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SINGULAR INTEGRALS ON PRODUCT DOMAINS 
BY ROBERT FEFFERMAN 

Introduction. In their well-known theory of singular integrals on Rn, 
Calderón and Zygmund [1] obtained the boundedness of certain convolution 
operators on Rn which generalize the Hubert transform on Rl. Thus, we know 
that if Tf = ƒ * K and K(x) is defined on Rn and satisfies the analogous esti­
mates that 1/x satisfies on/?1 , namely 

(i) \K(x)\<C/\x\n, 

00 fa<\x\<pK(x)<ix = 0 for all 0 < a < ft 
(iii) fM>2\H\ \K(X +h)~ K(x)\dx < C for all h * 0, 

then T is a bounded operator on Lp(Rn) for 1 < p < <*>. (See Stein [2].) 
Now if we take the space Rn x Rm along with the two parameter family 

of dilations (x, y) —* (dxx9 82y), xeRn
9yGRm, Ô. > 0, instead of the usual 

one parameter dilations, we are led to consider operators which generalize the 
double Hubert transform on Rn, H f = ƒ * 1/xy. The boundedness properties of 
H are usually very easy to obtain by an argument which iterates the one-dimen­
sional theory of the Hubert transform. But if we consider, more generally, oper­
ators Tf—f*K where K satisfies analogous estimates to those satisfied by 1/xy 
but cannot be written in the form Kx(x) • K2(y) then the argument which deals 
with H fails. 

We wish to announce here that for various classes of kernels K which "look 
like" l/xy on R2, but are not products of two functions on the x and y variables 
respectively, the convolution operators are bounded on Lp for 1 < p < °° and 
take L log*L(Rn x Rm) boundedly to weak L1. In particular this involves the 
problem of formulating the right two parameter versions of the assumptions on 
the kernel K. 

We wish to take this opportunity to thank E. M. Stein for his help in the 
course of this work. The formulation of several of our theorems follows his 
suggestions, and Theorem 3 in its Lp form is due to him. We also wish to thank 
the Institute for Advanced Study for its hospitality and the National Science 
Foundation for its financial support. 

Statement of results. We shall state three results dealing with the action of 
convolution operators. These deal with the action of these operators on L2, 
LP for 1 < p < «>, and L log+Z, respectively. 
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Before stating these results let us agree on the following notation: if 
K(x, y) is a kernel on R" x Rm then set 

AjCKX*. y) = K(x + h,y)~ K(x, y), 

Al(KXx, y) = K(x, y + k)- K(x, y), 

AJ#(A0(*, y) = A2
fc(A»(tf)X*. y). 

THEOREM 1. Let K(x, y) be defined on R" x Rm and satisfy 
(1) \K(x,y)\<C/\x\n\y\m, 

(2) JJ,x,>2,h,^:^^^^<c' 
\y\>2\k\ 

f^J^wx'y^^ l*l>2lfc| "x ^ '•" \y\m 

(3)1 (*f K(x,y)dxdy\ 
JJOL1<\x\<Ot2 

Pt<\y\<p2 

f K(xty)dx\ 

J\y\>2\k\[ fcV " |X |» 

« C for all OK^ < a 2 , 0 < ( 3 1 </?2 , 

< /oralio < a. < a., 
\y\m 

« — for all 0 < 0. < 0 , 

and 

(4) if G(x) = / P i < l y | < P a K(x, y)dy, then 

L f |x|>2|fc| 

uniformly in Pt and /32 and if 

\G(x + h)- G(x)\dx < C 

then 

J«J < | j c | < a 2 

J |;y|>2|fc| 

uniformly in ax and a2. Then 

\\f + K\\ 
L2(RnXRm) 

< C\\ f II 
L2(i?MXJRm) 

Let us introduce the terminology that a class, C, of kernels on Rn x ƒ£" 
will be called "invariant under dilations" provided that whenever K(x, y)€ C 
then Ô^nd2mK(x/Sl9y/32) G C. 
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THEOREM 2. Suppose C is a class of kernels invariant under dilations of 
Rn x Rm. Assume that any K G C satisfies 

a) ƒƒ, M ^,\K(x,y)\M\y\dxdy<C 
JJ \x\,\y\<l 

where C is independent of K G C, 
ƒ * (* , .y)<fe = o, ^ e i r , 

(2) 

and 
/ . 

