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DYNAMICAL VERSIONS
OF HARDY’S UNCERTAINTY PRINCIPLE:
A SURVEY

AINGERU FERNANDEZ-BERTOLIN AND EUGENIA MALINNIKOVA

ABSTRACT. The Hardy uncertainty principle says that no function is better
localized together with its Fourier transform than the Gaussian. The textbook
proof of the result, as well as one of the original proofs by Hardy, refers to the
Phragmén—Lindel6f theorem. In this note we first describe the connection of
the Hardy uncertainty to the Schrédinger equation, and give a new proof of
Hardy’s result which is based on this connection and the Liouville theorem.
The proof is related to the second proof of Hardy, which has been undeservedly
forgotten. Then we survey the recent results on dynamical versions of Hardy’s
theorem.

1. INTRODUCTION

There are many mathematical interpretations of the uncertainty principle, which
states that the position and momentum of a quantum particle cannot be measured
simultaneously, or that a signal cannot be well-localized both in time and in fre-
quency. All of them refer to a double representation of a function; classically
this is the function itself and its Fourier transform, though more recent versions
of the uncertainty principle use some form of joint time-frequency representation,
for example the short-time Fourier transform. Each uncertainty principle has an
interesting and developing story, and in this note we tell only one of them.

The most famous uncertainty principle was introduced by Werner Heisenberg
in 1927, and its mathematical formulation was given by Earle Hesse Kennard and
Hermann Weyl shortly after. It says that
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We always use the following normalization of the Fourier transform on R¢,

1

—ix-&
2 e (x)e dx.

fe) =

It is well-known that the Fourier transform is an isometry of L?(R9).

The equality in Heisenberg’s uncertainty principle () is attained when f is a
generalized Gaussian function, i.e., f(z) = exp(—(Ax,x)), where A is a positive
definite matrix. The fact that the Gaussian is the best localized function in time
and frequency was also recognized by English mathematician Godfrey H. Hardy
in 1933, in the formulation of the uncertainty principle that now bears his name.
Hardy attributed the remark that a function and its Fourier transform “cannot be
very small” to Norbert Wiener and proved the following one dimensional result.

Theorem 1. Let f € LX(R) satisfy |f(z)] < Ce*I" and |f(¢)| < Ce blEF, If
ab > 1/4, then f =0, and if ab = 1/4, then f(z) = ce~l=l".

In his original article [28], Hardy gave two different proofs, and both refer to
holomorphic functions and use some results of complex analysis. The first one
employs the Phragmén—Lindel6f principle for entire functions. This proof or its
variations can be found in many textbooks; see for example [29/40,[42]. The second
one also refers to entire functions but makes use of the Liouville theorem only (at
least for the case when ab > 1/4); it is more elementary and seems to be forgotten.
We should also mention that Hardy proved a more general result, assuming that
1f(z)] = O(|z|™e~l=") and | £(£)| = O(|¢|™e~161) as x,& — +o0, he showed that
f is a polynomial times e—al=l?,

There was a search for a real variable proof of the Hardy uncertainty principle.
A rather elementary (real variable) argument, given by Terence Tao in his book
[43, §2.6], implies that f is zero if in the statement above ab > C for some large
constant Cy. Another real variable proof for the case ab > 1 is given by E. Pauwels
and M. de Gosson in [39]. Surprisingly their proof employs prolate spheroidal wave
functions, which, in the context of time frequency analysis, first appeared in the
celebrated series of works of H. Landau, H. Pollak, and D. Slepian in the beginning
of 1960s. The first complete real proof for the sharp result is given in [10].

Before we exhibit the main topic of this note, the dynamical interpretation of
the Hardy uncertainty principle, and give a new proof of the result, we comment
briefly on classical approaches and generalizations.

Hardy proved the theorem for the case a = b = 1/2, which implies the general
result by a simple rescaling. Gilbert W. Morgan gave the following generalization
of Hardy’s result already in 1934, [30].

Theorem 2. Let 1 < p < 2 and 1/p+ 1/q = 1. Suppose that f € L*(R) and
|f(2)] < Ce= 121"/ and |f(¢)| < Ce " l6I°/9 and ab > | cos(pr/2)|M/P, then f = 0.

For an interesting discussion of the Morgan theorem, extensions to functions
that decay only along half-axes, and some remarkable related results, we refer the
reader to [37] and [29].

The assumptions of both theorems formulated above are pointwise bounds for
a function and its Fourier transform. In the 1980s M. Cowling and J. F. Price
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[11] obtained versions where the bounds are replaced by an integral condition, the
simplest version is the so-called L?-Hardy uncertainty principle,

el f(x) € L(R) and f(¢) € L2(R),

implying f = 0 when ab > 1/4.

Hardy’s theorem can be generalized to higher dimension, and the statement is
exactly the same for f € L?(R?). This can be deduced from the one dimensional
result using the Radon transform; see [41]. Note that we discuss only the simplest
generalization of the Hardy uncertainty principle to R?. The appealing problem of
natural higher dimensional statements is studied in [5}6}12]13].

An interesting interpretation of Hardy’s uncertainty principle was given in the
beginning of the current century; see [A[15]. It turns out that Theorem [lis equiv-
alent to the following statement.

Theorem 3. Let u(t,z) be a solution to the free Schrodinger equation
O = iAu(t, x).
Suppose that u € C1([0, T], W22(R%)) satisfies the decay conditions
[u(0,x)] < Ce=l#*  and |u(T,z)| < CeBlal®,

where a, B > 0.
(i) If aB > (16T%)7", then u(t,z) = 0.
(i) If aB = (16T2)~, then u(t,z) = ce~(@Fi/(AD)lal*,

A real-variable proof of this theorem is due to M. Cowling, L. Escauriaza,
C. E. Kenig, G. Ponce, and L. Vega; see [10].

In this note we first show that the uniqueness result is equivalent to Hardy’s
theorem and give a simple proof of Theorem The proof involves holomorphic
functions; however the proof of part (i) is based only on the Liouville theorem, which
says that a bounded entire function is constant. The argument reminds one of the
second proof of Theorem [ given by Hardy in [28]. The proof of part (ii) requires
some analysis of a singular point of a holomorphic function. We then sketch the
second proof of Hardy’s theorem and give a relatively short and elementary proof
of another uncertainty principle due to Beurling. The latter proof is inspired by
the work of Hedenmalm; see [30]. To finish, we present an overview of the recent
generalizations of Theorem [B] which are called the dynamical versions of Hardy’s
uncertainty principle.

