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Professor Marston Morse has asked the question as to what can be 
said concerning the set of centers of curvature of a plane C" curve; 
specifically how dense can this set be? The corresponding question for 
a C" curve is easily disposed of, since roughly two derivatives are 
used for the curvature leaving one derivative to work with. The diffi
culty in the C" case may then be compared with the far greater 
pathology that a continuous curve can exhibit in contrast to a C' 
curve. However, as a corollary to our Theorem below, which is pre
sented in the Euclidean plane where the essence of the proof can be 
observed, it follows that the centers of curvature are nowhere dense 
in the C" case, provided the parameter domain is compact. The key 
ideas are two in number; firstly the use of Jordan content, and sec
ondly the intimate use of the geometry of the situation, i.e. the con
cept of curvature and circle of curvature. 

THEOREM. The centers of curvature of a regular C" curve {with com-
pact parameter domain) that lie in a bounded portion of the plane, form a 
set of zero two-dimensional Jordan content. 

OUTLINE OF PROOF. Without loss of generality, we may take the 
arc length 5 as the new parameter and assume the length of the 
curve is unity. If for convenience we take the initial point at the 
origin, we may represent the curve parametrically as: 

P(s)=f(s) + i-g(s), O ^ ^ l , 

with P ( 0 ) = 0 , fGC", g G C " , ( / 'C0 ) 2 +(g '00 ) 2 =l for O^s^l. 
Let 
5(0, r) = {x+iy: \x+iy\ <r}, 

a(s) = arg P'(s), chosen as a continuous function of s, 
K(s) =a'(s) = curvature a t s, 
R(s) = I K(s) I - \ with 0"1 undefined, 
C(s) = center of curvature corresponding to P(s). 

Since K(s) is continuous o n O ^ ^ ^ l , choose N> 1 so that | K(s) \ <N 
for Ogs^g 1. Fix M and e as arbitrary numbers subject to the condi
tions M>2 and (2N)-l>e>0. Define, for O ^ s g l , 

RM(S) = mm(R(s), 3M) with RM(s) = 3M if K(s) = 0. 

Choose ô so that 0 < ô < 1 and 
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( 0 ^ 5 1 ^ 1 , 0 ^ 2 ^ 1 , | * i - s2\ < Ô) => ( I RM(s{) - RM(s2)\ < e ) . 

Let O g s ^ l . If C(s)£S(0, ( l + e ) M ) , choose Ô8>0 so that 

(0 ^ s' S 1, | *' - * | < 88) =» (C(s') $ 5(0, M)). 

If C(s)GS(0, (l + e)M), choose 88>0 so that : 
(i) 58<5, 
(ii) ( 0 ^ 5 ' g l , | / - s | <5 s )=»( |a(50~a(5)-a , (5)(5 , ~5) | < € | / - s | ) , 
(Ui) ( O g s ' ^ 1 , | s ' - * | < ^ ( | P . ( ^ - P ( * ' ) | < € | * ' - s | ) , 

where 

P8(S') = P(s) -{- ( O J
/ (^) ) - 1 - (e* ( a ( s ) + 7 r / 2 ) — 0*'(«(«>+W2+a'<«>(«'-«)). 

By the Heine-Borel theorem, choose a finite, minimal covering of 
[0, l ] by intervals of the form (s — 8s, s+ô8); minimal in the sense 
that no refinement is a covering. Henceforth, 5 will refer to the center 
of one of the intervals of the minimal covering. Then X X = 3- We 
next define, f or those (and only those) 5 such that C(s)£,S(0, (l + e)Af), 
a rectangle Qa as follows: 

With (a+ib)*(c+id) defined as ac+bd, then 

(\(x + iy - C(s))*eia^ | < €0,(1 + 2M + N + e), and 
ty Qs<=> | | ^ + ^ __ C(,))#^(«(.)+,/2) | < €((2M + 1)5< + ! ) , 

Now if O ^ s ' ^ 1 and | s ' - s | <88f then C(s')£(?«. The idea used to 
prove that C(s')Ç:Qa proceeds in the following stages: First approx
imate P(s') by Ps(s'). From P8(s') proceed a distance («'(s'))"""1 in the 
direction a(s')+w/2, arriving at a point which we label D(s'). Label 
by E(s') the point obtained by proceeding from P8(s') a distance 
(a'(s))~l in the direction a(s')+ir/2. Note that if one proceeded a 
distance (a ' (s))-1 in the direction a(s) +a'(s)(s' — s) +T/2, one would 
arrive at C(s). Hence | C(s)-E(s')\ ^\a'(s)\-1eôt. Since 

i?(s) :g | P(s) | + (1 + e)M ^ 1 + (1 + e)M ^ (f + e)M < 2M, 

it follows that 

| C(s) - E(s') | < 2Meô„ 

Since |i?(s') - i ? 0 0 | <e and 

| « ( O - a(s) | < ( | <J(s) l+ulS-sl g(N + €>«., 

it follows that 

| ( £ ( / ) - £>(5,))»«ia(*) | ^ e sin(JV + e)5, < e(N + «)8.. 

Since | C<>')-£(* ') | = | P ( s ' ) - P a ( s ' ) | <^„ it follows that 
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|(C(/)-C(*)).e«"<»>| 

^ | C(s') - D(s') | + | (D(s') - E(s'))*e'"^ \ + \ E(s') - C(s) | 

< «5,(1 + 2M + N + e). 

Also 

| (C(/) -C(s))«ei<«<«>+-/2)| 

g | C(s') - D(s') | + | D(s') - E(s') | + | E(s') - C(s) \ 

g e((2M + 1)3. + 1). 

Now the area of Q, is 4e25s(l + 2Af + JV + e) ((2Af + 1)5, + 1) 
^8e2ô,(2+2M+iV)(M+l). Since I > , g 3 , then 

23 area Q, ̂  24«2(2 + 2M + N)(M + 1), 

which approaches zero as e approaches zero. Since the rectangles Q, 
form a finite covering of 

{C(5):0 g j ^ l ) n S ( 0 , M), 

the latter set must have zero Jordan content. 

COROLLARY. The centers of curvature of a C" regular curve (with com
pact parameter domain) are nowhere dense in the plane. 
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