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The purpose of this note is to prove the solvability of a nonlinear 
elliptic equation with general boundary conditions. Nonlinear varia
tional elliptic boundary-value problems have been considered by 
Browder in [4], [5] and by Visik. 

In §1, we give the notations. In §2, we prove the solvability of the 
nonlinear elliptic equation with linear boundary conditions and in 
§3, we consider the case when we have a nonlinear boundary condi
tion. 

The writer is indebted to Professor Felix Browder for his criticisms 
and suggestions. 

1. Let G be a bounded, open subset of En with a C00 imbedding 
mapping of its boundary T into En. Let A be a linear elliptic differ
ential operator of order 2m with coefficients defined on G; and a(x, £) 
its characteristic form. Let Bu • • • , Bm be m linear differential opera
tors of orders rj with coefficients defined on T and let &,•(#, £) be their 
characteristic forms. 

We set: 

Dj = i~ld/dXj\ j = 1, • • • , n, 

The elliptic boundary-problem {A) B$\ j = l, • • - , m\ on G is 
assumed to be uniformly regular in the sense of Browder [3]. 

We now state our main assumption on {A ; Bj} : 
ASSUMPTION 1. Let {A; J3y; j = 1, • • • , m\ he a uniformly regularly 

elliptic boundary problem on G. We assume that: 
(i) a(xf Ç)/\a(x, £)| iA — 1 for x in G, £ in Rn. 
(ii) if Crj(x, T, t) =fc\r-1bj(xy \NX + T) [a(x, \NX+ T) +t]~1dk where 

C is a closed, Jordan rectifiable curve in the X upper half plane con
taining all the m roots of a(x, \Nx+T)-\-t and Nx is the unit outer 
normal to T at x; T is any tangent vector to V at x; then there exists a 
positive constant c independent of x, t such that: 

| T>et(crj(x, T, t))\ ^ c for t ^ h > 0 
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and f or all unit tangent vectors T to T at x. (Cf. Agmon [ l ] , Visik-
Agranovich [7].) 

We define for 1 <p < oo : 

W2m'»(G) = {u: u in D>(G), Z>«« in Z>(G) for | a | g 2m}. 

I t is a separable, reflexive Banach space with the norm : 

Ma|$2m / 

For k^O, we define Wk'2(T) as the completion of C°°(T) with re
spect to the norm : 

U«lkV) = | ZIMX*-*)} «in c°°(r) 

where {^-} is a finite partition of unity corresponding to a covering 
of G; and ||^w||ir*'8(tf»-i) is taken in local coordinates, in the usual 
fashion. One can show that the norm does not depend on the fc. 

2. The main result of this section is the following theorem: 

THEOREM 2.1. Let {A; BJ; j — \, • • • , m) be a uniformly regularly 
elliptic boundary problem on G and satisfying Assumption 1. The linear 
differential operators A, Bj are of orders 2m, r}- respectively with r3<2m 
and with coefficients of class C2m on G^JT. Let f(x, fi, • • • , fom-i) be 
a function, measurable in x on G and continuous in (fi, • • • , fom-i). 
Suppose that: 

| ƒ(*,«, - • • , Z>2—*u) | S M il + E \Dau\\ 
\ | a | ^ 2 m - l / 

where M is a constant. Then the nonlinear elliptic boundary problem: 

(A + tl)u = f(x, u, • • • , D2m~lu) on G\ 

BjU = gj(x) onT, j = 1, • • • , m 

has a nontrivial solution u in W2m'2(G) for t^to > 0 if (fix, 0, • • • , 
0), gu - • ' , gm) is a nonzero vector of L2(G) X IIjLi PF2™-^-1/2*2^). 

PROOF. If v is in W2m>2(G), then f(x, \v, • • • , \D2m~lv) where 
0 ^X ^ 1, belongs to L2(G). From Visik-Agranovich's result (Theorem 
5.1) [7], there exists a unique solution u in W2m>2(G) of the linear 
boundary problem : 

(A+tI)u=f(x,\v, • • • ,\D2m~1v)onG)Bju = gjOnT,j = l, • • • , m. 
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Set T(k)v = u. 7\X) is a nonlinear mapping of W2m>2{G) into itself 
and is denned on all of W2m>2(G). 

PROPOSITION 2.1. T(\)v is completely continuous in [X, v] from 
W2™>2(G) X [0, 1] to W2m>2(G). 