2. FREE SCHRODINGER EQUATION

2.1. Solution by the Fourier transform. In this section we present the classical
formula for the solution of the Schrodinger equation, and we provide the details for
the convenience of the reader. A generalization of the result is used later in the
note. We consider the free Schrodinger equation

(2) Opu(t, x) = iAyu(t, ),
where A, = 68—; + -+ % is the Laplace operator. It is one of the simplest
1 d

examples of a constant coefficient linear dispersive equation. Dispersive equations
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are called so since parts of solutions with different frequencies disperse with different
speeds, spreading spatially. A plane wave is a solution to () of the form

ug, (t,€) = exp(iz - & — it|&[*).

Clearly, any superposition of the plane waves is also a solution. The plane waves
satisfy |u(t,z)] = 1. Below we analyze solutions that decay in z. More precisely,
we assume that u € CL([0,T], W*2(R%)). This smoothness assumption can be
weakened but we prefer to avoid the technical details in this note.

An effective method to solve linear constant coefficient dispersive equations is by
applying the Fourier transform in spatial variables. Let (¢, &) = Fyu(t,x). Then
@) reads

ata(tu 5) = —Z|§|2’/Lb\(t, g)
Thus the solution to (2)) with initial data u(0,z) = ug(z) € L*(R?) satisfies

(3) a(t,€) = el T ¢).

Hence, by the Fourier inversion formula,

1 EI2 i f
wlt:2) = gy [, ¢ e

1 et
_ W/Rd /Rde< =)y ().

The formula for wu(t,z) above can be written as the convolution
ult, z) = /d uo(y) K (2 = y)dy,
R

where K is the (distributional) inverse Fourier transform of the function eitlel®,
Formally, we write

1 i(tE]>+a-g
Kt(I)—W/RdG( de,

although the integral does not converge. To make sense of the integral, let

€ 1 i 24z —elg)?
Ki (@) = Gy /Rdema +o€) g—elel ge.

Then it is easy to see that

1

b llPraerin)
(47 (e + it))4/2

Ki(r) =
The limit of K (x) as ¢ — 0 exists and is equal to

1 —|z|?/(4it
Kt(x)zme |@|” /(4it)

Therefore the solution to the Schrodinger equation is given by

1 N2

We note that if k; denotes the standard heat kernel, then formally K; = k;;.

(4) u(t,z) =
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2.2. Uniqueness for the free Schrodinger evolution and Hardy’s theorem.
Using the integral formula for the solution (), it is not difficult to see that The-
orem [ is equivalent to Theorem [l with d = 1. We show one implication: the
Hardy uncertainty principle follows from the uniqueness result for the Schrodinger
equation.

Assume that Theorem [3lis true, and let f be a function as in the Hardy theorem.
We define

u(t,z) = eyl /(D =iyl /4 ¢ () gy

1
i |,
for t > 0. Since f is decaying fast, the function u(¢,x) is smooth. Then, differen-
tiating the integrand, we see that dyu = iA,u. Moreover, by taking the limit as
t— 0, we get u(0,z) = e*i|"”‘2/4f(x). Furthermore,
eilzl?/4
Wf(xﬂ)-

The assumptions in the Hardy theorem can now be translated to
u(0,2)| < Ce 1" |u(1,z)| < Cebl=l*/4,

Now applying Theorem [3l with T' = 1, we conclude the argument.
The reverse implication can be shown in a similar way.

u(l,z) =

2.3. A proof of the uniqueness theorem. We now give a relatively elementary
proof of Theorem [Bl The main idea is to consider the family of partial differential
equations dyu = zA,u with complex parameter z. When z = £1 we get the
heat and the backward heat equations, while z = i corresponds to the Schrodinger
equation. Computations, similar to ones presented in Section 2.l show that the
fundamental solution is

ki(2)(z) = (47th)_d/26_\$|2/(4zt).

Thus for a fast decaying initial condition ug(z), the solution to the equation is given
by w(t,z) = ug * ki(2), so ki(z) =: ki, is a complex extension of the heat kernel.
Assume now that
Jug(2)] = [u(0,z)] < el
We start with the initial condition u(0,2) = up(z) that decays fast, and we solve
the generalized heat equation. We see that the heat equation itself is solvable (it
corresponds to z real and positive) as is the Schrodinger equation (corresponding
to pure imaginary z), but the backward heat equation cannot be solved in general,
and our function is not defined for small real negative z. We consider the function

1 2

- —lz—yl|*/(42) _

(dn2)/? /]Rd e uo(y)dy = k, * ug,

for Qg = {z € C: R(—1/(42)) — @ < 0}. Solving the last inequality for z, we see

that the integral above converges uniformly on compact subsets of the domain
Q={2€C:|z2+1/(8a)| > 1/8a}.

The function F2(z,z) is a holomorphic function of z in g, when x € R? is fixed.
Note that we take the square of F' to avoid the branching of \/z.
Now, we start with «(T, z) = ui(z) and define

1 2 )
—|z—1 (4(z—iT
(4n(z —i1))1/2 /Rde e (y)dy.

F(z,z) =

G(z,x) = ki *up =
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z plane

20
FI1GURE 1. Tangent circles 99y and 0§27 and their common tan-
gent line [ for the case AB = T?/4, z-plane

Using the decay of u1, we see that G?(z,x) is well defined and holomorphic in the
domain

U ={z€C:|z—iT+1/85] > 1/(85)}.
Moreover, G(it,x) = u(t,z) when ¢t € (0,7). Hence the holomorphic functions
F2(-,z) and G?(-,x) coincide on the interval (0,7). Therefore F?(-,z) is extended
to a holomorphic function on Qg U ;.

To simplify the notation, we denote (8a)~! = A and (88)~! = B. Then the
complements of €y and 27 are circles with the radii A and B, while the distance
between the centers is /T2 + (A — B)2.

If AB < T?/4 (which is equivalent to 163 > T~2), then the circles do not
intersect. Thus F2(z,z) extends to an entire function in z for each fixed z. It also

satisfies
c > > \?
2 <Y —R(lz—y|*/(42)) ,—alyl* 4
NS ey (/ -

C
(4lz](a + 7))
where v = R(1/(4z)). We fix z and note that F?(z, ) is uniformly bounded as
|z| > 1/a. Then, by the Liouville theorem, F?(z,z) is a constant function in z for
each x. This means that d;u = 0 and thus Au = 0. There are no nonzero decaying
harmonic functions, therefore u(t, ) = 0.

This proof of Theorem Bli) uses only the facts that the function e satisfies
the mean value property and that a bounded function satisfying the mean value
property on the whole plane is a constant. An elementary proof of the latter can
be found in [38].

