 but satisfy <p(F) = F. 

THEOREM 2. Let E — EiXEzbe the product of two locally convex topo
logical vector spaces Ei, E2, of which Eîis of finite dimension n. Let S 
be a set in E with the properties (4), (5). Let <f>: E—±E be a continuous 
linear transformation satisfying the following condition : 

(8) For every n-dimensional linear subspace L of E such that LC.S 
and 7Ti(L) = E i , we have dim cf>(L) —n and </>(L)C.S. 

Then there exists an n-dimensional linear subspace F o f E such that 
FCS, TI(F) = £ i and <j>(F) = F. 

PROOF. Let L be an w-dimensional linear subspace of E such that 
LC.S and TTI(L)=EI. Suppose XÇLL and (xi o </>)(x) = 0. Then for 
every scalar a we have <j>(ax) £(/>(!) C 5 and (7^0 <j))(ax) 
G«S,((7TiO0)(cex)) = 5(O). As 5(0) is compact and contains a • (x2 o <fi) (x) 
for every scalar a, we must have fa o <j>) (x) = 0 and therefore </>(#) = 0. 
This shows that LnKer(wi o<j>) =LC\Ker </>. By (8), dim <j>(L)=n1 

so L H K e r <f> = {0}. Hence LHKer(xi o 0) = {0}, which means 
dim(xi o 0 ) ( L ) = d i m L, i.e., (TTI O $)(L) = Ex. Thus, for every linear 
subspace Lol E such that dim L = n, LQS and ir\(L) = E I , <£(£) again 
has these properties. Therefore condition (6) of Theorem 1 is satisfied. 
By Theorem 1, there exists an ^-dimensional linear subspace F of E 
such that FC.S, wx(F) =EX and 4>(F)CF. But dim <l>(F)=n, so ^(J7) 
= F. 

COROLLARY 1. Let E^=ExXE2 and S be the same as in Theorem 2. Let 
<j)\ E-+E be a continuous linear transformation. If 4>(S)(ZS and no one-
dimensional linear subspace is contained in 5P\Ker $, then there exists 
an n-dimensional linear subspace F of E such that FC.S, TT\(F) = £ 1 and 
4>(F) = F. 

COROLLARY 2. Let a Banach space E — EiXEz be the product of two 
Banach spaces, of which Ex is of finite dimension n and E% is reflexive. 
For x=(uj v)E:EiXE2l let 

(9) q(x) HWIi-IMk 
where \\-\\i and ||-||2 denote the norms in Ei and E2 respectively. If 
<i>: E—>E is a continuous linear transformation such that 
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(10) XT^O and q(x) ^ 0 imply <j>(x)y^0 and q((j>(x)) ^ 0 , 
then there exists an n-dimensional linear subspace F of E such that 
<t>(F) = F and q(x) ^Ofor all xÇzF. If 4> satisfies the stronger condition: 

(11) x?£Q and g (x)=0 imply q(<f>(x))>q(x), 
then every eigenvalue of the restriction of '<j> on F is of absolute value > 1. 

PROOF. In the weak topology of E, <f> remains to be continuous. Let 
S = {xÇzE: q{x) è 0 } . Since £ 2 is reflexive, for every uÇzEi, S(u) 

v\\2^\\u\\i} is convex and weakly compact. Condition (10) 
asserts that 0(S) C S and SP\Ker <t> = {0}. By Corollary 1 there exists 
an w-dimensional linear subspace F of E such that <t>{F) = F and q{x) 
è 0 for all xÇzF. If, in addition, <f> satisfies the stronger condition (11), 
and if O^x^F and <j>(x)—\x, then we have |X|g(#) =q(\x) = q(<t>(x)) 
>q(x)^0, whence | \ | > l . 

I t is clear that Corollary 2 is valid for many functions q other than 
that defined by (9). For instance, we could have used <z(#)=|Mlî 
~IMIa« With this q in the case of a Hubert spaceE, Corollary 2 be
comes the Pontrjagin-Iohvidov-Kreïn theorem except that hypothesis 
(1) is replaced by the stronger condition: 

(12) X5*0 and Jn(x)^0 imply /„(0(a)) > /» (* ) . 
In Kreïn's proof, the theorem was first established under this stronger 
hypothesis (12), the general case was easily accomplished by approxi
mating <j> by linear transformations satisfying (12). 
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