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Preface

These days it is impossible to turn on the news, open a book, or browse the
internet without seeing some mention of quantum mechanics and quantum compu-
tation (see Figure[ll). Even when delving into the dusty recesses of math and physics
academic journals, quantum computing is lurking. Aside from our cultural fascina-
tion with the strangeness of quantum mechanics, quantum computing seems to be so
pervasive because of its futuristic claims and its near-term realization. Indeed, not
only have researchers constructed small devices, but these devices will eventually
enable breaking conventional encryption techniques through the rapid factorization
of large integers and provide a means to combat global warming through the devel-
opment of novel catalysts for fertilizer and carbon fixation [I]. Even in the academic
realm it is no longer a niche subject, and in many ways quantum computing has
become a crosscutting discipline. We would venture to guess that there is no other
subject studied by physicists, mathematicians, computer scientists, chemists, and
engineers.

Quantum computing comes in a variety of flavors, from the qubit model to
adiabatic constructions to the topological paradigm. The qubit model is arguably
the most well known and operates through a seemingly simple extension of our
classical binary computer systems. This model was arguably the first model for
quantum computing and has been widely studied. A host of algorithms exist for
qubit based devices and small scale qubit systems have been constructed in the
laboratory. However, for all of their promise, they have yet to live up to expec-
tations. This is due to a phenomenon known as decoherence wherein a quantum
system couples with its environment and information “leaks out.”

In the qubit realm decoherence has been combated in two ways; the first is
through engineering. By operating these devices in highly isolated cryogenic en-
vironments, researchers are able to stave off the effects of decoherence for a short
time. This volume will have little to say about these engineering solutions. How-
ever, articles in this text will touch on a software based solution, error correcting
codes. In an error correcting code, one uses a collection of physical qubits to simu-
late a logical qubit. By incorporating redundancy into the physical qubits, one can
correct errors in the logical qubits. Intuitively, the simplest mechanism for accom-
plishing this would simply be to repeat each qubit several times, operate on each
qubit in the collection in an identical manner, periodically vote on the correct value,
and alter the values in the minority. Such a system can be easily implemented in
a classical computer, but there are several obstructions in the quantum realm. For
instance, the no-cloning theory forbids the cloning of a qubit while the measure-
ment problem essentially prevents voting in the obvious way. Nonetheless, these
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FIGURE 1. Interest in quantum computing as gauged by Google
Trends for “What is quantum computing” [7]. A value of 100
indicates peak popularity while lower values indicate the popularity
as a fraction of the peak popularity. For instance, a value of 50
indicates that the term is half as popular as it was at its peak.
The data in this plot has been exponentially windowed (8 = 0.9)
to illustrate the trend.

ideas can be modified and refined to produce exotic new coding schemes unique to
quantum computers [2].

An alternative to solving the decoherence problem in the qubit system is to
reimagine quantum computing altogether. This was done in the early 2000s by
Alexei Kitaev [3]. Rather than trying to devise a clever new coding scheme, Ki-
taev asked for a physical system that would resist environmental disruption at the
hardware level and enable the simulation of a qubit system. This led to the birth
of topological quantum computing. Under this paradigm one produces quasiparti-
cles known as anyons in (2+1)-dimensions. As these anyons are moved around one
another, their worldlines trace out a braid (see Figure ). For simple topological
reasons, it is possible to produce nontrivial braids and thus particle exchange in
these systems is governed by the braid group rather than the symmetric group.
The amazing fact is that if the anyons have the correct particle statistics, then a
quantum computation can be encoded in such a braid and evaluated by fusing the
particles [4]. The major advantage of producing a calculation in this manner is
that it depends only on the topology of the braid and thus is resistant to thermal
effects. Indeed, thermal fluctuations will tend to have one of two effects, the first
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being that the anyons will jitter, but this will not affect the topology of the braid
if the jitter is small enough. Second, thermal effects may cause the pair produc-
tion of anyons which will wander through the system. This is problematic only
if the errant particles braid nontrivially with the computational anyons and then
recombine; the likelihood of this happening can be made quite small with careful
engineering. While the major hurdle to overcome in the qubit model is one of en-
gineering, the obstruction to a topological quantum computer appears to be one
of existence. It has long been known that anyons of the correct statistics exist in
theory, but we have yet to find them in nature.
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FiGURE 2. In topological quantum computing, particles are cre-
ated in a (2+1)-dimensional space, exchanged so that their world
lines form a braid, and then pairwise fused. Given the correct par-
ticle statistics, a computation can be embedded in the topology of
these braids. In fact, not only can the qubit model be simulated,
but such a process is inherently resistant to decoherence.

The study of topological quantum computation is related to two new branches
of mathematics, modular categories and subfactors. These theories are really two
sides of the same coin, and in fact one can often translate between them [5]. Their
major distinction is that the study of modular categories has its roots in represen-
tation theory, algebra, and topology, while subfactors owe their lineage to analysis.
A large portion of the articles in this text are devoted to these two subjects. While
these mathematical theories are interesting in their own right, the main focus here
will be on their use as mathematical models for topological quantum computing.
These models allow researchers to understand properties of topological quantum
computers, such as universality, as well as provide a taxonomy of possible systems
[6]. Furthermore, these theories can lead to insights in modern mathematics and
computer science, such as the computational complexity of computing link invari-
ants and new representations of the braid group.

Quantum computing occupies the triple point of mathematics, physics, and
computer science. We have made an effort to include articles coming from each of
these disciplines. Furthermore, in the mathematics realm we have included articles
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on both modular categories and subfactors. As such we believe there is something
that almost everyone will find familiar, in addition to new topics closely related
to their discipline from which researchers can draw inspiration. We sincerely hope
that you enjoy.
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This volume contains the proceedings of the AMS Special Session on Topological Phases
of Matter and Quantum Computation, held from September 24-25, 2016, at Bowdoin Col-
lege, Brunswick, Maine.

Topological quantum computing has exploded in popularity in recent years. Sitting at
the triple point between mathematics, physics, and computer science, it has the potential to
revolutionize sub-disciplines in these fields. The academic importance of this field has been
recognized in physics through the 2016 Nobel Prize. In mathematics, some of the 1990
Fields Medals were awarded for developments in topics that nowadays are fundamental
tools for the study of topological quantum computation. Moreover, the practical importance
of this discipline has been underscored by recent industry investments.

The relative youth of this field combined with a high degree of interest in it makes
now an excellent time to get involved. Furthermore, the cross-disciplinary nature of topo-
logical quantum computing provides an unprecedented number of opportunities for cross-
pollination of mathematics, physics, and computer science. This can be seen in the vari-
ety of works contained in this volume. With articles coming from mathematics, physics,
and computer science, this volume aims to provide a taste of different sub-disciplines for
novices and a wealth of new perspectives for veteran researchers. Regardless of your point
of entry into topological quantum computing or your experience level, this volume has
something for you.
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