Now assume that 16a8 = T2, i.e., AB = T?/4. Then the circles 99 and
99, touch at one point, which we denote by zp; see Figure [l Thus F?(z,z) is a
holomorphic function in C\ {z0}. We consider z = 0 and claim that F?(z,0) has
a pole at zp. To prove that, we draw the common tangent line [ to the circles 0
and 0€2;, and we consider the images of this line under the transformations ¢ = z~*
and n = (z —iT)~!. These are circles wy and w; passing through the origin, while
the images of the circles 02y and 02; under those two respective transformations

(5)

o 2velz)?/ (v+a)
)
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(=27

Co

FIGURE 2. Circle wy and tangent line [y in ¢ = 1/z-plane

are vertical lines [y and [; tangent to wy and wq; see Figure We see that wq is
defined by the equation

R(¢ = o) = 1€ = Col*/ (2ro),
where (o = zal and rg is the radius of wy. Let z be a point close to zg lying above

the line [ (on the other side of the line [ than 9€p). Then ¢ = 2! lies inside the
disk bounded by wy, and we have the following inequality

(6) R(C — Go) = €l¢ = G = 1]z — 20,
where ¢ = (2r9) ! and ¢; = c|zg|~*/2. The estimate (G]) implies
|F2(2,0)| < Clz — 2|2

when z is in the half-plane above the line [. For the other half-plane we repeat the
argument, using the function G2, and conclude that F?(z,0) has a pole at zy of
order less than or equal to 2d.
Similarly, we consider the functions
Fy(z,2) = 0F (v, ) 0z,
1

Cle—yl? /(42 _
_W/R WD (g — o (y)dy, j=1,....d.

Then each F7(z, ) extends to a holomorphic function in C\ {2} and Fj(z,0) has
a pole at zg. An estimate of Fj(z,0) gives

|Fj2(z, 0)| < C|z — 2| 72471,

Finally, consider ( = (o + t, where ¢ > 0 is real and small. For this case the
inequality (@) can be replaced by R(¢—(p) = [ —(o|. Then, repeating the argument
above and taking z = 1/¢, we see that (z — 20)?F?(z,0) and (z — z)*" F?(z,0)
are bounded along the curve z = zo(1 +tzo) !, ¢ > 0. Thus F?(z,0) has a pole at
zg of order not exceeding d, while for each Fj2 (2,0),7 = 1,...,d, the order of this
pole does not exceed d + 1.

We assume first that d = 1. To finish the proof of the endpoint case, we use the
Hermite functions,

wn(t) _ 6t2/2%6_t2 — Hn(t)e—t2/2’
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which form an orthogonal basis for L?(IR). More generally, for any complex number
~v with Ry > 0, we may define the generalized Hermite functions

(1) = Ha(v/29t)e 7,

which still form an orthogonal basis for L?(R).
First we consider F?(z,0). This is a holomorphic function in C\ {20} that tends
to zero at infinity and has a simple pole at zg, thus

F%(2,0) = b(z — 29) "
Hence

(oo}
/ e_y2/(4z)uo(y)dy = 021/2(2 - zo)_l/Q.
— 00

A simple computation shows that
L1/2

o0 2 2
7 v /4D W gy = WS
(7) [006 e Y \/%(14_427)1/2

We choose v = —1/(4z9) = —(p/4 and see that for some constant ¢y and every ¢
> 2 4 2 o 2 4
co/ eV e dy :/ eV g (y)dy.
—00 — 00

This means that all even moments of uy are equal to the corresponding moments
of coe=W* and thus uo(y) + up(—y) = 2cqe Y.
Then, similarly, we consider FZ(z,0). We have
F2(2,0) = ba(z — 20) 2 + by(2 — 20) L.
On the other hand
o k+1)/2
0

(1 + 4zy)(BH1)/2°
Representing yug(y) as the series in 1/),(;’), we conclude that

2
yuo(y) — yuo(—y) = 2(c1 + cay)e 7Y

Now, taking y — 0 and using that ug(y) = G(0,y) is a continuous function, we see
that ¢; = ¢o = 0. Thus ug is even and ug(y) = coe_v‘yﬁ. It is not difficult to check
that v = o 4 i¢/4T. This concludes the proof of Theorem [ for the case d = 1.

To complete the proof in higher dimensions, we consider F(z,x) and all its
partial derivatives in the spatial variables at x = 0. Rewriting the integral in polar
coordinates, we have

- 1 > 4 / N —r2/(4z)
F(z,0) = W/o r /Sd_l uo(ry')do(y')e dr.

Let ®(r) = r%1 [gu uo(ry')do(y’). The identity (@) and the fact that F? has a
pole at zp = —1/(47) of order not exceeding d imply that

d—1

O(r) = Z clrlefwz.

=0
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Moreover, since ®(r) has a zero of order d — 1 at zero, we conclude that ®(r) =
erd=1e=7*. On the other hand, looking at the partial derivatives of F', we see that
for any homogeneous polynomial p(y) of degree k,

B(r) = [l uotry o)
gd—1
is a linear combination of the form Zg_Hk crle= " I Jga—1 p(y)do(y’) = 0, then
®,,(r) = 0 since its zero at the origin is of order larger than d—1+k. Therefore uy is
orthogonal to all polynomials with zero mean on each sphere centered at the origin.
This implies that ug is a constant on each such sphere and thus ug(y) = ce= %,

2.4. Heat equation. We saw that the Schrodinger equation and the heat equation
are close relatives. Therefore, it is natural that the Hardy uncertainty principle
implies a uniqueness result for the heat equation.

Theorem 4. Let u(t,z) € C1([0,T], W22(R%)) be a solution to the heat equation
dyu = Ayu. Suppose that u(0,x) € LY(R?) and |u(T,z)| < P 1/(4T),
then u = 0.

The case § = 1/4T corresponds to the situation «(0,z) is the Dirac delta func-
tion. The fact that the Hardy uncertainty principle implies Theorem [ follows by
applying the Fourier transform in variable x, which gives

9) a(t,€) = e G(0, ¢).

Thus, if the initial data ug(z) = u(0,z) € LY(RY), then |a(T,&)| < Ce TP,
Combined with the decay condition for u(T,z), it implies that w(T,x) = 0 if § >
1/(AT) and u(T, z) = coe 31" if § = 1/(4T). The latter implies 7ig(€) = ¢ and u is
a multiple of the Dirac delta function.

We can also prove Theorem Ml using the approach suggested in the previous
section. The condition |u(T,z)| < e~312I* implies that the function

G*(z,x) = (ky_p * u(T, x))?
is holomorphic in the domain
Q={zeC:|z—T+ (857 > (8)'},
while the condition u(0,x) € L' implies that the function
F2(z,2) = (ky *u(0,2))?

is holomorphic when R(z) > 0. Moreover, we know that F2(t,z) = G*(t,x) when

€ (0,T). If 6 > 1/(4T), the two domains cover the whole complex plane, and we
obtain a bounded entire function. It leads to a contradiction in the same way as
above for the Schrodinger equation. If § = 1/(47), then the resulting function is

holomorphic in C\ {0}, but the singularity at 0 is removable for almost every x
since

lim F2(z,z) = u*(0, z)
z—0
almost everywhere. And we get a contradiction again.
We also note that Theorem [H] does not imply the limit case (ab = 1/4) in the

Hardy uncertainty principle. The reason is that in general a bounded function is
not a Fourier transform of an L'-function. To obtain an equivalent statement, one
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should extend the notion of solutions of the heat equation to the case when the
initial data is a measure.

