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THE NEUMANN PROBLEM ON LIPSCHITZ DOMAINS
BY DAVID S. JERISON AND CARLOS E. KENIG!

Let D be a Lipschitz domain in R”, n > 2, Let o denote surface measure
on aD, and let d/dn denote the normal derivative on dD. In this note we use an
a priori estimate due to Payne and Weinberger [6], to bound the nontangential
maximal function of the gradient Vu of a (generalized) solution to the Neumann
problem

Au =0 inD; —a%u=g on 8D 1)

for boundary data g in L2(do). A corollary is that Vu attains its boundary values
nontangentially pointwise almost everywhere and through dominated convergence
in L? on level sets that tend to dD. Moreover, u belongs to the Sobolev space
Hy,,(D). We obtain the same bound and corollary when u is the solution to the
Dirichlet problem

Au=0 inD; wu=f onaD,

where f and its gradient on dD belong to L?(do). For C! domains, these esti-
mates were obtained by A. P. Calderdn et al. [1]. For dimension 2, see (d) be-
low.

In [4] and [5] we found an elementary integral formula (7) and used it
to prove a theorem of Dahlberg (Theorem 1) on Lipschitz domains. Unknown
to us, this formula had already been discovered long ago by Payne and Weinber-
ger and applied to the Dirichlet problem in smooth domains. Moreover, they
used a second formula (2), which is a variant of a formula due to F. Rellich [7],
to study the Neumann problem in smooth domains. We show here that the
same strategy as in [4] applied to the second formula (2) coupled with Dahlberg’s
theorem yields our main result. Thus integral formulas give appropriate estimates
for the solution of not only the Dirichlet problem, but also the Neumann prob-
lem on Lipschitz domains. We will present a more general version that applies
to variable coefficient operators, systems, and other elliptic problems in a later
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The nontangential maximal function M(x) of a function u on D is defined
for Q € aD by

Mu)(Q) = sup {{u(P)l; PE D, |P - Q| < 2 dist(P, aD)}.

THEOREM 1 (DAHLBERG [2]; SEE ALsO [4]). If f € L%(do), then there
is a unique harmonic function u in D such that

<
M@, 5, <l ,

and u(P) — f(Q) as P — Q nontangentially for almost every Q, do. (The con-
stant C depends only on the Lipschitz constant of D.)

For simplicity we will only consider star-shaped Lipschitz domains. Let
¢(8) be a positive Lipschitz function on the unit sphere $"~!C R".

D= {(r,0):0<r<y@®)}.
THEOREM 2. Let g € L*(do); [, do = 0. Then there exists a unique
function u such that
(@) Au = 0in D;du/dn = g on 3D (in the generalized sense); [, u do = 0.

®) IIM(Vu)IILz(da) <Clegll _,

(do)’

COROLLARY. u(P)/dx; tends to a limit du(Q)/dx; € L*(do)asP — Q
nontangentially a.e. Q and Ny, - Vu(Q) = g(Q), where N, is the normal to 3D
at Q.

ProoF. Let  be a smooth domain. Denote the outer unit normal to 02
at Q by NQ and surface measure on 82 by ds. Let (, ) denote inner product.
The normal derivative on 9S2 is 9/dv = {Ng, V). Denote a(Q)=0-Q, NQ>NQ
and define a tangential gradient by

V=T, Ve s Ty g, V)

where Ny, Ty, ..., T,_, form an orthonormal basis at Q. Then [6, 3.7 and
3.8]

it -(3)) 050 .

= 24a(Q), vud -g—:i- n—2u g—:‘E ds(Q)=0

L

for any function u that is harmonic in £ and smooth in Q. To prove this,
observe that

div{Ivul?Q — 240, vuyVu — (n — 2)uvu} = -24Q, VudAu — (n — 2ulu = 0.
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By Green’s theorem,
2 _ u o ?ﬂ} =
fa n{wul @ N =2Q, vy o —(n=2u -0 ds(@ =0. ()

Formula (2) follows from (3) and the fact that [Vul® = [9u/ov|* + |v,ul%.
Suppose that € is star-shaped: Q = {(r, 6): 0 <r < ¥(0)} for some

¥ € C (" 1). The crucial fact is that (Q, Ng) = ¢ > 0 where ¢ depends only

on the Lipschitz norm of ¥, 1lip- Therefore, we conclude from (2) that

ou

au
<
¢ oy

ol + 1%, ul + lul

2
I9,uly @)

L2 (as) L2 (ds)

where the constant C depends only on ||| Lip- It is well known that if

Jaq u(@)do(Q) = 0, then IIuIIL2 d(f <dlv uIILz(ds) for a constant C depend-
ing only on ||l ;,. This combined with (4) yields the a priori estimate of
Payne and Weinberger [6, §4]:

ou

Ival 2, <55

< .
ds) L (ds)

Applying Theorem 1 to each of the partial derivatives du/dx; we find that

d
Ml , < C

L*(ds)

)

L2 (ds)

for a constant C depending only on II\P[ILip.

