ON NONLINEAR ELLIPTIC BOUNDARY-
VALUE PROBLEMS

BY BUI AN TON!
Communicated by F. Browder, October 26, 1965

The purpose of this note is to prove the solvability of a nonlinear
elliptic equation with general boundary conditions. Nonlinear varia-
tional elliptic boundary-value problems have been considered by
Browder in [4], [5] and by Visik.

In §1, we give the notations. In §2, we prove the solvability of the
nonlinear elliptic equation with linear boundary conditions and in
§3, we consider the case when we have a nonlinear boundary condi-
tion.

The writer is indebted to Professor Felix Browder for his criticisms
and suggestions.

1. Let G be a bounded, open subset of E* with a C* imbedding
mapping of its boundary I' into E”». Let 4 be a linear elliptic differ-
ential operator of order 2m with coefficients defined on G; and a(x, £)
its characteristic form. Let By, - - - , B, be m linear differential opera-
tors of orders r; with coefficients defined on I' and let b;(x, £) be their
characteristic forms.

We set:
D; = i719/9x;; ji=1---,n
n a’ n
D“=HD,'; Ia|=2aj', a; = 0.
=1 =1
The elliptic boundary-problem {A; B;; j=1, .-, m} on G is

assumed to be uniformly regular in the sense of Browder [3].

We now state our main assumption on {A; Bj} :

AssumPTION 1. Let {A; Bj;j=1, - - -, m} be a uniformly regularly
elliptic boundary problem on G. We assume that:

() a(x, £)/|a(x, £)| %= —1 for x in G, £ in R~

(1) if coi(x, T, 8) = foN—=1D;(x, AN+ T) [a(x, AN+ T) +t]~'d\ where
C is a closed, Jordan rectifiable curve in the N upper half plane con-
taining all the m roots of a(x, AN,+T)+t and N, is the unit outer
normal to T at x; T is any tangent vector to T' at x; then there exists a
positive constant ¢ independent of x, ¢t such that:

| Det(ei(x, T, 0))| = ¢ fort=4>0

1 Postdoctoral fellow of the National Research Council of Canada.
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and for all unit tangent vectors T to T at x. (Cf. Agmon [1], Visik-
Agranovich [7].)
We define for 1<p< oo

Wm»(G) = {u: uin L»(G), D*u in L?(G) for | a| < 2m}.
It is a separable, reflexive Banach space with the norm:

« |p 1/p
]| amp = { Y o ullwo)} .

als2m

For k=0, we define W*:2(T") as the completion of C*(I") with re-
spect to the norm:

N 1/2
||l w2y = { > ”‘75:‘““;""(13""1)} % in C*(T)
i=1

where {¢,~} is a finite partition of unity corresponding to a covering
of G; and ||¢ju||w+*@=1, is taken in local coordinates, in the usual
fashion. One can show that the norm does not depend on the ¢,.

2. The main result of this section is the following theorem:

THEOREM 2.1. Let {A; Bj;j=1,- -+, m} be a uniformly regularly
elliptic boundary problem on G and satisfying Assumption 1. The linear
differential operators A, B; are of orders 2m, r; respectively with r; <2m

and with coefficients of class C*™ on G\JT. Let f(x, {1, - -+, Cam—1) be
a function, measurable in x on G and continuous in ({1, - -, Com—).
Suppose that:

'f(x,u"":D2m_lu)I éM{1+ Z |D"u|}

lo] s 2m—
where M is a constant. Then the nonlinear elliptic boundary problem:
(4 +thu = f(z,u, - - -, D> u) on G,
Bjuzgj(x) 01’51‘, j=17"'ym
has a nontrivial solution u in W2™2(G) for t=t, > 0 if (f(x, 0, - - -
0), g1, - -+ » gm) 15 @ nongero vector of L2(G) X []7, Wem—ri—12.2(T),

Proor. If v is in W2m2(G), then f(x, Av, - - -, A\D?1y) where
0=<\=1, belongs to L%(G). From Visik-Agranovich'’s result (Theorem
5.1) [7], there exists a unique solution % in W2m%(G) of the linear
boundary problem:

(A+tDu=f(x, N, - - - ,\D*» 9)onG;Bu=g;onT,j=1, - ,m.
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Set T(N)v=wu. T'(\) is a nonlinear mapping of W?m2(G) into itself
and is defined on all of W2m:2(G).

PRrOPOSITION 2.1. T(N)v is completely continuous in [\, v] from
Wm2(G) X [0, 1] to W2m2(G).

