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1. Introduction. The aim of this note is the generalization of the 
theorems of D. Jackson [l]~[5] for linear combinations X)î-o a**w-

THEOREM 1 ( C H . MÜNTZ [ l ] , [2], [4]). Let p0, ph • • • be distinct 
real numbers such that 0^po<pi< • • • and limiv0O/>»= oo. The set 
of powers {x™, xpl, • • • } is fundamental (with the uniform norm) in 
C[0, l ] if o,nd only if />0 = 0 and ^2fLi l/p%= °°. 

Considering this theorem we ask whether the error in the2 best 
uniform approximation of/, 

« 
(1) Ë9(f; {pi}): * min (max (ƒ(*) - £ * « * " ! ) , 

satisfies inequalities similar to those of the Jackson theorems for the 
error 

(2) En(f) : - rn in ( max \f(x) - £ arf |) 
xe [a,b] i^o 

when the exponents pi are of the type of Theorem 1. Our problem is 
therefore to find a connection between the asymptotic behaviour of 
the error Ë8(f; {pi}) for s—>oo, the sequence {pi}, and the "smooth­
ness" of the function ƒ. We only present our main results here. The 
full details will be published elsewhere. 

2. Jackson theorems for polynomials X*-o <*>&*'*> r>Q. We con­
sider the sequence pi = i'r, i £ M J { 0 } and r > 0 , where N 
= {l , 2, 3, • • • }. Then we approximate the function ƒ £ C[0, l ] by 
polynomials P9(x)=* £ j » o a ^ i r - We first assume that f(x)=xq and 
consider È,(xq; {i-r}), 

1 The results of this note were announced by the author in lectures held on Sep­
tember 16, 1967 at the German Mathematical Congress, Karlsruhe, on May 25, 1968 
at the Bavarian Mathematical Congress, Eichstâtt, and at the Mathematical Re­
search Institute, Oberwolfach, Black Forest, in July 1968. The author is very grateful 
to Doz. Dr. P. O. Runck for helpful comments and suggestions. 

* If />oŒ0, then for each function ƒ EC [0, l ] the polynomial X)*«OÖ»#P* of best 
approximation is unique since the set of functions {l, xpi, • • • , x*>*} satisfies the 
Haar condition on [0, 1 ]. 
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THEOREM 2. If q>0 is a positive real number and q/rdfcN, then 

Ë8(&; {i-r}) s min ( max \x* - 23*«*H) * 0(r~2«/T) 

for s—>oo ; but se+2qlr'Ë9(x
q; {i-r}) is unbounded f or each e>0 . 

THEOREM 3. If / E C [ 0 , l ] and co(f; ô) denotes the modulus of con­
tinuity offt then the error Ë9(f; {i-r}) has the following properties: 

(a) for r^2: Ë9(f; {i-r})£Cr-v(f; sr**)9 C r « C « l + x V 2 f 

(b) forO<r<2:Ë9(f; { w } ) g C / •«(ƒ; 5-1), C? - C - f t + l / r ) . 

THEOREM 4. Le/ / £ C [ 0 , l ] Aatœ a continuous derivative fw of order 
k^Oin [0, 1] andf^EUpa, 0 < a £ l . If l/r&N, then as s - x» 

(a) forr^2:È8(f; { î . f ) ) « 0 ( r « t a ! » + ^ ' f ^ f ^ ) . 
(b) forO<r<2:È9(f; {i-r}) = 0(sr~M*+*'*rt). 

REMARKS, (i) I t is possible to show by examples that the results of 
Theorems 3 and 4 cannot be improved; only the constants Cr and 
Cr might be smaller. 

(ii) The order s~2,r in Theorem 4 is to be expected, since for the 
analytic function ƒ(x) =x the property È9(x; {i-r}) = 0(r~2/r) cannot 
be improved (Theorem 2). 

(iii) The converses of the above (pi —i-r) Jackson-type theorems 
(thus Bernstein-type theorems) are also possible. 

3. Jackson theorems for polynomials 2LXO,*CQ
 a&** Q— {iu * • '*<lu\ 

QN. Another important special case will now be discussed. Let Q 
= {fry ' ' ' > ÜM} C.N be a finite set. Considering algebraic poly­
nomials Pn(x) = ]C?«o,i$Q a&* w e derive some estimates for the error 

(3) £„(ƒ; © : - min ( max ]ƒ(*) - f ) <n*« |) 
* *€l0,l] t-0, i*Q 

and we are interested in the behaviour of Ën(J\ Q) for n—*<». 

THEOREM 5. If q(£Q, then we have for Ên(xQ; Q) defined by (3) 

&#/ w2«+e-j?n(a;«; © is unbounded for each e>0 . 

