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In a recent paper, Pukanszky [6] has classified all the irreducible
unitary representations of the universal covering group G of Gi
=SL(2, R). We construct analytic continuations of the “principal
series” of representations of G into certain domains in the complex
plane. The representations obtained by continuation are uniformly
bounded and, in special cases, they are equivalent to those con-
structed for Gi by Kunze and Stein in [4]. In the course of the investi-
gation, several interesting connections with special functions occur.
Full details and proofs will be published elsewhere.

1. The principal series and complementary series. For the purposes
of analytic continuation, we need realizations of the irreducible uni-
tary representations of G which are somewhat different than those
constructed in [6]. The group G may be parametrized as follows.
G={(y, w)|YEC, |v] <1; «ER} (see [1, p. 594]). The principal
series of irreducible unitary representations of G may be realized in
Ly(T), T the unit circle in C. This was originally suggested by Barg-
mann [1, p. 616]. The representations are indexed by two parameters
kand s, hER, —1<h=1, s€iR (pure imaginary). We exclude the
pair =1, s=0, which gives a reducible representation. For f& L,(T),
g=(v, w) EG, the representation operators are given by
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where ei-g=e¢?%[(e?+v)/(e?y+1)] is the natural action of G on
T. We remark that, for any pair (%, s)& C?, the operator defined
by (1) is a bounded operator on Ly(7T) and the map g—Ui(g, s) is a
continuous representation of G on Ly(7"). The principal series of ir-
reducible unitary representations of G is obtained from (1) by setting
k=0 and k=1.

For any fixed %, —i<h=%, and s&7R, the representations
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g—Ui(g, s) and g—U,(g, —s) are unitarily equivalent [6, p. 104].
We construct explicitly the family of intertwining operators and show
that the intertwining property actually holds in a half-plane. These
considerations lead naturally to the representation spaces for the
complementary series of representations of G. (The existence of this
series was not indicated in [1].)

If fELy(T) and f(e®)~ D 1 _, fae'®, the Fourier series of f, we set

@) [4a()r1@®) ~ 22 Aoals, B)fue™™,

Nn=—o0

where N, (s, 8) =T G +b+s)T'(n+i+hb—s) /TG +h—s)T(n+3i+k+s).

THEOREM 1. (a). For —3<h=4%, s pure imaginary, the operator
Ax(s) defined by (2) is a unitary operator on Ly(T).

(b) For any fixed h, —1 <h=3%, and s€C, Re(s) 20, the operator
defined by (2) is a bounded operator on Ly(T) and s—Ax(s) is an analyt-
ic operator-valued function on Re(s)>0.

(c) For any fixed h, —3 <h=%, and s&C, Re(s) =0,

Aw()Un(g, 5) = Un(g, —s) An(s)-

(d) For —1<h<}, sER, 0<s<i—|k|, 4i(s) is a strictly positive
operator on Ly(T).

The simplest method for proving the intertwining property (c) is
to map the problem to another space. For —1<h=<%, s€iR, the
operator

[Ea(s)f](x) = 2sa=12(1 — dx/1 + @) | 1 — dx|~2f(x — i/ —x — 1)

is a unitary map from L(7T) to L:(R). Letting § denote the Fourier
transform on R, we then consider the operator on Ly(R) defined by

A;(S) = fFEh(—S)Ah(S)E}.(S)_lg_I.
LeMMA 1. For fE Ly(R),
[45)f1@) = [PG — hsgnt+ 5)/T(G — hsgnt — 5)] | 1]25).

The intertwining operators for Gy (the case =0, 1) were deter-
mined in this form by Kunze and Stein [4] (also see [3, p. 62]).
If we set

©) (8, 5) = FEL(s)Un(g, ) En(s)7'57,

then part (c) of Theorem 1 is equivalent to A5 (s) U;(g, s)
= U, (g, —s)4, (2s). For certain generators of G, the operators defined
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by (3) are easily computed and the intertwining property may be
verified immediately.
For —3<h<},sER, 0<s<}— Ihl, and f, g&Ly(T), we set

4 (/; 8)s = (41(5)f, 8)-

By Theorem 1(d), (4) defines a positive definite hermitian form on
Ly(T). We complete Ly(T) to a Hilbert space H,,; with respect to
( N )a.