Proor. Suppose that v,—v in W2m2(G), N\,—\. Let u, = T(\,)v, and
u=T(\)v. Then we have the following estimate:

”un — ,“”m'2 < C“f(x, Anlny * = = 5 AaD?19,) — f(x, Ao, - - - )\D'zm—Lu)“o'2

C is a constant independent of #,, «, f, N, A\,. (Theorem 4.1 of [7])
A.Dev, converges in measure to AD?, for |a| <2m. An argument as
given by Browder in [5, Lemma 3.1] shows that: f(x, Nutn, - - -,
N.D?=1y,) converges in measure to f(x, Ay, - - -, AD?»~1y), Then as
in Lemma 3.2 of [5], the mapping: FQ\)w=f(x, Aw, - - - , ADm1lg)
of JI2";* L*(G) X [0, 1] into L%(G) is continuous so that #,—u in
W2m:2(G). To show that T(\) is completely continuous it suffices to
prove that T(\) is compact. Let Hv,.llg,,.,zéM , then from the Sobolev
Imbedding Theorem, there exists a subsequence {v,} which con-
verges to v in W2»1.2(G). From (i), #,—u in W?2m2(G), so that {u,,}
is a compact set of W?2m.2(G).

PropoSITION 2.2. The operator I—T(0) is a homeomorphism of
Wm2(G). If u is a solution of u=T(N)u, then Huﬂgm,z < M where M isa
constant independent of \.

PRroOF. Let %, be the unique solution of : (4 +tI)uo=f(x,0, - - -, 0)
on G and Bjuo=g;on T, j=1, - - -, m. Then T(0)v=1u, for all v in
W2m.2(G). It is now obvious that I—T(0) is a homeomorphism of
wWem2(G).

From Visik-Agranovich’s result (Theorem 4.1 of [7]), we have the
following a priori estimate for u,:

llollwmaor + 020l el ot 00y < Cllf (2, 0, - - -, O)]| 2oy

+ 2 ||gillwamrimina ey 4 p=Cirrin || g 5y}
i=1
Let w be the solution of :
4+ thw = f(x, \u, - - - ,AD™ ) — f(x,0,---,0) onG;
Bjw =0 onTl; j=1---,m.

Then:
l|aellom,2 + £227||2]| oms,2 < C{M||t]| 2ms,2 + [|fCx, 0, - - -, O)]0.e}-
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Cis a constant independent of ¢, w, «, f(x,0, - - -, 0), .
On the other hand, if « is a solution of #=T(\)x, then u=u,+w
for (A +tI)(u —uo—w) =0onGand Bj(u —uo—w) =0onl',j=1, - - - \m

Hence: ||#||2m.2+42| 4|12 is majorized by:

el + 16,0, -+, Ol

+ X ”gjnwzm—ri—lll,z(r) + tl—(ri+1/2)/2m“gj”Lz(l-.)} .
j=1

We take ¢ such that 2CM <tY/?m, then: ||u||sm,s < M. The proposition
is proved.

We return to the proof of the theorem.

The operator T'(\) satisfies all the conditions of the Leray-Schauder
Theorem [6].2 Hence T'(1) has a fixed point;i.e. T(1)u=wu and so the
nonlinear elliptic boundary problem considered has a solution % in

W2m.2(G). Since (f(x, 0, - - -,0), g, - - -, gn) iS a nonzero vector ,u
is nontrivial. The theorem is proved.

With a stronger hypothesis on f(x, {1, - - -, {2m—1), we also have
unicity

THEOREM 2.2. With the hypotheses of Theorem 2.1, suppose that
flx, &1, - - -, Cam—) Satisfies @ Lipschitz condition with respect to
¢1, c  +y Com—1. Then the nonlinear elliptic boundary problem :

44+ tHhu = f(x, %, -+, D) onG
and

Bju = gi(x) onT, ji=1.---m
has a unique solution u in W2m2(G) for t=¢,>0.

Proor. From Theorem 2.1, the above nonlinear problem has a
solution. Suppose that #, #, are two solutions with # > u,.
Let v be the solution of:

(A4 +thv = f(x, u, - - -, D> ) — f(x, %0, - - -, D 'up) onG
and
Bjv=0 onT, ji=1 .- m
From [7], it follows that v is unique and the following estimate holds:

2 The uniform continuity condition in the Leray-Schauder theorem is not neces-
sary as observed by Browder in Problémes non-linéaires, Séminaire Math. Sup. Eté.,
University of Montreal, 1965.
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”v”?"'-2 + t”zm“v”%’hl-? = C“f(x’ u, - -+, D™ )
_f(x’ %o, + + -, DPml uo)“o,z.
C is a constant independent of v, %, u,, ¢.
Since f(x, ¢1, * * +, {am—1) satisfies a Lipschitz condition with re-
spect to {1, - - -, {em—1; We get:

t”zm”””%n—l,z = C”‘u - uo”2m—1.2-

On the other hand, v=u—u, for (4 +t[)(v—u-+u,)=0 on G and
Bjlv—u+u¢)=00nT,j=1, - - - ,m. (Cf. Theorem 5.1 of [7].) Hence:
tl/z’"”u—%o”zm—l,2§ C”u_u0H2m——-1,2-

Take t such that Ct~V/?m <1 and we get a contradiction. Therefore
U=1uyg.

