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Let E and F denote the following exact sequences 

ƒ g f he j 
E: 0->A^B^C-±0 F: 0 -» A -*B -4 D ^E ->0 

where hg represents the canonical factorization of the middle mor-
phism of F into an epimorphism g followed by a monomorphism h. 
We shall take the term "endomorphism" of E or F to mean a com
mutative diagram of the form 

0 A^B • 0 

1 or 

ƒ £ 

f hg 3 

f H 3 0->A^B-$D^E->0. 

We shall compute the "endomorphism groups" of E and F and prove 
that Aut(E)=End(£)9ËHom(C, A) and that End(F)^Hom(ft , g) 
where the second Horn is a functor on a category of morphisms with 
range the category of semigroups. 

1. Notation. Let R denote a fixed ring with unit and 9ÏI the cate
gory of left i£-modules. Let 8 denote the category of all short-exact 
sequences E, which begin with A and end with C, and whose mor
phisms are all triples (1, 0, 1)=0# which induce commutative dia
grams 

E: 0->A-^>B - > C - > 0 

» I 

E': 0 

6 

• £ ' - > C - > 0 . 

By the S-lemma, 6 is an isomorphism, and thus 0# is one too. Thus 
every endomorphism of E is an "automorphism." 
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The category $ of all sequences of length two beginning with A 
and ending at E can be similarly defined. Not all morphisms of SF 
need be isomorphisms however. 

Let 2fll2 denote the abelian category whose objects are all the 
morphisms of 90?, and whose morphisms are all pairs (£) :h—>g which 
give rise to commutative squares 

P 

g • 

— > . 
a 

One should note that there is no way of adding endomorphisms 
in 8 and 5^ one may only compose them with each other. 

2. Computation of AuU(E). 

THEOREM 1. Auts(E)=Hom3Ti(C, A). 

PROOF. Let a ' = (l , a, 1):E-+E. Set a — 1 =X or a = l+X. Since 
af=f> ( l + M / ^ Z + V ^ / » s o V = 0 . Therefore there is a unique mor
phism fj,:C—*B such that X = jug; so c*=l+jug. But ga = g implies 
g(l+Hg)=g+gtigs=g, so gMg = 0. But g is an epimorphism, so gM = 0. 
Therefore there is a unique morphism ?:C—>̂ 4 such that \x—fv. I t 
follows that a=l+fvg. Moreover, v is unique because if a = l+fvg 
= l-\-fv"g then fvg=fv"g; but ƒ is a monomorphism, so vg — v"g\ 
similarly g is an epimorphism, so v = v". 

This construction produces a unique mapping 

$ : Aut£(£) ->Hom(C, ,4) 

where <£(a#) = *'. The former is a multiplicative group, the latter an 
additive abelian group. We must prove that <£ is an isomorphism of 
groups. 

If p:C—>A is any morphism of Hom(C, ^4), then ( l+/pg) # = (l , 
l+ /pg , 1) is an automorphism of E because it clearly gives rise to an 
appropriate commutative diagram. Hence it follows that <£((1 +/pg)#) 
=p, so<3> is onto. 

If <ï>(a#) =$(cei#) =v, then a = l+ƒ*>#= «i, so ai#=a#. Therefore <i> 
must be a one-to-one mapping. 

If a = 1 then 1# is the identity morphism on E in S, and <£>(1#) =0 . 
Certainly or1 = 1 — /Vg. 

Notice that ( l+/r?g)(l+/pg) = l + ^ £ + / p * = l+ / fo+p)g . There
fore, if a^ l+ j fyg and a ' = l+ /pg , then $(pâaf$) =7 ;+p=$(a # ) 

A 
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+$(a'#). Therefore $ is a homomorphism of groups, and in fact an 
isomorphism. 

I t is interesting to note that these automorphism groups are abe-
lian, and are independent of the extension class of E. 

COROLLARY. Aut s(F) is isomorphic to a {commutative) subgroup of 
AutmOB). 

There is a subgroup of Autan (I?) of this type for each submodule 
A' of By where the short exact sequence would be 0—*A'—>B-^>B/A' 
•—>0. If Aut^(B) is the direct limit of the Aut8(F) groups, then it 
would have to be abelian. 

In a following paper, Theorem 1 will be used to prove that the 
Whitehead group of 8 is Hom(C, A). 

3. Computation of End$(JF). By the same argument as was used 
in Theorem 1, if (1, jö, 7, 1):F—>F is an endomorphism of F, then 
there is a unique morphism p : C—>B such that /3 = 1 +pg and a unique 
morphism aiD—tC such that 7 = 1 +ha. 

There are two endomorphisms C—>C produced by this, gp and ah. 
One has 

h(l + ah)g = hg + hcrhg = (1 + ho)hg = yhg 

= hgp = hg(l + pg) = hg+ hgpg. 

Therefore hgpg = h(rhg, and since g is an epimorphism and A is a 
monomorphism, gp=ah. 

P = 1 + Pg 7 = 1 + her. 

Therefore there is induced a unique morphism r = l+gp = l+ah: 
C—>C such that rg=gl3 and hr =yh. Also, there is a commutative dia
gram 

P 

0 * - > & 

corresponding to a morphism in the category SHI2 
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If we define a multiplication on H o m ^ ^ , g) by setting 

A = /P + P' + P8P'\ 

a') \a + af + aha')' 

then it is easily checked that this is associative and that (?) is a 
unit with respect to this multiplication. Therefore, using the same 
techniques as in Theorem 1, one proves 

THEOREM 2. There is an isomorphism of semigroups 

Endg<F) ^ H o m ^ , g). 

I t would be very interesting if one could give some way of deciding 
which endomorphisms are automorphisms. An equivalent problem is 
to determine when gp is quasi-regular in Autcni(C). 
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