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CONVERGENCE IN DISCRETE CAUCHY PROBLEMS
AND APPLICATIONS TO CIRCLE PATTERNS

D. MATTHES

ABSTRACT. A lattice-discretization of analytic Cauchy problems in two di-
mensions is presented. It is proven that the discrete solutions converge to a
smooth solution of the original problem as the mesh size € tends to zero. The
convergence is in C'°° and the approximation error for arbitrary derivatives
is quadratic in €. In application, C'*°-approximation of conformal maps by
Schramm’s orthogonal circle patterns and lattices of cross-ratio minus one is
shown.

1. INTRODUCTION

In the flourishing field of discrete differential geometry, classical geometrical ob-
jects are matched by discrete counterparts which inherit many qualitative features
of the smooth originals. Discretizations have been proposed for a large variety of
surfaces, coordinate systems and maps; see [BP2] for an overview.

Special attention has been devoted to circle packings in the plane and their
relation to conformal mappings. The fundamental question of quantitative approz-
imation has been intensively studied. As a key result in this context, Thurston’s
conjecture on the convergence of hexagonal circle packings to the Riemann map
was proven by Rodin and Sullivan [RS] in 1987. Their result has been improved in
many ways. For instance, hexagonal packings were shown to converge in C*° [HS],
and the error for the approximation and its derivatives was estimated [DHR].

An alternative approach to a discrete theory of conformal maps is provided
by circle patterns. Generally, a circle pattern with square-grid combinatorics is a
correspondence that assigns to any vertex of the Z?2-lattice a circle in the complex
plane. As the collection of image circles inherits the square-grid combinatorics,
there is a natural notion of neighbors and elementary quadruples (circles assigned to
the corners of a Z?-square). One requires that the circles of an elementary quadruple
intersect in one point. Thus, each circle has four points of intersection with its
neighbors. The intersection points form a lattice with square-grid combinatorics on
their own.

Additional conditions are imposed to single out subclasses of more rigid patterns.
The most prominent subclass is provided by “orthogonal circle patterns” introduced
by Schramm [Schl, also called Schramm-patterns in the following. The additional
constraint is that neighboring circles intersect orthogonally.
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As a second possibility, one requires that the four points of intersection on each
circle have cross ratio minus one. In this situation, it is preferred to consider the
lattice of intersection points rather than the circles themselves. One obtains cross-
ratio-lattices or CR-mappings, which were first investigated by Nijhoff et al [NQC].
Generalizing CR-mappings to immersions in three-space, a definition of discrete
isothermic surfaces was obtained by Bobenko and Pinkall [BPI].

In comparison to (especially hexagonal) packings, much less in known about the
approximation properties of circle patterns. The C°-convergence theorem in [Sch]
seems to be the only result in this direction so far. In this article, it is proven that
an arbitrary planar conformal map u : Q C C — C can be locally approximated
by a sequence of Schramm-patterns and CR-mappings. More precisely: intersect
the domain  with a square grid of mesh size € > 0, obtaining a discrete set
QF. A suitable circle pattern from the respective class can be defined on each QF,
so that the circle centers (Schramm-pattern) or intersection points (CR-mapping)
approximate the values of u at corresponding sites with an error O(¢?). Moreover,
the convergence is in C'*°. This means that arbitrary partial derivatives of u are
uniformly approximated by the respective difference quotients calculated from the
circle pattern, also with an error of order O(g?).

The analytic background for the geometric convergence result is of interest on its
own. A discrete approximation theory for analytic Cauchy problems is developed
in this article. Its applications are not limited to geometrical questions. More-
over, a new proof of the Cauchy-Kovalevskaya theorem — based on purely discrete
constructions — is obtained as a by-product.

Consequently, the presented approach to circle patterns differs in nature from
Schramm’s where a boundary value problem was considered and techniques from
(discrete) elliptic theory played an important role. Instead, our proof combines the
following two ingredients; the first are methods which were developed for Cauchy
problems associated with discrete hyperbolic equations. These have already been
used to show C*-convergence of discrete orthogonal coordinate systems [BMS].
The other ingredient is an adaptation of fundamental ideas from the proof of the
(abstract) Cauchy-Kovalevskaya theorem [Nag|,[Nir]. In particular, a discrete coun-
terpart of the scale of spaces of analytic functions is defined.