K(x,y)dy = 0, xGR", 
P1<\y\<P2 

(3) /or some a > 0, 

ƒ ƒ I*I,I>M>I |A*.'* (J0(*' ' ) | 2 d * * ' < C1*|a|*|a 

/or \h\, \k\ < Vi with C independent of K G C, 

Then \\f*K\\LP(RnXRm)<C'p\\f\\LP(RnxRmy 1 < p < ^ r t t o , m r « C 

0«d where C'p depends on p, n and C 

THEOREM 3. Suppose K(x, y) is defined on R2 and is C°° away from the 
coordinate axes, and satisfies 

a) 
for all a, 0 > 0, 

da+^K(x, y)\ 

dx"d/ w « + i W 0 + i 

(2) 
JJff j<|x|<<J2 

T 1<lyl<T 2 

I f Aïx, y)dxj < f-, 
|Joi<l*l<o-2

 v " / I |yl 

< C , 

ƒ, T 1<lyl<T 2 
*(*, J04V < 

and 

(3) (ƒ<?<*) = fr<w<r K(?c y)dy, H(y) = ƒ„ < U | < K(x, y)dx then 
G,HeC°° and 

VG 

d*T \x\i+ 
:, 7 > 0 , 

dyH 

by-* \y\y+t 

where C is independent of av o2, TX and T2 . Then if Tf = f * K, T maps 
L(log+L)(R2) boundedly into weak Ll. 
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We should remark at this point that the hypotheses of Theorems 1 and 2 
are valid in case 

\x\n\y\m 

12(0^, 82y) = Sl(x, y)8f>09 ƒ Sl(x, y) do(x) = 0 
sn l 

and if £lx(y) = £2(x, y) then the map x —-* %. from S"" 1 to the Lipschitz 
class Aa(Sm~x) is Aa, with the symmetric conditions exchanging x and y. 

2. A"(x, 7) is C2 away from {(x, JOI* = 0 or y = 0} and 
C 

(a) |tf(*, y)\ < 
inu.im 1*1" W 

03) iv.ATC*. y)\ <•„.+ £ • « WyKfy, y)\ <- C 

\yr "v w ' " w iy r+ i* 

lv x v y ^ , j ) l < — - 7 — - 7 
y W I I + I W « + I 

and 

M ƒ *. . ^ *(*' ̂  = / *. î « *(*' ̂ )d* = °' V0 < a < (3. 
• / a< |y |< |8 * /a<|jc|</3 

Sketch of ideas for proofs of theorems. For the L2 case, we show that 
under the assumptions of Theorem 1, the kernel K has bounded Fourier trans­
form. By dilation invariance of the properties of K we may estimate K(&, 17) 
assuming I £1 = 117I = 1. To do this we write 

K(£9ri)= ffK(x,yy(x'S+y^dxdy 

= [{ K, + {[ K. + (( K, + ff K* 
JJ\x\y\y\>\Q l J J \x\<10 1 J J \ X \ > 1 0 l JJ\x\,\y\<10 1 

\y\<lO \y\<lO 

= I + II + III + IV, 

and Kx(x, y) = K(x, y)el^'x + ri'y\ We show how to estimate III to illustrate 
the method for all the terms. 

Ill = - ffM>1Q K(x, y)(l - e^y^dxdy + ƒ ƒ | x | > 1 0 K(x, yY^dxdy 
\y\<\o \y\<io 

= IIIj + IIIn . 

To estimate IIIj, notice for each fixed y, the x integral equals 

f{xl>l0[K(x + rt,y)~-K(x,y)]e*'xdx 
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which is < C/\y\m + an error where the error takes the form 

f K(x, y)e*'xdxt S C {x\ 6 < |x| < 14}. 

So the error < C/\y\m (since \K(x, y)\ < C/\x\"\y\m). Then 

IIL<r — \l-eiy^\dy<C. 
1 J\y\<lO \y\m 

To handle HIjj we write in the notation of Theorem 1, 

111,,= ƒ G(xyt*dx 
11 • / i x i > i o 

< I ,^, Jc(* + *8"G(x)\dx + 2 f \G(x)\dx 
\X|-> 1 0 •/ o 

where 5 C { x | 6 < | x | < 14}, 

< C + 2 f — t f x < C ' . 
J s |*|n 

This concludes the estimate of term III in the expression for K. 
Let us move now to sketching the idea of the proof for Theorem 2 dealing 

with the Lp theory. 
The idea of the proof of Theorem 2 is to prove an inequality like 

S( Tf) (x, y) < Cg*(f) (x, y) where S and g * are two parameter versions of the 
familiar Little wood-Paley functions (see Stein [2]). Because of dilation invariance 
arguments in order to prove such an inequality we need only show that 

