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1. Introduction. Goldie's theorem implies that a semiprime 
Noetherian ring can be embedded in a semisimple Artinian ring. 
Furthermore, the author has shown [ l ] that any finitely-generated 
algebra over a commutative Noetherian ring can also be embedded 
in an Artinian ring. The question has thus arisen whether an arbitrary 
Noetherian ring can be so embedded. In this note we present an ex­
ample to show that this is not possible. The ring constructed also fails 
to satisfy the descending chain condition on right annihilators. 

2. Definitions and notation. In this note ring means ring with unit 
element, Noetherian means right Noetherian and Artinian will be 
right Artinian. 

3. The example. We begin with a simple Noetherian domain R 
which is not a division ring (it is well known that such exist). Let 
K be a nonzero right ideal of R, M=R/K, and 

T(M) = {m G M\ mr = 0, 0 ^ r G R}. 

LEMMA. (1) T(M) = M. 

(2) If nil, ' ' • , ninÇzM, there is a nonzero d^R such that mtd = 0, 
i = l, • • • , n. 

PROOF. (1) A typical element of M is of the form a+K. If O^kEiK, 
we have by the Ore condition c, d£R such that ac = kd which lies in 
K. Thus, (a+K)c = 0. 

(2) Suppose niidi = 0, i = l, • • • , n. Again by the Ore condition 
diRH • • • HidnR^O. U0?*d = diri= • • • =dnrny then it is clear that 
m«d = 0, i = l, • • • , n. 

Since R is simple, the annihilator of M is 0. Let 3 := {/Ci? | I is the 
annihilator of a finite subset of M}. 

LEMMA. ^ does not satisfy the minimum condition. 

PROOF. If SF satisfied the minimum condition, there would be a 
minimal element F G 5 \ F i s the annihilator of {mi, • • • , mn}, say. 
If m is any other element of M, the annihilator (which is nonzero) of 
{m, mi, • • • , mn} is VC\U, where U is the annihilator of m. By the 
choice of V, we have V= VC\U so that VQU and V annihilates M 
which is a contradiction. 
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We can now construct our example. Let F be the center of R which 
is, of course, a field. Define S to be the ring of all two-by-two "matri­
ces" of the form 

CO- a G F, bE M, cER, 

where equality and addition are defined component-wise and the 
multiplication is 

/a b\ /a' b'\ _ /aa' ab' + bc'\ 

\ 0 c)\0 c')~\0 cc' ) 

where R and F act on M in the obvious way. 

THEOREM 1. (1) 5 is a Noetherian ring. 
(2) S does not satisfy the minimum condition on right annihilators. 
(3) S cannot be embedded in an Artinian ring. 

PROOF. (1) may be rapidly verified by the reader. 
(2) If C is a finite subset of M and 

H C ô)hc}' 
then the right annihilator of C is 

{(o *)|«eF,»e*,cr-o}. 

Thus, by the previous lemma, the right annihilators of such C do not 
satisfy the minimum condition. 

(3) It is well known that subrings inherit the annihilator chain 
conditions. Hence, by (2) we are done. 

Without too much labor it can be shown that 5 cannot be em­
bedded in any Artinian ring (right or left, with or without a unit 
element). 
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