3. THE SECOND PROOF OF HARDY AND BEURLING’S UNCERTAINTY PRINCIPLE

3.1. On the forgotten proof of Hardy. We were not able to find the second
proof of Hardy or its variations in any textbook, so we give a sketch of this proof here
as pointed at in the introduction, for the conea = b = % First, Hardy notes that the
decay conditions on f and f imply the decay conditions on f.(z) = (f(z)+f(—z))/2
and f, = (f(z) — f(—2))/2 and their Fourier transforms. Next, the functions
fl = (fe + fe)/2a f2 = (fe - fe)/Zv f3 = (fo + Z-fo)/2a and f4 = (fO - Z-fo)/Z
also satisfy the decay condition together with the Fourier transforms. So one may
assume that f: ik f.
Let first f be even, so that fz +f. Hardy considers the function

As(s) = / 57 f(2) do,

0

where f decays as the Gaussian. Then Ay is a holomorphic function when R(s) > —1
and the equation f = +f translates into the identity

Ap(s) =120 (1/5).

We skip the details of choosing the right branch of the root function here.

Then the function p(s) = /s + 1A¢(s) satisfies pu(s) = p(1/s) and it can be
extended to a holomorphic function in C\ {—1}. Moreover, p has a pole at 5o = —1.
Finally, Hardy refers to the injectivity of the transform, i.e., A\ = A4 if and only if
f =g, and the identity for the Hermite functions

> 7st2/2 - (5 B 1)71
/0 1/}2n(t)6 dt = cp (5 i 1)n+1/2'
The case where f is odd is not written down in [28]. For this case we suggest

considering the function

- o0 2 o0 o0
)\f(s):/o xe_512/2f(x) d:r—:l:\/;/o xe_”2/2/0 fly) sinzy dy dz,

where the second identity follows from the fact f==if. Then Ar(s)=5"3/2X;(1/s).
As before, we consider u(s) = /(s + 1) A\f(s) that satisfies u(s) = s~'u(1/s). This
function extends to a holomorphic function in C\ {—1} such that |u(s)| — 0 when
|s| = oco. Further, u has a pole at s, = —1, and one concludes the argument by
the same techniques of the even case.

3.2. Beurling’s uncertainty principle. The following version of the uncertainty
principle is due to Arne Beurling

Theorem 5. Suppose that f € L?*(R) and

/ / €1 ()| F(€)] dax i < oo
RJR

Then f =0.
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The theorem appeared in the collected works of Beurling in [4] and dates back to
the 1960s. The original proof of Beurling uses the Phragmén—Lindel6f theorem and
it can be found in [31]. Higher dimensional versions of the Beurling theorem were
obtained in [6]. In 2012 Hakan Hedenmalm gave another proof and generalized the
statement in [30]. His result was further extended in [26]. We follow the ideas in
[30] to give a relatively short proof of the original statement of Beurling. Clearly,
the Beurling theorem implies the L2-version of the Hardy uniqueness result.

First, by taking the real and imaginary parts of f we may reduce the problem
to the case when f is real-valued. Now, following the idea of Hedenmalm, consider
the function

P = [ [ et g fie) do e

Then F' is well-defined and holomorphic in the strip S = {s € C : [S(s)] < 1}.

Moreover, by the monotone convergence theorem, F' is continuous on S. For real
s, we have

F(s) = v/ [ 7o) f(s0) do

we have used that f, f € LY(R). Then F(s) = s 'F(1/s) for s € R\ {0}. We obtain
that F' can be extended to a holomorphic function on C\ {£i}. The singularities
at s = +i are removable since the function is continuous at these points. Finally,
the functional equation F(s) = s~ 1F(1/s) and the fact that F is bounded near the
origin imply that |F(s)] — 0 when |s| — co. Thus F' = 0. In particular,

F(1) = \/g/sz(x) dx = 0.

Finally, since f is real-valued, we conclude that f = 0.

4. RECENT VERSIONS OF THE UNIQUENESS THEOREM

We now return to the dynamical versions of the uncertainty principles. In the
last 15 years the uniqueness results for the free Schrodinger and heat equations
were generalized to a large class of evolutions. We give an overview of some of
these results in this section.

4.1. Schrodinger and heat equations with a potential. First, we consider the
Schrédinger equation with a potential,

(10) Owu(t, z) = i(Au + Vu).

In a series of articles, Luis Escauriaza, Carlos E. Kenig, Gustavo Ponce, and Luis
Vega ([I5HI9]) generalized the uniqueness result for the case when V is a bounded
potential satisfying one of the following conditions:

(i) limr oo fy SUPLyysr |V (1, 2)|dE =0,

(i) V(t,z) = Vi(x) + Va(t, x),
where 1/ is real-valued (and does not depend on t) and V5 satisfies, for some positive
« and S,

2 2 2
[sou% | AT 1=l /(Vat+/B(T—t)) Va ()| oo (mmy < +00.
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Theorem 6. Let u € C([0,T],L2(R%)) be a solution to ([0), where V satisfies
either (i) or (ii). If [u(0,z)| < Ce=®l*" and |u(T,z)| < Ce=Plel with af >
1/(16T?), then u = 0.

Note that the condition on «f is sharp! The result is further generalized to
semilinear equations and covariant Schrodinger evolution in [I8] and [3], []], and to
Navier—Stokes equation in [14].

We outline the proof of Theorem First it suffices to consider the case when
a = f3; the Appell transform reduces the general case to this one. We renormalize
the solution and assume that T' = 1. The first step is to show logarithmic convexity
of some weighted norm of the solution. The method can be compared to the one
used by Shmuel Agmon for elliptic equations in 1960s; see [I]. For each t € [0, 1]
and & € S, we define

1) = [ e MO (o),
Rd

where b(t) = 16ut(1 — t). The derivative of v(t,z) = et*TRUOE y(¢ 2) in ¢ is
written as the sum of a symmetric and antisymmetric operator,
O = (S + A)v.
Then a straightforward calculation implies that
(log H(t))" > 2((SA — AS)v,v).

Careful estimates on SA — AS show that (log H(t))” > —16uR? — C,, where C,
denotes a constant that depends on the potential. Therefore

(11) H(t) exp(—32uR*t(1 — t)) < C,H(0)' "*H(1)".