PROOF. Suppose that vn—>v in W2nt"2(G), X„—->X. Let un = T(\n)vn and 
u = T(K)v. Then we have the following estimate: 

11 «» - «H»..» ^ C\\f(x, XnVn, • • • , XnZ>2m-^n) - ƒ ( * , X», • - • XZ)2*1-1*)!! 0,2 

C is a constant independent of ƒ, X, Xn. (Theorem 4.1 of [7]) 
\nD

avn converges in measure to \Dav, for | a | ^2m. An argument as 
given by Browder in [5, Lemma 3.1] shows that : ƒ(#, \nvni • • • , 
\nD

2m~lvn) converges in measure to f(x, \v, • • • , \D2m~~lv). Then as 
in Lemma 3.2 of [5], the mapping: F(\)w=f(x, \w, • • • , \D2m-1w) 
of I I ? - ! 1 ^2(G) X [0, 1] into L2(G) is continuous so that ^n->w in 
W2m'2(G). To show that T(X) is completely continuous it suffices to 
prove tha t T(X) is compact. Let ||»w||2w,2^JWi then from the Sobolev 
Imbedding Theorem, there exists a subsequence {vn} which con
verges to v in W2m~~lt2(G). From (i), un—>u in W2m>2(G),soth3it {un} 
is a compact set of W2m,2(G). 

PROPOSITION 2.2. The operator I—T(0) is a homeomorphism of 
W2m'2(G). If u is a solution of u = TÇk)u> then ||w||2m,2 û M where M is a 
constant independent of X. 

PROOF. Let u0 be the unique solution of : (A +tI)uo =ƒ(#, 0, • • • , 0) 
on G and BjU0 = gj on I \ j = l, • • • , m. Then T(0)v = u0 for all v in 
W2m'2(G). I t is now obvious that 7— T(0) is a homeomorphism of 
]^2™'2(G). 

From Visik-Agranovich's result (Theorem 4.1 of [7]), we have the 
following a priori estimate for u0: 

\\uo\\w-*&) + tll2n\\m\\W^-lMG) g C{\\f(x, 0, • • . , 0)11 L»(ö) 

m 
+ Z| |dk2 m- r /-1 / 2 '2(r) + /l~(r?+l/2)/2m||gy||^2(r)^ 

Let w be the solution of : 

(A + tl)w = ƒ(*, X«, • • • , \D2m-lu) - /(a?, 0, • • • , 0) on G; 

5,-w = 0 on T; j = 1, • • • , m. 

Then: 

N U * + ^1/2W|IHU—1,2 ^ C{ Jf||«||l*-i,a + \\f(x7 0, - . . , 0)11 o.l} . 
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C is a constant independent of t, wt u,f(x, 0, • • • , 0), X. 
On the other hand, if u is a solution of u = T(K)u, then u — uo+w 

ior(A+tI)(u—Uo—w)=QonGa,ndBj(u—Uo — w)==QonTJ==l, • • • ,m 
Hence: ||w||2m,2+£1/2w||w||2m-i,2 is majorized by: 

c|if| |«||v^.«w + ||M 0, • • • , 0)|U«(Ö) 

m 

+ Zlkilk2—^2-2^) + /i-(r/+i/2)/2m||̂ .||J,2(r) 

We take t such that 2CMStl,2m, then: ||w||2m,2^M. The proposition 
is proved. 

We return to the proof of the theorem. 
The operator T(K) satisfies all the conditions of the Leray-Schauder 

Theorem [ó].2 Hence T(l) has a fixed point; i.e. T(l)u = u and so the 
nonlinear elliptic boundary problem considered has a solution u in 
W2m,2{G). Since (/(x, 0, • • • , 0), gi, • • • , gm) is a nonzero vector ,u 
is nontrivial. The theorem is proved. 

With a stronger hypothesis on /(x, fi, • • • , J*2m-i), we also have 
unicity 

THEOREM 2.2. Wï/A the hypotheses of Theorem 2.1, suppose that 
ƒ(#> fi> * • • » f2m-i) satisfies a Lipschitz condition with respect to 
f l, * • * , f 2m-i. TAew tóe nonlinear elliptic boundary problem : 

(A + tl)u = ƒ(#, « , • • • , D2m~lu) on G 

and 

Bju = &•(*) w r , i = 1, • • • , m 

has a unique solution u in W2m"2(G) for t^t0>0. 

PROOF. From Theorem 2.1, the above nonlinear problem has a 
solution. Suppose tha t uy u0 are two solutions with U^UQ. 

Let v be the solution of : 

(A + tl)v = f(x, « , • • • , D2m~lu) - ƒ(*, wo, • • • , D2w^luo) on G 

and 

2?yz> = 0 on T, j — 1, • • • , m. 

From [7 ], it follows that v is unique and the following estimate holds : 
2 The uniform continuity condition in the Leray-Schauder theorem is not neces

sary as observed by Browder in Problèmes non4inêaires, Séminaire Math. Sup. Été., 
University of Montreal, 1965. 

• 
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IMI»..! + tv*i\v\\2m-.lt2 ^ C\\f(x, « , • • • , D2™~Hi) 

C is a constant independent of v> u, u$, t. 
Since f(x, fi, • • • , fow-i) satisfies a Lipschitz condition with re

spect to fi, • • • , f2«-i; we get: 

/1/2M|hl|2m-l,2 é C\\U - «o||l*-l.». 