I = [[ \K* *(*,y)\2(l + M)w + e(l + \y\)m+€dxdy<<*> 
JJ

R
nxRm 

for some suitably chosen nontrivial function <p. (See Stein [2] or Calderón-
Torchinsky [3] where such facts are used to prove Ho'rmander-Marcinkiewicz 
type multiplier theorems in the 1-parameter case.) To estimate I, write 

JJ|*l,b>l<io JJ\x\<io JJ|*|>io JJ |*UJ>I>IO 
l>M>io \y\<io 

= (l)+(2)+(3) + (4) 

where H(xf y) = \K * </?(*, y)\2{\ + \x\)n + € (1 + lj>l)m + e. Let us show how to 
handle (4). For |JC|, 1̂ 1 > 10, 

K * </?(*, y) = f f K(x -h, y - k\p(h, k) dhdk, 
JJRnXRm 

and we shall choose \p G C°° so that support y C {(x, y)\ \x\ < 1, \y\ < 1} and 
Ln*(x> y)dx = 0 \/yGRm ƒ ip(x, y)dx = 0WxERn. Then using these 
R R 

properties of <p we see that 
K * rtc, y) = ffWAki<l Ai;|CKX*, yypQt, *) dhdk, 
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and we see that 

[[ \K* ^l2(l + M)"+ e(l + \y\)m+edxdy 
J J \x\,\y\>10 

[[ ([[ \Ali(K)(x,y)\dhdk) 
Jj\x\Ay\>10\JJ\h\,\k\<l h>ky ' I 

I*l,lyl>l0 

< 

•(1 4- W)n + e( l + \y\)m+€dxdy 

< \[ (({ \àl
h>l(K)(x, y)\2 

JJ\h\9\k\<\ WJ|x| , | ;y|>10 h>kK-
• (1 + |*|)"+e(l + \y\)m+edxdy\dhdk. 

To show that this is finite we shall estimate the inner integral independent 
of h and k: 

< (*) = C Z Z f S }&l
h;l(K)\2(x, y)dxdy • 2>'<" + e>2«™ + e> 

\y\~21 

(\x\ ~ 2 ; means 2J < \x\ < 2 / + 1 ) . But a dilation argument shows that under 
the assumptions of Theorem 2 

f f }A}t>l(K)\2(x, y)dxdy = 0(2-><"+a>2-'<m + a>) 
\x\>2 

so that 

\y\>21 

O X E Z 2 -^ - e >2- / < a - e ><oo 
/>0 />0 

if e is chosen < a. 

Finally, we indicate how to prove Theorem 3. The main idea is that under 
the assumptions on K of Theorem 3, the kernels x(bK/bx) and y(bK/by) satisfy 
the same properties as K does. But when we may apply Theorem 1 to conclude 
that if m(£, r?) = &(£9 r?) then m(£, T?) G L°°, S(bm/dQ (?, r?) G L°° and 

r)(bm/bn)&v)eL~. 
Then we may apply the Marcinkiewicz Multiplier Theorem to conclude that 

T is bounded on Lp, 1 < p < °°. Together with Stein we have also shown that 
Tmaps L log* L to weak L1. To see this according to Gundy-Stein [4] S(Tf) 
< Cg*(f) for X > 1. If ƒ G I log+Z, then gx(f) G weak L1 for X large enough. 
So S(Tf) G weak L1. Modulo certain simple differences between probabilistic 
and nonprobabiHstic area functions (see [4] ) we see that 

m{(Tf)* >oc}< (~) ± ƒ S2(Tf)dx + m{S(Tf) > ca} 

file:///y/~21
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where (Tf)* denotes the nontangential maximal function of Tf So 

(~) < — I m {S(Tf) > A} • XdX + m {S(Tf) > ca} 
a2 J° 

< - L f ~ ç . w x + ç : < ç : . 
a2 J o X COL a 

So r/eWeakL 1 . 

BIBLIOGRAPHY 

1. A. Calderón and A. Zygmund, On the existence of certain singular integrals, 
Acta Math. 88 (1952). 

2. E. M. Stein, Singular integrals and differentiability properties of functions, Prince­
ton Univ. Press, Princeton, N. J., 1970. 

3. A. Calderón and A. Torchinsky, Parabolic maximal functions associated with a 
distribution. Adv. in Math. 16 (1975). 

4. R. Gundy and E. M. Stein, H? theory for the poly-disc, Proc. Nat. Acad. Sci. 76, 
No. 3 (1979). 

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO, CHICAGO, 
ILLINOIS 60637 