The right-hand side does not depend on R, while in the left-hand side for ¢t = 1/2
the weight (with which u? is integrated) is

exp(2ul + 4pRE* — 8uR?).

We look at the coefficient in front of R?: if 32 > 8y, it is positive, and thus we see
that u(1/2,z) = 0 for almost each x by letting R — oo. Then v = 0. This formal
computation can be justified if H(0) and H(1) are finite. This proves Theorem
when a =g > 1/2.

To extend the result for the range o = 8 > 1/4, Escauriaza, Kenig, Ponce, and
Vega developed an ingenious bootstrapping argument. To sketch their argument,
we write (1) as

/ ‘u(t7x)‘262u\a:|2+4Rub(t)w-£—2R2b(t)(l—ub(t))dm < CUH(O)I—tH(l)t'
R4

Under the assumption o = 8 < 1/2, a formal integration of the last inequality with
respect to R leads to

/ |u(t,x)|262a1(t)‘z|2dx < C H(0)'tH(1)!
Rd

for ay(t) = p/(1 — pub(t)). Notice that a1(1/2—1) = a1(1/2+1), a1(0) = a1 (1) = p,
and a1(t) > p when ¢t € (0,1), which shows that the solution w decays faster at
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(0,1) than at the endpoints. Next, one can construct a positive function by (¢) such
that b1(0) = b1(1) = 0 and so that

Hi(t) = / e Ol ROy 1 ) g
R

satisfies

(12) H,(t) exp(—2R?b1(t)) < C, H (0)* ' H (1) = C,H(0)' "t H(1)".

Note that this is again ([[I)) but u and b are replaced by a; and by. A similar study
as before tells us that 1 — a;(1/2)b1(1/2) < 0 implies v = 0, while otherwise we

can integrate again to improve the decay at (0,1). This self-improvement can be
repeated several times, resulting in a sequence of functions

ak(t)
13 )= —————~ t) =

( ) ak‘f‘l( ) 1 —ak(t)bk(t)’ ao( ) H
such that

p<ai(t) <---<ag(t), te(0,1).
On each step the new function satisfies ay(1/2—t) = ar(t+1/2), ar(0) = ax(1) = p,
and

2

lee= Ol (e, 2)|3 < H(0)' H(1)".
As for the functions by (t), they are constructed from ay(¢) in such a way that at
each step relation (I2) is satisfied for the pair of functions aj and by. More precisely,
as shown in [I7], b, (¢) is the solution to

. . 2
b = — g (i + 324} — *520),
b (0) = by (1) = 0.

If, for some k, we have 1 —a(1/2)b,(1/2) < 0, which translates in a condition on
parameter u, the iterative argument stops and we reach a contradiction implying
u = 0. Otherwise, the process is infinite and the limit function a(t) = limy_, o0 ar(t)
exists. Since ([3) implies by (t) = (art+1 — ag)/(agag+1), the functions by will con-
verge to 0 and, from the differential equation satisfied by by, one can deduce that
the limit function a(t) satisfies

i+ 3203 — 20 — ¢,
a(0) = a(l) = p.
Solving the ordinary differential equation under the constraint a(1/2 —1t) =

a(1/2 4 t) leads to
C

t) =
alt) A(1+ (t—1/2)2C2)
for some C' > 0. Computing the maximum in C of u = a(0) = C/(4 + C?), we see

that g must be less than 1/4. Then Theorem [ follows.
A similar strategy gives a powerful generalization of Theorem [} see [19].

Theorem 7. Let V(t,z) € L(R x RY) and u be a solution to the equation
Ou = Azu + Vu,

w e L=([0,T), L2(R%) N L2([0, T), H(RD)]). If |u(T,z)| < e~01=" and 6 > 1/VT,
then u = 0.
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A natural question is what decay a stationary solution to the Schrodinger equa-
tion may have. The question was asked by E. M. Landis in 1960 (see [7,[32]), who
conjectured that if V € L®(R?), Au+ Vu =0 in RY, and |u(x)| < Cexp(—|z|**°)
with ¢ > 0, then u = 0. The conjecture was disproved by V. Z. Meshkov in [36],
who constructed an example of a complex valued w and V such that |u(z)| <
exp(—|z|*/?) and proved that there are no solution with a faster decay. A remain-
ing question is whether the Landis conjecture holds under the assumption that V'
is real valued. In spite of some recent progress [33], this is an open problem in
dimensions d > 3.

4.2. Discrete evolutions. Another twist of the uniqueness results for Schrodinger
equation was given in [20,21L2327], where uniqueness theorems are obtained for
the discrete equation. Let Ay be the usual discrete Laplacian on Z?. We consider
the equation

(14) U (t,n) = i(AgU(t,n) + V(t,n)U(t,n)),

where n € Z¢ and V is a bounded potential. The uniqueness results say that
a solution to the discrete Schrodinger equation which decays fast at two times is
trivial. To find the optimal decay, we consider the free evolution with V" = 0. In
dimension d = 1, there is a solution Uy(t,n) = i~"e"%J,(1 — 2t), where J, is
the Bessel function, and it has optimal decay at ¢ = 0 and ¢ = 1. The role of
the Gaussian is now played by the Bessel function. This fact is related to different
behavior of the heat kernels: for the continuous case the standard heat kernel
is k(1,2) = (47)"'/2exp(—2?/4), while for the discrete case the heat kernel is
K(1,n) = e YI,(1)] < e~} (n!2")~1, where I,, are the modified Bessel functions,
I,(2) = (=) Jpn(i2).
Theorem 8. Let U(t,n) be a solution to [I4), with V =0, on [0,1] X Z. Suppose
that

e

[n|
>|s%(m) . neZ\ {0},

Then U(t,n) = Ci~"e 2], (1 — 2t). In particular, a solution to the free discrete
Schrédinger equation cannot decay faster than J,(1) both at t =0 and t = 1.

The idea of the proof is to consider the function (¢, 2) = > _U(t,n)z". It is

o0
not difficult to show that it is defined on the unit circle |z| = 1, Moreover, the decay

of U(0,1) and U(1,1) shows that (0, z) and (1, z) are entire functions. Equation
([[4)) implies

U(0,n)| +|U(,n

1/)(15, Z) _ 6i(z+z_172)t1/)(0, Z),

and (¢, z) extends to an entire function for any ¢ € [0,1]. Careful analysis of this
function and application of the Phragmén—Lindeltf theorem finishes the proof. It
would be interesting to find a real-variable, or at least more elementary, proof.