For definiteness, let us consider the Cauchy problem

(1.1) Ou(t,x) = Moyu(t,z) + f(u(t, ),
u(0,2) = wup(x).

The continuous solution u : Q@ — C? is sought on Q C R?, where M is a constant
d X d-matrix, and f is an analytic function. For z-analytic data ug, there exists a
local solution to (II) by the Cauchy-Kovalevskaya theorem.

A variety of elliptic equations — e.g., the nonlinear Poisson equation (92 + 0% )u =
f(u) — can be brought into the standard form (LI). In the case of most interest
here, u is a conformal map. Identifying the (¢, z)-plane with the complex numbers,
u(t,z) : Q@ — C is holomorphic in z = z+1t, and hence solves the Cauchy-Riemann-
equations, which is (IIl) with M =4 and f = 0.

Circle patterns are constructed which approximate u. These are characterized
by discrete functions v on two-dimensional grids Q¢ C € of mesh-size ¢ > 0.
The crucial observation is that the v solve a discrete equation similar to (),
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where derivatives are replaced by difference quotients. The content of the devel-
oped approximation theory is that the discrete solutions v converge to u in C'*°.
Eventually, this leads to convergence of the corresponding circle patterns.

The article is organized as follows: In section Pl the theorem about discrete
approximation of the Cauchy problem (L)) is formulated. The theorem is proven
in section [Bl Its numerical applicability is discussed in section Convergence
theorems for CR-mappings and Schramm-patterns are proven in sections [l and [6]
respectively.

Acknowledgments. The author would like to thank Alexander Bobenko and Yuri
Suris for many discussions and helpful advice. Further, the author is grateful to
Walter Craig for an entertaining introduction to the topic of abstract Cauchy-
Kovalevskaya theorems.

2. DISCRETE APPROXIMATION OF THE CAUCHY PROBLEM

As usual, a function f : D € CP — C? is called analytic, if it is complex
differentiable in its p arguments. Moreover, a function u : I — C? defined on the
real interval I = [—¢, +£] is called analytic if it extends to a complex differentiable
function on B,(I¢) = {z € C|dist(z,I¢) < p} for an appropriate choice of p > 0. By
abuse of notation, there will be no distinction between v and its uniquely determined
complex extension.

Consider problem (1)) under the following assumptions: The d x d-matrix M is
constant, f is an analytic function near u(0), and the initial datum wg is analytic
on an interval I¢. Solutions u = (u(y),...,uq)) : @ — C? are sought on diamond-
shaped domains

Q=) ={(t,z) eR? : |z +|t| < r}.
The Cauchy-Kovalevskaya theorem implies:

Theorem 2.1. Problem (LCI) has a classical solution u on = Q(r) for a suitable
r < &. This solution is x-analytic and t-smooth, i.e., of class C*°.

Replace u by a function v* = (v(el), e ,v(ed)) defined on the discrete set
Q°(r) ={(t,x) € Qr) : x4+t e€cl},

which is the intersection of Q(r) with the 45-degree rotated standard lattice (AZ)?
of mesh size A\ = £/v/2. For v° : Q°(r) — C4, difference quotients

(0,0%)(t,x) = % (vs(t,x +5) —o°(t,x — %)) ,

(0p0%)(t,x) = % (ve(t +5,2) — v (t = %,x)) ,
are given on the dual lattice

Q(r) ={(t,z) e Qr—35) : §+a+teccl}.
Higher difference quotients §7'6;'v® are defined on

Qo n(r) = {Q(T—(m+n)§) if m + n is even,

Q(r—(m+n)5) if m+nisodd.
Replace the Cauchy problem (L)) by the discrete problem
Svf(t,x) = Moyve(t,x) + f€(v°)(t, x) ((t,z) € %),
(2.1) v2(0,z) = v5(z) ((0,x) € Q°),
vi(5,2) = vi(z) ((5,2) € ).
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FIGURE 1. A CR-mapping. Points of Q¢(r) and Q¢ are marked e
and o, respectively. Initial data for v are prescribed at the bold
marked sites.

For ¢ 2 0, the nonlinearity f¢(v®)(¢,z) is of the form

JEo)(t,w) = FE(v°(t,x £ 5),v°(t, 2 F 5),v°(t F §,2)).