THEOREM 2. Suppose —3<h<}, sER, 0<s<i—|h|. Let Un(g, s)
be the bounded operator on Ly(T) defined by (1). Then

(a) Ui(g, s) is a unitary operator on Ly(T) considered as a subspace
of H, 1 and can be extended to a unitary operator, also denoted Uy(g, s),
on H.,;..

(b) The map g—Ui(g, s) defines a continuous irreducible unitary
representation of G on H, .

We note that part (a) is an immediate consequence of Theorem 1(c)
and the fact that Ui(g, s)*= U;(g~', —35). This series of representa-
tions is called the complementary series of G.

I1. Analytic continuation of the principal series. For any fixed 4,
—1<h =%, let D, be the region defined as follows

Dp={s=c+ir| —3<o<i7#0o0r
-3+ |r| <o<i-— k|, =0}

THEOREM 3. There exist representations g—Ry(g, s) of G on Ly(T)
with the following properties

(a) For each fixed h, —2<h=%, and sCDi, g—Ri(g, s) is a con-
tinuous, uniformly bounded representation of G on Ly(T).

(b) The map s—Ru(g, s) is an analytic, operator-valued function on
each On, —3<h=1.

(c) The representations g—Ry(g, s), —3 <h =%, S€iR, are unitarily
equivalent to the corresponding representations of the principal series.

(d) The representations g—Ryu(g, 0), —3<h<}, 0<o<3i— [ hl , are
unitarily equivalent to the corresponding representations of the comple-
mentary series.

The basic idea in obtaining the operators R(g, s) is to “normalize”
the principal series as in [4] and [5]. We thus construct operators

Rh(g7 S) = Wh(s) Uh(ga S)Wh(s)—l) _% <h= %7

s pure imaginary, where Wi(s) is a unitary operator on L.(7). The
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operators Rs(g, s) have the properties that Rx(g, s) =Rx(g, —s) and
that R,(g, s) =Ru(g, 0) when g is restricted to certain subgroups of G.
The first of these properties facilitates the proving of (c) and (d) in
Theorem 3. The second property reduces the problem of analytic
continuation to the continuation of one operator, Ri(p, s)
p=(0, —7w/2)EG.

The normalizing operator W (s) is essentially a product of the form
(convolution) (multiplication) (convolution). If we move to L.(R),
the operator W, (s) = FE4(0) Wi(s) Ex(s)~'F~1, which is unitarily equiv-
alent to Wi(s), has the form

[Wi)f1@ = [TG — hsgnt + $)/TG — hsgnt — ]2 ¢[-(),
where f& L,(R), that is, W, (s) is the “square root” of 4, (s). We then
consider the operator

R(p, 5) = Wi()U(p, s)Wi(s)™! = FEw(O)Ru(p, s)Ex(0)~'F1.

It is clear that a continuation of R, (p, s) in the parameter s affords a
continuation of R(p, s).
If f is a compactly supported C* function on R, we have

[Ri(p, 9)71(2)
— [er/sin(25m)] {[cos(k 9] [ H00 e o2 w]))
0

(5)  — [cos(h — s)x] fO” - ST 20 o 62(| ut | )112) du}
+ (2e /) [cos(h + s)x]2[cos(h — s)m]1/%(sgn £)

0

T K )y i,
—o0 8gn ¢

where J, and K, are the classical Bessel functions. For £=0, %, the

operators defined by (5) are similar to those obtained in [3, p. 60] for

SL(2, K), K a locally compact, totally disconnected, nondiscrete
field.

Proceeding one step further, we compute me; (p, s), where 9 de-
notes the (two-sided) Mellin transform on R. For simplicity, we take
fEC=(0, »). Using formulas in [2, p. 49, 51], we get
[mR;(p, 5)f](@) = (1 — a)(e/x){[cos(a + h)n]

+ [cos(h + s)x]'2[cos(h — s)x] 2} T(a — $)T(a + ),

where (1 —a) = [ f(u)u=du, a=3%+1iB, BER. With the form (6) the

(6)
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analytic continuation into the prescribed domain is a simple matter.

There is another series of representations of G indexed by a real
parameter %, |h| >0, (corresponding to the discrete series of Gi).
These representations may be realized in reproducing kernel spaces
of holomorphic (or conjugate holomorphic) functions on the unit
disk in C. These representations can be normalized so that they have
properties similar to the operators Ri(g, s). In this form they can be
continued into the entire complex plane minus the imaginary axis.
The representations obtained by continuation are not uniformly
bounded in this case.
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