THEOREM 2.3. (1) With the hypotheses of Theorem 2.1, the nonlinear

elliptic boundary problem: (A+tDu=f(x, u,-- -, D™ y) on G;
Bu=0o0nT;j=1, - - -, m has a solution u in W2m»(G) for t=1,>0,
1<p< .

(i) Suppose that:
| f(x, m, - - -, Dru)| §M{1+ > ID“u]P—I}

lalsk
with kS2m—1—n/p+n/p(p—1), 1<p< . M is a constant. Then:
A+tHu=f(x, u, - - -, D*u) on G; Bu=0onT,j=1, - ., mhasa
nontrivial solution u in W2 ?(G) if f(x, 0, - - -, 0) 0.

Proor. (i) The proof is the same as that of Theorem 2.1 with the
exception that instead of using the a priori estimate established by
Visik-Agranovich in [7], we use the following inequality obtained by
Agmon in [1] for the case g;=0;j=1,---,m

2m
> pekiem||y|y, < Cll(A + D)o,
k=0

(ii) The second part of the theorem follows as above by observing
that from the Sobolev Imbedding Theorem, D2 belongs to
Lr»=D(G) for |a| <k, vin Wm2(G) if k<2m—1—n/p+n/p(p—1).
Moreover the mapping F from []37;! L»@»=-D(G) X [0, 1] into L?(G)
is continuous (cf. Browder [5, Lemma 3.2]) and: ||[F(\ul|o.»
< M {1+ ol am s}

3. In this section we consider the case when we have a nonlinear
boundary condition.

THEOREM 3.1. Let {4; Bj; j=1, - - -, m} be a uniformly regularly
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elliptic boundary problem on G and satisfying Assumption 1. The linear
differential operators A, B; are of orders 2m, r; respectively with v; <2m
and coefficients of class C*™ on G\JT'. Suppose that vrn=2m—1. Let

fx, €1, -+ ¢, $om—1) be as in Theorem 2.1 and gn(x, {) be a function
twice continuously differentiable with respect to x, { and such that:
aa

———————gu(x, DPY) | = M
|a]Z§2 aalxa"‘z(Dﬂv) 8 ( )

|B| <2m—3. M is a constant.
Then the nonlinear elliptic boundary problem :
A4+ thHhu = f(x, u, - - -, D™ ) onG,
Bu = gi(x) onT; i=1---,m-1
Bt = gu(x, Dfu) on T,

has a nontrivial solution u in W2m2(G) for t =t,>0 if (f(x, 0, - - -, 0),
(%), -+ -, gm-1(%), gulx, 0)) is a nonzero vector of

Lz(G) X szm—r,-—llz,z(r).
J=1
Proor. With the above assumption on gn.(x, {); it follows that
gn(x, DP9) belongs to W2:2(G) if v is in W2m:2(G).
Let » be an element of W2m:2(G). In §2 we define the nonlinear oper-
ator T'(\) acting from W?2m2(G) into itself as follows:

TNy =u, OSAS1,

where # is the unique solution of the linear elliptic boundary prob-
lem:

A4+ thHu = f(x,\v, - - -, AD?19) on G,
Biu=gf(x) on I'; j=1,"‘,1ﬂ°‘1,
But = gu(x, \Dfy) onT; l Bl = 2m — 3.

To prove the theorem, it suffices to show that the operator T'(\)
satisfies all the conditions of the Leray-Schauder Theorem and so has
a fixed point. An elementary computation shows that: Dg,(x, NDfv);
D2g,.(x, NDFfv), gn(x, NDFfy) are continuous functions of x, NDfy,
AD#+1y ADF+2y and moreover:

2 | Dogn(x, \D#) | éM{1+ ) ID“vl}-
lals2 lals2m—1
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With the above remark, the proofs of Propositions 2.1 and 2.2 may
be carried over immediately with some obvious changes. The theorem
is proved.

REMARK. It was pointed out to the writer by Professor Felix
Browder that the results of this note can be obtained by a simpler
argument using the Schauder fixed point theorem rather than the
Leray-Schauder Theorem.
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