Theorem 2.2. Assume that ug is analytic on I¢, that f is analytic on a neighbor-
hood D C C% of up(0) and F¢ is analytic on D x D x D C C3¢ for each ¢ > 0.
Furthermore, assume that

(2.2) |Pe(ut u™ ut) = f(EF)] < K(e + Jut—u])?

holds for all u™, u=, u* € D with K > 0 independent of ¢.
Then there is some r < & such that the solutions v¢ to problem (ZII) with

vo(z) = wolx) ((0,z) € Q(r)),
i@ = uo(@) +§(MOuo(@) + fwo(@))  (5,2) € ()
are C*-convergent to a smooth function u on Q(r) with an error O(¢?). More

precisely, for arbitrary m,n > 0, there are constants Cy,, > 0 so that

(2.4) SUD(1 r)eqs, , . (r) |0m O u(t, x) — ST 6rvE (t, )| < Crune?.

(2.3)

The function u constitutes a classical solution to the Cauchy problem (LI)).
In particular, Theorem implies the classical existence Theorem 211

Example 2.3 (A nonlinear elliptic problem). Rewrite the elliptic initial value
problem,

(25) ag¢(t7x) +aﬁ¢(t7x) = g(¢(x,t)),

(2.6) $(0,x) = ¢o(x), 9rp(0,x) = P4 (x)

for the scalar function ¢ in the form of problem (T.1):
U(1) 0 0 0 U(1) U(3)

@7 ol um | =0 0 1o ux |+ o |,
U(3) 0 -1 0 U(3) g(u(l))

denoting w1y = ¢, u) = 0:¢ and ug) = Oy¢. For functions ¢, ¢4 analytic on
I¢, the respective initial data ugq)(x) = ¢o(z), ug2) = 0zPo(), ug3z)y = ¢4 (z) are
analytic, too. Assuming further that the nonlinearity g is analytic near ¢o(0), a
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solution to (Z.7) exists on some € = Q(r). The constraint d,u(1) = u(2) propagates,
80 ¢ := u(y) indeed solves (Z.35).
In order to approximate (2.7) by a discrete problem (21I), choose

F6(1}+,U77U*) - %(vz_g) + v(_(g)aovg(va)) +g(v(_1)))

as nonlinearity, independent of €. The assumptions of Theorem concerning
analyticity and boundedness of F'° are obviously fulfilled. A Taylor expansion of g
around V = (va) + v(_l))/Q proves the estimate (Z2):

gy + 9(v) = 9(V) + Sy = v5))g (V) + O™ — v~ [2).

Hence, the component vfl) of the discrete solutions to problem (ZI]) converges to
the smooth solution ¢ on Q(r) with a suitable positive r < £ in the sense of (2.4]).

3. PROOF OF THEOREM

The proof consists of three parts: In the first, a smooth solution w to () is
constructed as the limit of a suitable sequence of discrete solutions v¢ to (ZI).
Secondly, CY-approximation of u is shown, i.e., (24) for m = n = 0. Finally, an
induction argument yields (24) for arbitrary m,n.

The proof combines elements from discrete approximation theory for hyperbolic
PDE [BMS] with ideas from Walter’s proof [Wal| of the Cauchy-Kovalevskaya the-
orem, which is based on the classical papers [Nir], [Nag]. Recall the strategy of
the latter. A solution w to (II)) is constructed such that (¢, x) is z-analytic on
the time-dependent domain B,(I¢«)) for any t € [T, +T]. The size parameters
p(t), &(t) decreases as [t| increases. The motivation is that 9, is a bounded operator
between the spaces of analytic functions on B, (I¢/) and on B,(I¢), respectively,
for any p < p’ and £ < &'. The norm of 9, is determined by the classical Cauchy
estimate

(3.1) SUD,e 5, (1) 0su(@)] < (7' = p) " 'subsen 1 (@)

Introducing suitable time-dependent norms || - ||; for u(¢), an a priori estimate of
Gronwall type is derived from (3.)),

(3.2) [l < lluollo +/O C(t,5)|luls)ls ds.

Eventually, (322) enables one to obtain the solution u as the fixed point of a con-
tracting map.