THEOREM 6. Let l^*qi< - - - <qu-
(a) 7 / / e C [ 0 , 1], then for n>qM 

£*(f',<S)£At-w(f;tr*); 

where A0 = Ao(qi, - • • , <?JI/), &w* -4o w independent of f and n. 
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(b) Iff £ C * [0, 1 ], k â 1, then Ën(f; (5) satisfies the following inequal­
ity for n>max{k, CM} : 

Ën(J;Q) £ At-n-x-wifMin-1) + Bh-n~**\ 

where Ah = Ah(qu • • • , qM), Bh = Bh(qu • • • , gM; /c*i>(0), • • • , 

9* = minQ* = min {qEQ\q ^ £,/(a)(0) ^ o}, 

= + » , î /Q* = $ is empty. 

(c) 7 / / eC*[0 , l ] , * ^ O a w d / W G L i p a , 0 < a ^ l , ^ w 

£«(ƒ; 6) = O(»-min^+«'2«'0, » -» » . 

Now we compare Theorem 6(c) with the estimate given by the classi­
cal Jackson theorem: En(f) = 0(»-*-«), if En(f) is defined by (2). As 
En(f)^Ên(f; (?) and as En(x

q*) = 0(n^2q*) for the analytic function 
ƒ(*)=*«* (if g*<oo), the order 0(»-«i»U+«.«4»l) i n Theorem 6(c) is 
optimal and cannot be improved. 

4. Jackson theorems for polynomials 2Zï_0<W' ^ e t {^*l ^ e a n 

arbitrary sequence with 0=po<pi< • • • and Hm,--* pi — oo. Two 
characteristic quantities will help us to characterize the density of 
this sequence {pi} in comparison with the density of N. 

E i/pi E UP< 
A: =kminf ; A: = h m sup • 

E i/.- E iA' 

We can prove important results having many applications if the 
sequence {pi} satisfies the following three conditions: 

(4) (a) 0=p0<pi< 
(b) There exists a number A > 0 with pi+\—pi^A for i = 0, 1, 

' (c) A > 0 . 

THEOREM 7. Le/ //te sequence {pi} satisfy (4), te/ g positive and 
<zC {£»}<etf, ö»d let Ët(x

9; {pi}) be defined by (1). Then for each € > 0 

* The following two Theorems 7 and 8 also remain valid if one takes pièzi-A, 
iG Nt instead of pi+i — ft^A. 
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but pfq+'• È9(x*; {pi}) is unbounded. 

THEOREM 8. Let the sequence [pi} satisfy (4) as before. 
1. Case. S^J . 

(a) If fEC[0, l ] , then to each e > 0 there exists a number N 
*N(e, {pi})EN such that for s^N 

Ê.{f){pi})SR,^U)pr2^)) 

where R0 is a constant, independent of s, ƒ, {pi}. 
(b) IffECk[0, 1], * â l . then Ë8(f; {pi}) satisfies f or s^N 

« • - ( K ^ « , *,^ - 2 A - M - -2Afc+«fc , # -2Ag*+e 

£ . ( / ; { ^ } ) ^Rk-w(fv»; pt )-p9 +Rk-p9 

where Rk = Rk(e, {ƒ>,}), Ri=R£(e, { ^ } , ƒ<'>(()), l â^gfe , *£{ƒ>,}, 
a»d 

q* = minö* = min {^G^k g £ , ? £ { ^ } , ^ ( 0 ) ^ 0}, 
= + 00, ifQ* = $. 

7w particular, if fECk[0, l ] , Jfê O, andf^EUp a, 0 < a £ l , then for 
each €>0 

II. Case. £ > £ . 
(a) /ƒ / £ C [ 0 , l ] , /fan /o eacft €>0 tóere existe a number M 

= ikf(e, {pi}) EN such that for st M 

Ë.(f;{pi})ûRo-*(f;prA/\ 
where R0 = i?0 • (1 + 2S) is independent off and s. 

(b) / /7GC*[0, 1], Jfê O, andf^EUp a, 0 < a ^ l , * / ^ tóe error 
jE8(jf; {/>*}) satisfies for each e>0 

~ , r ( ) x ^ , -minU*-HOA/Â,2Ag'} 

&(ƒ;{£»}) =Pi'0(p, ), S->oo. 

REMARKS. 1. Using Theorem 7 for f(x)—xq* (if g*< 00) the order 
£~2Afl* j n Theorem 1(b) and 11(b) is to be expected. 

2. It is surprising that the cases S g | and £ > f have to be distin­
guished. But if we compare with §2 (pi = i-r), we notice the same 
phenomenon: In the case pi = i-r the quantities A and Â are both 
equal to 1/r and therefore the cases 

r è 2 and A g 1/2, 0 < r < 2 and A > 1/2 

correspond to another. 
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3. The quantities A and A in §3 have the property A = S = 1. 
4. If we apply Theorems 7 and 8 to the particular cases treated in 

§2 or §3 and compare with the results of §2 or §3, we notice that they 
differ only by a factor p\ for any c>0. 
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