This result was generalized to special classes of time-independent potentials.
General bounded potentials were considered in [27] (in dimension d = 1) and [23]
(in arbitrary dimension). The result is as follows.
Theorem 9. Let U(t,n) € C1([0,1] : £2(Z%)) be a solution to ([[d) on [0,1] x Z.
Suppose that ||V||eo < 1. There exists constant v such that if

U(0,n)| + |U(1,n)| < Cexp(—r|n|lognl), neZ\{0},

then U = 0.
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The approach in [27] follows the scheme of [I§] described in the first step of the
proof of Theorem [0 in Section Il We describe the details of [23]. The idea is to
make use of the following result, known in the literature as Carleman-type inequal-
ity, whose proof relies on the computation of a commutator between a symmetric
and an antisymmetric operator. In what follows, || - ||z stands for || - || £2(j0,1],¢2(z4))
and || - ||co will represent the supremum norm.

Lemma 1. Let ¢ : [0,1] — R be a smooth function, and let v > @. There exist

Ro = Ro(d, [|¢'[lco + 19" ][00 7) and ¢ = e(d, [|¢"]loo + " [loc) such that if R > Ro,
a>+Rlog R and g € C}([0,1],02(Z%)) has its support contained in the set

{(t,n) : In/R+ o(t)es| > 1},
then
V/sinh(2c,/ R?) sinh(2a/VdR) | e

Thanks to this inequality, one can deduce lower bounds for nontrivial solutions
of ([4) with a general bounded potential. In order to do that, consider the cut-off
functions,

Ljz|<R-1 1,|z| > 2 3,te2
QR — Y Y — ) ) t — ) 8
(x) {0’ | > R, pu() {07 2] <1, o(t) 0

n 2 7 ’
wre@eal gl, < clel B¢l (19, + Ay)gll.

and define g(t,n) = U(t,n)0%(n)u(% + ¢(t)e1). By means of the Leibniz rule

" 2
and carefully studying the size of the weight eclfte®el” iy the support of the
derivatives of the cut-off functions, one can check that

\/sinh(2ar/ R?) sinh(2a/VdR)|e®
(15) < cfleclireal (io, + Ag)gll»

n 2
< c(JlelEreal gl 4+ 19°AR) + e U]l )

%+sael\2g||2

1/2
where A(R) = (fol ZR%SIMSRH |U(t, n)\z) . The fact that o needs to be larger
than yRlog R implies that for R > R, depending only on the dimension, the first
term in the right-hand side can be absorbed in the left-hand side (one can check
that the product of sinh functions increases with R). On the other hand, if we

1/2+1/8 |U(t,0)|? dt > 1, the norm in the left-hand side is bounded by

assume [, /g

||ea|%+</761|2g“2 Z egoz7

since ¢(¢,0) = U(¢,0) if ¢t € [1/2 —1/8,1/2 4 1/8], and in that region the weight
is exactly €”®. So for R > Ry depending on ||U||2, the last term in the right-hand
side of ([T can also be absorbed, and we get

1/2

1
¢ / Z |U(t,n)\2 > 6750‘ _ efchogR
0 R—2<|n|<R+1

after choosing a appropriately. This proves the following lower bound.
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Theorem 10. Let U € CY([0,1] : £2(Z%)) satisfy [d)). Assume that

1 1/2+1/8
/ > Ut n)?dt < A2 / |U(t,0)?dt > 1,
nezd 1/2—-1/8
and
[Vlw=sup {[V(t,n)[} <1

te(0,1],j€Z4
Then there exist Ry = Ry(d, A) > 0 and ¢ = c(d) such that for R > Ry it follows
that
) 1/2
AMR) = / Z \U(t,n)? > ce Rl R,

0 R—2<|n|<R+1

We remark that this lower bound only uses the fact that the solution is nontrivial
and that the constant c¢ in front of the term Rlog R only depends on the dimension.

Theorem [0 implies Theorem [l The decay conditions at times t =0 and t = 1
imply upper bounds for the term A(R). Indeed, monotonicity results from [23}27]
show that

(16) e 108 1T (0) |2y + eI (1) 2 ) < 00

for some fixed ~ implies [|e?I""°& " U7 (¢)]| 42 (z4) < oo for all ¢ € [0,1]. Hence, if (I6)
is satisfied,
)\(R) < CeffleogR

for a positive constant C'. Thus, by letting R tend to infinity, we arrive to a
contradiction if ~ is large enough, since the upper bound decays faster than the
lower bound, and therefore U = 0 if (I8 is satisfied for v > 7o where ~y depends
only on the dimension. However, these results are not sharp. We know that the
bound can be improved to exp(—|n|(log|n| + u)) for some large constant p. For
the free equation (V' = 0), the condition p > log2 — 1 implies the uniqueness, and
the question is whether for bounded potential the uniqueness result holds with the
same range of p.

Further uniqueness results for solutions of discrete Schrodinger type equations,
inspired by the works of Escauriaza, Kenig, Ponce, and Vega on the continuous

case, can be found in [2/[22]25][34].

ABOUT THE AUTHORS

Aingeru Ferndndez-Bertolin is assistant professor at the University of the Basque
Country, in Spain. His field of research is partial differential equations, studying
unique continuation properties for PDEs in different settings.

FEugenia Malinnikova is professor of mathematics at Stanford University and is
adjunct professor at Norwegian University of Science and Technology. She got her
PhD in St. Petersburg, Russia, under the supervision of Victor Havin.

REFERENCES

[1] S. Agmon, Unicité et convexité dans les problémes différentiels (French), Séminaire de
Mathématiques Supérieures, No. 13 (Eté7 1965), Les Presses de I’Université de Montréal,
Montreal, Que., 1966. MR0252808

2] T. Alvaroz—Romcro, Uncertainty principle for discrete Schridinger evolution on graphs, Math.
Scand. 123 (2018), no. 1, 51-71, DOI 10.7146 /math.scand.a-105369. MR3843554


https://www.ams.org/mathscinet-getitem?mr=0252808
https://www.ams.org/mathscinet-getitem?mr=3843554

(3]

[4]

(5]
(6]

(9]

(10]

13]
[14]

[15]

[16]

(17]

18]

(19]

[20]
21]

(22]

DYNAMICAL VERSIONS OF HARDY’S UNCERTAINTY PRINCIPLE: A SURVEY 373

J. A. Barceld, L. Fanelli, S. Gutiérrez, A. Ruiz, and M. C. Vilela, Hardy uncertainty princi-
ple and unique continuation properties of covariant Schridinger flows, J. Funct. Anal. 264
(2013), no. 10, 2386-2415, DOI 10.1016/j.jfa.2013.02.017. MR3035060

A. Beurling, The collected works of Arne Beurling. Vol. 2: Harmonic analysis, Contempo-
rary Mathematicians, Birkhduser Boston, Inc., Boston, MA, 1989. Edited by L. Carleson, P.
Malliavin, J. Neuberger and J. Wermer. MR1057614

