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We announce here that the answer to the following conjecture 
[3, p. 197] is in the affirmative: 

If i^ is a Generalized Euclidean Domain then every automorphism 
of the free associative algebra of rank 2 over R is tame, i.e. a product 
of elementary automorphisms. 

We state here the necessary steps to prove the conjecture; detailed 
proofs will appear in [4] and [5]. 

Notation. R stands for a commutative domain with 1 ; 
R{x, y) is the free associative algebra of rank 2 over R, on the free 

generators x and y ; 
R(x, y) is the polynomial algebra over R on the commuting in-

determinates % and y. 
We write R{x, y) as a bigraded algebra 

R(x, y) = 0 a* 

where the subindex denotes the homogeneous degree and the upper 
index stands for the degree in x. We will write P = ]£) PS

T where 
Ps

r<Eas
r for every PGR(x, y). 

The elementary automorphisms of R{x, y) are by definition the 
following: 

(i) cr<EAutR(R{x, y)); a(x) = y;v(y) = x. 
(ii) (pa,pCzAutR{R(x, y))t a, |8 units of R; 

<Pa,p(%) = ax\ <Pa,p(y) = Py. 

(iii) T/G,)£AutjR(.R(a;, <y)), where f(y) is any polynomial that does 
not depend on x ; 

*•ƒ <*)(*) = * + f(y)i Tf(v)(y) = y-

In a completely parallel way one defines the elementary auto­
morphisms of R(x, y). 
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THEOREM 1. The map 

AutR(R(xy y)) -+ AutB(R(x, y)) 

induced by the abelianization functor is a monomorphism. 

The proof of Theorem 1 is an immediate corollary of the more 
technical result: 

THEOREM 2. Let P , Qt E(ER(x, y) satisfy the following requirements: 
(i) Po° = <2o = 0, Eo = El = 0. 
(ii) P°n = Oforalln^l; Q°m = Q for all m^2; £? = 0 for all r^2. 
(iii) E(P,Q) — xy —yx. 

Then we conclude 

P = p\ = ax; Q = QÎ+ Z Qn = fty + ƒ(*); 
n 

E = (a/ö)_ 1(^ — ;y#), a, jô are units of R. 

The proof of Theorem 2 is obtained with slight modifications from 
the proof of the main theorem in [4]. 

In fact, for every rational number X^Owe define 

Xx = jp«;a> l ,oè 1,—77 = X } 

U ijEÜ; » > 2 , / i è l , — — = xl . 
I m — 2 ; 

As we have only a finite set of rational numbers X for which 
Xx^ {0} we use the ordering of the rational numbers to prove in­
ductively that if xx = {0} for all X <X0 then xx0 = {0}. 

To achieve this purpose we exhibit a relation of algebraic depen­
dence between two elements of xx0 and using a result of P. M. Cohn 
[2] about homogeneous elements of R(x, y) we conclude xxo^ {o}. 

COROLLARY. If R is a generalized euclidean domain then every auto­
morphism of R(x, y) is tame. 

In fact, let <£ be an automorphism of R(x, y). Using a theorem of 
Jung [ó] that says that every automorphism of R(x, y) is tame, we 
can assume that, modulo a tame automorphism of R{x, y), the map 
Autn(R(x1 y))—>AutR(R(x, y)) carries <j> into the identity. Hence using 



994 ANASTASIA CZERNIAKIEWICZ 

Theorem 1 it follows that <ƒ> must be the identity of AutR(R(x, y)). 
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