Time-dependent norms for discrete functions are introduced in the following.
To prove approximation of u by v¢, a discrete analogue of (3.2)) is derived for the
t-norm of the difference w*(t) := u(t) —v*(t). More precisely, w®(t) at time ¢t = n5
is estimated in terms of w®(t — 5) and w®(t — ¢), leading to the discrete Gronwall
estimate in (3I6). The crucial technical tool is a discrete version of the Cauchy

estimate (B1l), which is given in Lemma Bl below.

3.1. Notation. Let D(p) C C denote the complex disc of radius p centered at 0,
and for p > 1, DP(p) = D(p) x -+ x D(p) C CP is a p-dimensional poly-disc. Also,
recall that I = [, +&] and B,(I¢) = {z € C | dist(z,I¢) < p}.
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The crucial quantity that determines most of the following constructionsis r > 0,
the appropriate diameter of the domain Q(r), which has to be found. From r, one
defines

() =r—|t], & =r —|nl5, p(t) = 3r = 2|t|, pn = 3r — |nle.
Discrete intervals containing m + 1 points are given by

e _ {—%e,...,—6,0,e,..., 5} if mis even,
m m g € m : 3
{—%e,....—5,5,...,5¢} if m is odd.

For a function v : J5, — C9, define its difference quotient, 5-shift, restriction and
linear interpolation:

. d
00 : 35,1 — C%,
. € d
v J5, 1 — C%,

. J€ d
mv:J5, o — C%

Ev:le — ce,
2

Here 2° ,25 € J;, are such that 2° <z < 29 and 25 = 2° + . The restriction
of a function u : Q(r) — C? to the discrete domain Q¢(r) is denoted by [u]®. For
the discrete function v : Q°(r) — C%, let v, be its restriction to time t = ns, SO
vn(x) = v(n$,x), which is defined on the interval J5, where n' is the largest integer
with §n' < &,.

In these notations, the problem (Z1J) takes the convenient form (n > 0):

(33) U1 = U, FE6uy +efr(v%),
frez(vs) = FE(TxviaT;lvzaﬂvifl)v

where pointwise evaluation of the arguments is understood.

Without loss of generality, assume that |Mu| < |u| for all u € C%, and that
up(0) = 0. Indeed, this can be achieved by a dilation of the ¢-axis and an affine
transformation of the values of u, respectively. For an appropriate choice of U > 0,
f is defined on D%(3U) and F* on D3¥(3U), respectively.

3.2. Discrete norms and their properties. For p > 0, define a functional on
scalar discrete functions v : J5, — C by

n ok
— P k
Iollo = G e [60(a)]
k=0
For multi-component functions v = (v(1),...,v) : I5, — CP, let
lollp = s ol

These norms share several properties with the maximum-norm of analytic functions
over a complex domain.
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Lemma 3.1. The functionals || - ||, provide a scale of norms on discrete functions.
Foru:95 — C% and 0 < p < p/, one has ||ul|, < ||ull,,. In addition, each |||, has
the following properties:

(1) Absolute bound: |u(z)| < ||lull, for all z € T,.

(2) Submultiplicativity: ||uv||, < |Jull,||v|l, for scalar functions uw and v.

(3) Discrete Cauchy estimate: For 6 > 0, |lul|, + 0]|0zull, < |lull,+o-

(4) Restriction estimate: If u: I¢ — C? extends analytically to By (I¢) and u®

is its restriction to J5, C I, then, provided p < p/,

(3.5) lully < (1= p/p)) " supp , 1 lul.

(5) Analyticity estimate: Let functions v¢ : J5. — C% be given, with nfe >
€ >0 and ||v°||, < C for a sequence e — 0. Then there exists an analytic
u:le — C% so that E50= %) converges to d%u uniformly for each k > 0
and a suitable subsequence (k) — 0 of €. Moreover, u possesses a complex
extension to B,(I¢) which is bounded by C.

This lemma is proven in the appendix.
A norm with properties () and @) will be called a submultiplicative norm in the
following. For an arbitrary submultiplicative norm, the following lemma holds:

Lemma 3.2. Let the analytic function f: DP(U) — C satisfy
LF)l < Clluyls- - lug )

for all w € DP(U), with some function C > 0 that is nondecreasing in each of its
arguments. Then for each v > 1 and every discrete function v : J5, — CP with
Yvll, < U, the composition f(v) is well defined on JZ, and

n’

(3.6) 1F @)l <TEOvwllps - - vllvg)llp)-

The constant T depends on v but not on the submultiplicative norm || - ||,

This lemma is proven in the appendix. Two cases of particular interest are:

(3.7) [f @, < T sup |f],
Dr(U)

(3.8) 1f(1) = fw2)llp < T sup [f'|]lor = vall,,
D»(U)

which hold for all v, vy, v with ||v||, < U/v and |lvi||,, [lv2ll, < U/(27), respec-
tively, with v > 1 arbitrary and T' = I'(«).

