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1. Introduction. Let 91 denote the set of all functions f(2) that are
analytic and univalent in the unit disc A and satisfy the conditions
f(0) =0, f(z¢) =20, and If(z)[ =M, where 2 is a fixed point of A,
2070, and where M is fixed, 1I<M = ».

Although the class 91, has been a popular one to study, very little
seems to have been done with M. We aim to correct this oversight
by beginning a study of N y. In this paper we obtain the exact value
of the “Koebe constant” for 91, and we determine the Koebe sets for

(i) the set 9}y consisting of those elements f(z) of My for which
f(A) is starlike with respect to the origin, and

(ii) the set 9% consisting of those members f(2) of 9N, for which
f(4) is convex in the direction e’e.

2. Main results. By the Koebe constant for My we mean the
radius of the largest disc, center at the origin, that lies in the set
N[f(A)| fEMa], the Koebe set for M.

THEOREM 1. The Koebe constant for My is given by
r(My) = 262 — M — 25(8% — M)'/3,
® N AL
1— | =]
This result is sharp.

ProoF. First, there is no loss of generality here if 2o is taken to be
real and positive. Hence we set 29=7,>0. Now we obtain the domain
Q* from the domain @=f(A) by a circular symmetrization with
respect to the half-line [0, 75, ®). The domain Q* contains the origin
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and it contains the point 7o; moreover, it is contained in a domain D,
which is the disc [w||w| <M] slit along the segment (—M, —h].
Well-known monotonic properties of the hyperbolic distance give us
the inequalities

arc tgh 7o = p(0, 70, 2) = p(0, 7o, 2*)
g P(O, 7o, Dh) = arc tgh I ¢(”o) | ’

where w =¢(2) is a function that maps A conformally onto D, subject
to the condition ¢(0) =0. A computation involving ¢(z) shows that
(2) holds if (1) holds, with zo=7¢. The equality sign in (1) holds for the
function f(2) defined by

f(2) =(1—|zo|>2 2 -
[ — @l U —Tal/ @ —ewgr’ 7

This completes the proof of Theorem 1.

REMARK. For M =, (1) gives us a result due to Lewandowski
[3], and for zo=0, (1) yields a result due to Pick [5].

Now we shall determine the Koebe set for 91}, the set of elements
of 9, that map A onto domains that are starlike with respect to the
origin.

First we recall some facts about Koebe sets. If § is a nonempty set
of functions f(2), analytic in A, then the Koebe set of & is the set
x(8)=N [f(A)|f€8], [1]. However, for the set 9}, Krzyz and Zlot-
kiewicz found another characterization of X(91}). Let Ay denote the
disc [w| |w| <M]and let g denote the set of all subdomains D of Ay
that (i) are starshaped with respect to the origin, and (ii) contain the
fixed point zo. For DEG, let g(w, 20, D) be the Green’s function with
pole at 2o and let u(w,) be defined by

(3) w(wo) = lub[g(0, 20, D) | D € G, wo € Au\D].

Then the result due to Krzyz and Zlotkiewicz, alluded to above, is
that

@ seonl) = [ w[u(w) < 1og —I—z——l—]

@

holds [2].
Now if we make use of (3) and (4), then we obtain the following
result.

THEOREM 2. The set K(My) is determined by the condition
1 | Mw+ 2| w|
|w [l 2+ w]

2—1020

+| vl

M 1
Iw-—wOI!M <—2'(1+|50|’),
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and the Koebe set X(30%) is determined by the inequality
(5) |w—20] + |w] <31+ |2].

REMARK. The elliptic domain (5) is a well-known one due to
Rogosinski [6].

The formula in (4) can be applied to other subclasses of 9. For
example, we have found the following result.

THEOREM 3. The Koebe set K(M%) is determined by the inequality

. 1—(1—D212
1+[A4(1+cos 26)+ (B2—1) cos 26+ BC sin 20]1/2<——|-——|-;-—,
%0
where
h=|w|, d=|w—12|, 6=a—args,
2hd h—d 2y
A=—-vo, B=—-, )
(& + a)* | 2| h+d
C=[(1—- D)4 + D*— 1)),

The set X(M%) is a simply-connected Jordan domain if
|20| [1+]sin6] ]12<1, 0540, 7, while (M%) is the union of two disjoint
simply-connected Jordan domains, which are symmetric with respect to
the point 320, if 1 < |20| [1+]sin 6] ]2, 0520, 7.

REMARK. For z,=0 we obtain
x/2
XM, ) = [w]s|w]|(|w]| + |Imw]|) <1],
which is related to a result due to McGregor [4].
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