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1. Introduction. Goldie’s theorem implies that a semiprime
Noetherian ring can be embedded in a semisimple Artinian ring.
Furthermore, the author has shown [1] that any finitely-generated
algebra over a commutative Noetherian ring can also be embedded
in an Artinian ring. The question has thus arisen whether an arbitrary
Noetherian ring can be so embedded. In this note we present an ex-
ample to show that this is not possible. The ring constructed also fails
to satisfy the descending chain condition on right annihilators.

2. Definitions and notation. In this note ring means ring with unit
element, Noetherian means right Noetherian and Artinian will be
right Artinian.

3. The example. We begin with a simple Noetherian domain R
which is not a division ring (it is well known that such exist). Let
K be a nonzero right ideal of R, M=R/K, and

T(M) = {m & M|mr =0,0 5 r E R}.

LemMma. (1) T(M) =M.
2) If my, - - -, ma, &M, there is a nonzero A& R such that md =0,
1=1,---,m.

Proor. (1) A typical element of M is of the form ¢+ K. If 0#kEK,
we have by the Ore condition ¢, dER such that ac =kd which lies in
K. Thus, (a+K)c=0.

(2) Suppose mid;=0, =1, - - -, n. Again by the Ore condition
RN - - - Nd,R#0. If 02d =dyr1= - - - =da.ra, then it is clear that
mid=0,1=1, - - -, n.

Since R is simple, the annihilator of M is 0. Let §= { ICR| I is the
annihilator of a finite subset of M}.

LEMMA. & does not satisfy the minimum condition.

Proor. If F satisfied the minimum condition, there would be a
minimal element VES. V is the annihilator of {ml, - e, m,.}, say.
If m is any other element of M, the annihilator (which is nonzero) of
{m, my, - - -, m,.} is VMU, where U is the annihilator of m. By the
choice of V, we have V=VNU so that VCU and V annihilates M
which is a contradiction.
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We can now construct our example. Let F be the center of R which
is, of course, a field. Define S to be the ring of all two-by-two “matri-
ces” of the form

a b
( ), e ECF, bEM, cE R,
0 ¢

where equality and addition are defined component-wise and the

multiplication is
(a b) (a’ 4 ) (aa’ ab’ + b’ )
o0 J\o ¢/ \o cc

where R and F act on M in the obvious way.

TaEOREM 1. (1) S is a Noetherian ring.
(2) S does not satisfy the minimum condition on right annihilators.
(3) S cannot be embedded in an Artinian ring.

ProoF. (1) may be rapidly verified by the reader.
(2) If Cis a finite subset of M and

o o)

then the right annihilator of C is

G

Thus, by the previous lemma, the right annihilators of such C do not
satisfy the minimum condition.

(3) It is well known that subrings inherit the annihilator chain
conditions. Hence, by (2) we are done.

Without too much labor it can be shown that S cannot be em-
bedded in any Artinian ring (right or left, with or without a unit
element).

cEC},

aEF,bEM,Cr=0}.
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