A. Bonami and B. Demange, A survey on uncertainty principles related to quadratic forms,
Collect. Math. Vol. Extra (2006), 1-36. MR2264204

A. Bonami, B. Demange, and P. Jaming, Hermite functions and uncertainty principles for the
Fourier and the windowed Fourier transforms, Rev. Mat. Iberoamericana 19 (2003), no. 1,
23-55, DOI 10.4171/RMI/337. MR1993414

J. Bourgain and C. E. Kenig, On localization in the continuous Anderson-Bernoulli model in
higher dimension, Invent. Math. 161 (2005), no. 2, 389-426, DOI 10.1007/s00222-004-0435-7.
MR2180453

B. Cassano and L. Fanelli, Sharp Hardy uncertainty principle and Gaussian profiles of co-
variant Schrédinger evolutions, Trans. Amer. Math. Soc. 367 (2015), no. 3, 2213-2233, DOI
10.1090/S0002-9947-2014-06383-6. MR3286512

S. Chanillo, Uniqueness of solutions to Schridinger equations on complex semi-simple Lie
groups, Proc. Indian Acad. Sci. Math. Sci. 117 (2007), no. 3, 325-331, DOI 10.1007/s12044-
007-0028-7. MR2352052

M. Cowling, L. Escauriaza, C. E. Kenig, G. Ponce, and L. Vega, The Hardy uncer-
tainty principle revisited, Indiana Univ. Math. J. 59 (2010), no. 6, 2007-2025, DOI
10.1512/iumj.2010.59.4395. MR2919746

M. Cowling and J. F. Price, Generalisations of Heisenberg’s inequality, Harmonic analysis
(Cortona, 1982), Lecture Notes in Math., vol. 992, Springer, Berlin, 1983, pp. 443-449, DOI
10.1007/BFb0069174. MR 729369

M. A. de Gosson, Two geometric interpretations of the multidimensional Hardy un-
certainty principle, Appl. Comput. Harmon. Anal. 42 (2017), no. 1, 143-153, DOI
10.1016/j.acha.2015.11.002. MR3574565

B. Demange, Uncertainty principles and light cones, J. Fourier Anal. Appl. 21 (2015), no. 6,
1199-1250, DOI 10.1007/s00041-015-9401-6. MR3421916

Z. Duan, S. Han, and P. Sun, On unique continuation for Navier-Stokes equations, Abstr.
Appl. Anal., posted on 2015, Art. ID 597946, 16, DOI 10.1155/2015/597946. MR3335432

L. Escauriaza, C. E. Kenig, G. Ponce, and L. Vega, On uniqueness properties of solutions of
Schréodinger equations, Comm. Partial Differential Equations 31 (2006), no. 10-12, 18111823,
DOI 10.1080/03605300500530446. MR2273975

L. Escauriaza, C. E. Kenig, G. Ponce, and L. Vega, Hardy’s uncertainty principle, convexity
and Schrodinger evolutions, J. Eur. Math. Soc. (JEMS) 10 (2008), no. 4, 883-907, DOI
10.4171/JEMS/134. MR2443923

L. Escauriaza, C. E. Kenig, G. Ponce, and L. Vega, The sharp Hardy uncertainty principle for
Schrodinger evolutions, Duke Math. J. 155 (2010), no. 1, 163-187, DOI 10.1215/00127094-
2010-053. MR2730375

L. Escauriaza, C. E. Kenig, G. Ponce, and L. Vega, Uniqueness properties of solutions
to Schrodinger equations, Bull. Amer. Math. Soc. (N.S.) 49 (2012), no. 3, 415-442, DOI
10.1090/S0273-0979-2011-01368-4. MR2917065

L. Escauriaza, C. E. Kenig, G. Ponce, and L. Vega, Hardy uncertainty principle, convezity and
parabolic evolutions, Comm. Math. Phys. 346 (2016), no. 2, 667-678, DOI 10.1007/s00220-
015-2500-z. MR3535897

A. Fernandez-Bertolin, A discrete Hardy’s uncertainty principle and discrete evolutions, J.
Anal. Math. 137 (2019), no. 2, 507-528, DOI 10.1007/s11854-019-0002-1. MR3938012

A. Fernandez-Bertolin, Convezity properties of discrete Schrodinger evolutions, J. Evol. Equ.
20 (2020), no. 1, 257-278, DOI 10.1007/s00028-019-00524-6. MR4072656

A. Ferndndez-Bertolin and P. Jaming, Uniqueness for solutions of the Schridinger equation
on trees, Ann. Mat. Pura Appl. (4) 199 (2020), no. 2, 681-708, DOI 10.1007/s10231-019-
00896-z. MR4079656


https://www.ams.org/mathscinet-getitem?mr=3035060
https://www.ams.org/mathscinet-getitem?mr=1057614
https://www.ams.org/mathscinet-getitem?mr=2264204
https://www.ams.org/mathscinet-getitem?mr=1993414
https://www.ams.org/mathscinet-getitem?mr=2180453
https://www.ams.org/mathscinet-getitem?mr=3286512
https://www.ams.org/mathscinet-getitem?mr=2352052
https://www.ams.org/mathscinet-getitem?mr=2919746
https://www.ams.org/mathscinet-getitem?mr=729369
https://www.ams.org/mathscinet-getitem?mr=3574565
https://www.ams.org/mathscinet-getitem?mr=3421916
https://www.ams.org/mathscinet-getitem?mr=3335432
https://www.ams.org/mathscinet-getitem?mr=2273975
https://www.ams.org/mathscinet-getitem?mr=2443923
https://www.ams.org/mathscinet-getitem?mr=2730375
https://www.ams.org/mathscinet-getitem?mr=2917065
https://www.ams.org/mathscinet-getitem?mr=3535897
https://www.ams.org/mathscinet-getitem?mr=3938012
https://www.ams.org/mathscinet-getitem?mr=4072656
https://www.ams.org/mathscinet-getitem?mr=4079656

374

23]

24]

(25]
[26]

27]

(28]

29]

(30]
(31]
32]
(33]

(34]

35]
(36]

37]

(38]

39]

[40]

[41]

[42]

[43]

A. FERNANDEZ-BERTOLIN AND E. MALINNIKOVA

A. F. Bertolin and L. Vega, Uniqueness properties for discrete equations and Carleman
estimates, J. Funct. Anal. 272 (2017), no. 11, 4853-4869, DOI 10.1016/j.jfa.2017.03.006.
MR3630642

A. Fernandez-Bertolin and J. Zhong, Hardy’s uncertainty principle and unique continuation
property for stochastic heat equations, ESAIM Control Optim. Calc. Var. 26 (2020), Paper
No. 9, 22, DOI 10.1051/cocv/2019009. MR4064470

A. Ferndndez-Bertolin, A. Grecu, and L. 1. Ignat, Hardy uniqueness principle for the linear
Schrédinger equation on quantum reqular trees, larXiv:2005.06204 (2020).