On the other hand, v — u — u0 for (A +tl)(v — u+u0) = 0 on G and 
Bj(v — u+uo) = = 0 o n r , j = l, • • • , m. (Cf. Theorem 5.1 of [7].) Hence: 
t1/2m\\u—U<)\\2m-l,2ÛC\\u~Uo\\2m-l,2. 

Take / such that Ct~ll2m<l and we get a contradiction. Therefore 
u = u0. 

THEOREM 2.3. (i) With the hypotheses of Theorem 2.1, the nonlinear 
elliptic boundary problem: (A+tI)u=f(x} u, • • • , D2m~lu) on G\ 
BjU = 0 on T; j = l , • • • , m has a solution u in W2m>p(G) for t^t0>0, 
1 < £ < 0 0 . 

(ii) Suppose that: 

| ƒ(*, «, • • • , Z>%) | ^ M il + Z I ^ " K 1 } 

witó k^2m — \—n/p+n/p{p — \)1 Kp<^>. M is a constant. Then: 
(A-jrtI)u=f(xy u, - • • , Dhu) on G; BjU = Q onT, j = l, • • • , w &as a 
nontrivial solution u in W2m>p(G) if f(x, 0, • • • , 0 ) ^ 0 . 

PROOF, (i) The proof is the same as that of Theorem 2.1 with the 
exception tha t instead of using the a priori estimate established by 
Visik-Agranovich in [7], we use the following inequality obtained by 
Agmon in [ l ] for the case gj = 0', j = l, • • • , m 

2m 

£ ^ ' H M k * ^ C\\(A + ti)u\\0,P. 

(ii) The second part of the theorem follows as above by observing 
that from the Sobolev Imbedding Theorem, Dav belongs to 
Z>(P-I ) (G) for \a\ gfe, v in W*m"(G) if k£2m-l-n/p+n/p(p-l). 
Moreover the mapping ^f rom Ily-i"1 L*<*-»(G) X [0, l ] into L»(G) 
is continuous (cf. Browder [5, Lemma 3.2]) and: ||.F(X)w||o,;p 
£M{l+\\u\\»n-i,p}. 

3. In this section we consider the case when we have a nonlinear 
boundary condition. 

THEOREM 3.1. Let {A; B,\ j = l, • • • , m) be a uniformly regularly 
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elliptic boundary problem on G and satisfying Assumption 1. The linear 
differential operators A, Bj are of orders 2m, r^ respectively with rj<2m 
and coefficients of class C2m on G^JT. Suppose that rm = 2m — l. Let 
ƒ(#> Ji> * * • » Çïm-i) be as in Theorem 2.1 and gm(x, T) be a function 
twice continuously differentiable with respect to x} f and such that: 

l«l*2 
gm(x, IPv) 

daixda*(Dh) 
< M 

|j8| ^ 2 m - 3 . M ts a constant. 
Then the nonlinear elliptic boundary problem: 

(A + tl)u = f{x, « , • • • , D2m~lu) on G, 

BjU = gj(x) onT; j = 1, • • • , m - 1, 

has a nontrivial solution u in W2m>2(G) for t^t0>0 if (ƒ(#, 0, • • • , 0), 
gi(*0> • * * > gm-iipc), gm(x, 0)) is a nonzero vector of 

m 

L2(G) X U ^ ^ H / « . « ( r ) . 

PROOF. With the above assumption on gm{x, f) ; it follows that 
gm(x, Dh) belongs to W2>2(G) if » is in W2m>2(G). 

Let t; be an element of W2m>2(G). In §2 we define the nonlinear oper
ator r(X) acting from W2m>2(G) into itself as follows: 

T(\)v = u9 0 ^ X ^ 1, 

where w is the unique solution of the linear elliptic boundary prob
lem: 

(A + tl)u = ƒ(>, \v, • • • , \D2m-h) on G, 

£;w = £/(*) on T; 7 = 1, • • • , m - 1, 

Bmu = gm(x, \D*v) on T; | p | ^ 2m - 3. 

To prove the theorem, it suffices to show that the operator TÇK) 
satisfies all the conditions of the Leray-Schauder Theorem and so has 
a fixed point. An elementary computation shows that : Dgm(x, \D&v) ; 
D2gm(x, \DPv), gm(x, \D&v) are continuous functions of x, \Dh, 
\D$+lv, \D&+2v and moreover: 

£ j D"gm(x, \Dh) I £ M il + E I Dl\ \ . 



i966] ELLIPTIC BOUNDARY-VALUE PROBLEMS 313 

With the above remark, the proofs of Propositions 2.1 and 2.2 may 
be carried over immediately with some obvious changes. The theorem 
is proved. 

REMARK. I t was pointed out to the writer by Professor Felix 
Browder that the results of this note can be obtained by a simpler 
argument using the Schauder fixed point theorem rather than the 
Leray-Schauder Theorem. 
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