Let Q,; = {rno)y:o<r< U(6)} be a sequence of smooth domains con-
taining D. So that ”‘I’i”Lip < 2||¢|[Lip, \I/]- — ¢ uniformly, and V, ‘Il,- —> Voy
pointwise almost everywhere. We will use the subscript j to transfer notations
from Q to ;. The Sobolev space H (D) is defined (for s > 0) as the restriction
to D of the Sobolev space

Hy= (€ L2R"): [Ih@P(1 + 162) dt < =}

Let f€ C”(R") satisfy [,,(3f/on)do = 0. There is a generalized solution
u € H, (D) to the Neumann problem (1) with g = 9f/on. In fact,u =f—v,
where v satisfies

J oo vy = [ A forall ¥ € H,©).

To specify u uniquely we impose the condition [, udo = 0. Let h(P) = IP|%.
Note that [, nj(ah/av]-)dsi = 2n vol(2;) # 0. Thus, there is a sequence ¢; — 0
such that

faa 6v (f+ch)ds = 0.



206 D. S. JERISON AND C. E. KENIG

Therefore, we can solve the Neumann problem
f Ty = I A+ ep)y for ¥ € Hy(@) with iy = 1+ iy,
and [, QY ds; = 0. Estlmate (5) tells us that for large j

0,
< —L|
4

A5
(dsj)
In particular, ||u; ”HI(Q » is uniformly bounded. Therefore, replacing u; bya sub-
sequence, we can assume that u; converges weakly in H, (D) to a functlon ua.
Furthermore, for y € H,, lettmg V=f-TU,

oA = lim_ S v, v

©)

W, < l

—67 (f+ Clh) L2

L% (as)

= '1512 fn A(f + e - fn .\D<V"i’ vy = fDAN

since /g \p(Vy;, V) < (S, IVl Hl2(1g \Dlvdzl2)”2 tends to zero as j — oo,
It is easy to deduce from f;m ds; =0 that faDudo =0. Inall, % = u. Be-
cause the functions u; are harmonlc, Vu; — Vu uniformly on compact subsets

of D. Therefore, using (6), IM(Vu)ll, , @o) < Cliaffonl , oy The collection
of functions 9f/dn is clearly dense in the space of g € L2(do) with [, gdo = 0

and Theorem 2 follows.

THEOREM 3. Let u be the solution to the Dirichlet problem Au = 0 on D,
u = fondD for f€ L*(do). If V,f € L*(do), then

<C .
MM(vu)Ile o) v, f "L2(da)

ProoF. The proof is similar to that of Theorem 2, with the roles of ou/ov
and V,u reversed.

ReEMARKS. (a) Let G be the Green function for D with pole at 0. Apply
(2) or (3) to G in the domain Q\B, (B, is a ball around O of radius €). Letting
€ — 0 we obtain

e npSera© = [ ot Toao. O

(See [6, 56] and [4] for shorter proofs.)

(b) The area integral estimate [3] says that a solution u from Theorem 2
or 3 satisfies [ Dlvzu(X)I2 dist(X, aD)dX < oo. It follows from real interpolation
that u € Hy , (D).

(c) The estimates obtained here show that (2) and (3) are actually valid in
Lipschitz domains for functions u satisfying Theorem 2 or 3. Moreover, (7) is
valid on Lipschitz domains.

(d) The analogous estimates for the Neumann problem in dimension two
were proved by Fabes and Kenig. They showed that for each Lipschitz domain
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D C R?, there is Py > 2 such that if p <p,, g € LP(do) and Au = 0 on D,
ou/on = g on oD, then IIM(Vu)IILp(dU) < CIIgIILp(dO). For p = p,,, the estimate
fails. Also, given p > 2, there exists a Lipschitz domain D for which the estimate
fails. The situation for g € LP(do), p < 2, in higher dimensions remains open.
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