X. Gao, On Beurling’s uncertainty principle, Bull. Lond. Math. Soc. 48 (2016), no. 2, 341—
348, DOI 10.1112/blms/bdw006. MR3483071

P. Jaming, Y. Lyubarskii, E. Malinnikova, and K.-M. Perfekt, Uniqueness for dis-
crete Schrodinger evolutions, Rev. Mat. Iberoam. 34 (2018), no. 3, 949-966, DOI
10.4171/RMI/1011. MR3850274

G. H. Hardy, A Theorem Concerning Fourier Transforms, J. London Math. Soc. 8 (1933),
no. 3, 227-231, DOI 10.1112/jlms/s1-8.3.227. MR1574130

V. Havin and B. Joéricke, The uncertainty principle in harmonic analysis, Ergebnisse der
Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)],
vol. 28, Springer-Verlag, Berlin, 1994. MR 1303780

H. Hedenmalm, Heisenberg’s uncertainty principle in the sense of Beurling, J. Anal. Math.
118 (2012), no. 2, 691-702, DOI 10.1007/s11854-012-0048-9. MR3000695

L. Hormander, A uniqueness theorem of Beurling for Fourier transform pairs, Ark. Mat. 29
(1991), no. 2, 237-240, DOI 10.1007/BF02384339. MR1150375

V. A. Kondratiev and E. M. Landis, Qualitative theory of second-order linear partial differ-
ential equations (Russian), 1988. MR1133457

A. Logunov, E. Malinnikova, N. Nadirashvili, and F. Nazarov, The Landis conjecture on
exponential decay,larXiv:2007.07034 (2020).

Y. Lyubarskii and E. Malinnikova, Sharp uniqueness results for discrete evolutions, Non-
linear partial differential equations, mathematical physics, and stochastic analysis, EMS Ser.
Congr. Rep., Eur. Math. Soc., Ziirich, 2018, pp. 423-436. MR3823854

V. Z. Meshkov, On the possible rate of decay at infinity of solutions of second order partial
differential equations, Math. USSR Sbornik 72 (1992), 343-360.

G. W. Morgan, A Note on Fourier Transforms, J. London Math. Soc. 9 (1934), no. 3, 187—
192, DOT 10.1112/jlms/s1-9.3.187. MR1574180

F. L. Nazarov, Local estimates for exponential polynomials and their applications to inequal-
ities of the uncertainty principle type (Russian, with Russian summary), Algebra i Analiz
5 (1993), no. 4, 3-66; English transl., St. Petersburg Math. J. 5 (1994), no. 4, 663-717.
MR1246419

E. Nelson, A proof of Liouwville’s theorem, Proc. Amer. Math. Soc. 12 (1961), 995, DOI
10.2307/2034412. MR259149

E. Pauwels and M. de Gosson, On the prolate spheroidal wave functions and Hardy’s uncer-
tainty principle, J. Fourier Anal. Appl. 20 (2014), no. 3, 566-576, DOI 10.1007/s00041-014-
9319-4. MR3217488

B. Simon, Harmonic analysis, A Comprehensive Course in Analysis, Part 3, American Math-
ematical Society, Providence, RI, 2015. MR3410783

A. Sitaram, M. Sundari, and S. Thangavelu, Uncertainty principles on certain Lie groups,
Proc. Indian Acad. Sci. Math. Sci. 105 (1995), no. 2, 135-151, DOI 10.1007/BF02880360.
MR1350473

S. Thangavelu, An introduction to the uncertainty principle: Hardy’s theorem on Lie groups,
Progress in Mathematics, vol. 217, Birkhduser Boston, Inc., Boston, MA, 2004. With a fore-
word by Gerald B. Folland. MR2008480

T. Tao, An epsilon of room, I: real analysis: Pages from year three of a mathematical blog,
Graduate Studies in Mathematics, vol. 117, American Mathematical Society, Providence, RI,
2010. MR2760403


https://www.ams.org/mathscinet-getitem?mr=3630642
https://www.ams.org/mathscinet-getitem?mr=4064470
https://arxiv.org/abs/2005.06204
https://www.ams.org/mathscinet-getitem?mr=3483071
https://www.ams.org/mathscinet-getitem?mr=3850274
https://www.ams.org/mathscinet-getitem?mr=1574130
https://www.ams.org/mathscinet-getitem?mr=1303780
https://www.ams.org/mathscinet-getitem?mr=3000695
https://www.ams.org/mathscinet-getitem?mr=1150375
https://www.ams.org/mathscinet-getitem?mr=1133457
https://arxiv.org/abs/2007.07034
https://www.ams.org/mathscinet-getitem?mr=3823854
https://www.ams.org/mathscinet-getitem?mr=1574180
https://www.ams.org/mathscinet-getitem?mr=1246419
https://www.ams.org/mathscinet-getitem?mr=259149
https://www.ams.org/mathscinet-getitem?mr=3217488
https://www.ams.org/mathscinet-getitem?mr=3410783
https://www.ams.org/mathscinet-getitem?mr=1350473
https://www.ams.org/mathscinet-getitem?mr=2008480
https://www.ams.org/mathscinet-getitem?mr=2760403

DYNAMICAL VERSIONS OF HARDY’S UNCERTAINTY PRINCIPLE: A SURVEY 375

UNIVERSIDAD DEL PAfs VAasco /EUskAL HERRIKO UNIBERTSITATEA (UPV/EHU), DPTO. DE
MATEMATICAS, APARTADO 644, 48080 BILBAO, SPAIN
Email address: aingeru.fernandez@ehu.eus

DEPARTMENT OF MATHEMATICS, STANFORD UNIVERSITY, STANFORD, CALIFORNIA; AND DE-
PARTMENT OF MATHEMATICAL SCIENCES, NORWEGIAN UNIVERSITY OF SCIENCE AND TECHNOLOGY,
TRONDHEIM, NORWAY

Email address: eugeniam@stanford.edu



	1. Introduction
	2. Free Schrödinger equation
	2.1. Solution by the Fourier transform
	2.2. Uniqueness for the free Schrödinger evolution and Hardy’s theorem
	2.3. A proof of the uniqueness theorem
	2.4. Heat equation

	3. The second proof of Hardy and Beurling’s uncertainty principle
	3.1. On the forgotten proof of Hardy
	3.2. Beurling’s uncertainty principle

	4. Recent versions of the uniqueness theorem
	4.1. Schrödinger and heat equations with a potential
	4.2. Discrete evolutions

	About the authors
	References

