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ABSTRACT. Arhangelskiï has obtained, as a consequence of a 
general theorem of his, that if a compact Hausdorff space X satis
fies the first countability axiom then \x\ ^c ( = 2^o). What is per
haps a somewhat simpler proof of above is offered here. 

Recently Arhangelskiï has shown [ l ] that if a compact Hausdorff 
space X satisfies the first countability axiom then |-X*| ^c ( = 2**°). 
This may be proved by constructing a nonincreasing net Y of closed 
sets covering X where the domain of the net Y is the collection K 
of graphs of nonnegative real valued functions (henceforth to be 
called sequences) whose domains are the proper initial segments of the 
naturally well-ordered set of countable ordinals, with K partially 
ordered by set inclusion. Note that K with such a partial ordering is a 
tree of width c and height fr$i. The details are as follows. 

I. If a Hausdorff space is Lindelof on a closed subset L with 
I L\ ^c and the first countably axiom holds in X a t each point of L, 
then L is the intersection of c (or less) open sets. To see this, choose a 
countable basis for each point of L. This gives a collection J of open 
sets with | J | ^c. Let H denote the collection of all the unions of 
countable subcollections of / covering L. \H\ ^ C , and in the presence 
of Hausdorff and Lindelof, the common part of all the members of 
HiaL. 

I I . Let F(0) be a closed set such that 0 < | F(0)| ^ c . Since by I, 
F(0) is the intersection of c (or less) open sets, X— F(0) is the union 
of c closed subsets Y(r) (r positive real number) such that F(0) 
P\ Y(r) = 0. These sets need not be mutually disjoint, distinct, or for 
that matter nonvoid but in visualizing the net it may simplify think
ing about the inclusion properties to picture them as mutually dis
joint. Now if f\ and r2 are arbitrary nonnegative real numbers, 
F(ri, r2) is a closed subset of Y(/i) with the following properties : 

(a) If l F ( n ) | ^ , F(n, r,) = 0 , but 
(b) if I Y(n)\ >c, then 0 < | Y(rh 0) | £c and, for r 2 >0 , Y(rlt 0) 

H F ( n , r2)=0 and 
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(c) Ura>o Y(ru r«) = Y{n) - Y(ru 0). 
In this same manner each F(ri, r2, f3) is defined, and in general 

Y(ri, r2, • • • , rZi - - • ) (z<a) is defined when a (a<Q) is a nonlimit 
ordinal and also a— 1, the immediate predecessor of a, is a nonlimit 
ordinal. 

I I I . Now suppose that ri, r2, * * • i s a w sequence of nonnegative 
reals such that for each natural number n, F(rx, r2, • • - , r») has been 
defined. Of course each such set is closed and F(r i )DF(ri , r2) 
D % f 2 , r 3 ) D • • • . L e t 

F(r 1, r2, • • • ) = F(r 1) H F(n, r2) H F(n, r2, r,) H • • • . 

In this manner F(ri, r2, • • • , rZi • • • ) (s<ce) is defined for a a 
countable limit ordinal. 

IV. As before if | Y(rh r2, • • • ) | Sc then Y(rlt r2, • • • , rw) = 0 
(O^r^). But if I F(ri, r2, • • • ) | >c , then it is the union of the closed 
subsets F(ri, r2, • • • , rw) (O^r^) such that 

(1) F(n, r2, • • • , 0 ) n F ( r i , r2, • • • , rw) = 0 for r w >0 , 
(2) 0 < | F ( r i , r , f • • . , 0 ) | rgcand 
(3) F(ri, r2, • • • , 0) contains all those limit points of D = F(0) 

U 7 ( n , 0 ) U F ( n , r,f 0)VJF(ri, r2, r,, 0 )U • • • that belong to 
F(nf ƒ „ . . ; ) . 

This condition (3) is very important in continuing the definition at 
a branching level which is the limit of branching levels. But since X 
is first countable, \E\ SC for any subset E with | E | SC. Hence 
\D\ SC and \DC\Y(riy r2, • • • ) | ûc So the existence of 
F(ri, r2i - • • , 0) is evident. Actually D—DC.Y(ri, r2, • • • ) but we 
do not need that fact right here. Once F(ri, r2, • • • , 0) is defined, the 
validity of the definition of F(ri, r2, • • • , rw) (f«>0) follows from I. 
In this manner F(ri, r2, • • • , rz, • • * ) (£<<*) is defined when a is a 
countable nonlimit ordinal but a — 1 is a limit ordinal. 

Without going through the formal inductive construction, the 
reader can see how F is defined over all of the tree K. 

Now suppose that over some branch of K with height equal to ^ 1 , 
F fails to take on the value 0 from some level on. That is, there is 
an uncountable sequence n, r2y • • • , rz, • • • (z<Ü) of nonnegative 
reals such that for each a < Q , | Y(rh r2} • • • , rZi • • • ) (2<o0| >c. 
Note that then it must be that rz>0 for each s < 0 . But 

E = F(0) U F(n, 0) U F(n, r„ 0) U 

• • • VJ F(rx, r,, • • • , r., • • • , 0) (s < a) U • • • (a < 0) 

is a closed set. To see this, suppose on the contrary that pÇzE — E. 
By using successively the first countability of X, the closedness of 
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Y(ri, r2, • • • , rZl • • • , 0) (z<a) for each a<£2, and the induced well-
ordering of the collection F(0), F(ri, 0), • • • , one obtains a o> se
quence of points qi, q%, • • • converging to p and an increasing co 
sequence of countable ordinals Kai<a2<az< • • • such that for 
each positive integer i, 

q% 6 K(fi, r2, • • • , rs, • • • , 0) (2 < «<)• 

Letj8 = l.u.b.{öJiji
0li<ft. Then j8 is a limit ordinal and, by IV, we have 

that pG.Y(ri, r2, • • • , rZi • • • , 0) (z<f3), namely, a contradiction. 
So, E is closed. Also \E\^C. But, X - F ( n ) , X - F ( V i , r2), 
X — Y(rh r2, r8), • • • , -X"— F(ri, r2, • • • , rMf • • • ) (*<«), • • • 
(a<S2) is a collection of open sets covering E which contains no 
countable covering subcollection. This is impossible in a compact 
space or a Lindelof space. 

This means that for each point x £ X there is at least one (possibly 
more than one) ordinal a (a<Q) and a sequence ri, r2, • • • , 
rz, - - • (z<a) such that x G F(>i, r2, • • • , r», • • • ) and 
I F(ri, r2, • • • , r«, • • • ) | Sc Since there are no more than c nonvoid 
sets in the entire image of the net F, \x\ Sc So we have established 
the following theorem: 

THEOREM. If a Hausdorff space X is Lindelof on every closed subset 
L when \L\^Lc and the first countability axiom holds true in X, then 

1*1 s*. 
COMMENT OF THE WRITER. The above argument appears to be less 

involved than Arhangelskiï's, due partly to the fact that his results 
are more general. Quite clearly Roy's argument may be generalized. 
In another connection the writer has done a generalization of this 
sort [2]. A kind of converse appears in [3]. 
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