Estimate (3.1) follows immediately with C = supp ) [f] in (B6). To obtain
(B8), consider the function f(a,b) := f(a+b,a —b) which is analytic in a,b €
DP(U/2), and let €(lal, [b]) := supps(uy |f'][b]. Now let a = (v1 + v2)/2 and b =
(’Ul - 1}2)/2.

3.3. Existence of a continuous solution. In the following, it will be shown that
for an appropriate r > 0 and e small enough, discrete solutions v° exist on Q°(r),
and a limiting function u can be defined on Q(r). In fact, » > 0 will be defined so
that the solutions v on Q¢ (r) satisfy

(39) ||’U$’:L||U'n < U7 On = Pn +r=4r — ne
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for all n with §|n| < r; recall that v (z) = v*(n§,z). Choose U > 0 suitable and
let F > 0 be an e-independent bound for F¢ on D3¢(3U). The basic idea is to
derive (B3) inductively as follows:

(3.10) M, = vngalle, + 10ille, UGG+ 5%)-
To obtain (3:I0)) at n = 0, observe that the functions
ug and ug + 5 (MOzuo + f(uo))

are analytic on a complex neighborhood of x = 0. It follows that if » and ¢ are
small enough, then the initial data (23] satisfies

V5 lar, 15 llar <
+ 4

taking into account that uo(0) = 0 and using property (@) of Lemma Bl
Now suppose ([B.I0) holds at n > 0. Then fZ(v°) is defined on J%, and

Motr < lvg) o HE I F5(0°)
§|\Ui,1||gn+1+5 <rs
< M, +elI'F.

To estimate §,v° and f¢(v°), property ([B]) of Lemma [3:1] and inequality (B1) were
employed, respectively.
In addition to |v°| < U, estimates on the difference quotients follow:

ont1 T el|ézvy, | Ont1 +|[v5,| Onil

(3.11) 0,0°| < max(oy, |vgllo,) < U/(2r),
(3.12) [0:0°] < |0,0° ] + | fE(v°)] < U/r+TF,
(3.13) |§§v€| < max(2a;2||vfb| on) < U/(2r2).

For each €, let v§ be the restriction of v° to points (z,t) € Q°(r) with “even” time
coordinate, t = (2k)£. Note that v§ is defined on a sublattice of (¢Z)?. Define the
family {95} of continuous functions obtained from z-t-linear interpolation of v on
Q(r). By the estimates (BI1) and (3I2), this family is equicontinuous. Hence, the
Arzela-Ascoli theorem applies: There is a sequence ¢’ — 0 such that 6?1 converges
to a smooth limit u; uniformly on (r). Moreover, by [BI3), it is possible to
choose the sequence ¢’ such that 59613?/ also converges uniformly to d,us (cf. the
proof of property (@) in Lemma B). The same procedure is applicable to v5;, the
restriction to the “odd” time values ¢t = (2k + 1)5; choose a subsequence €” of ¢’
such that ﬁfl]/ — uyr and 59619?/[/ — Oyurr. Also, ff;(f)f”) with even n converges to
f(ur) uniformly as can be deduced from the estimate (22) — and respectively for
nodd, f(05;) — flurr).
Since v° solves ([B.3), it follows for all (¢,z), (¢, z) € Q(r),

of (¢,2) = 0§ (t.2) + f] (6oviy(s,2) + 7 (vi])(s,2)) ds + O(").
Passing to the uniform limit as &’/ — 0:

wi(t,x) = ur(t,e) + [} @purr(s,2) + f(urr)(s,z)) ds.

The roles of uy and u;; can be interchanged. Consequently, both functions are
differentiable in time and satisfy

woa(2)-(5 ¥)e () ()
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By property (&) of Lemma [B1] the estimates ||v||,, < U imply for fixed ¢t € [—r, ]
that uy,;7(t,z) extend z-analytically to B, (I¢()), where they are bounded by
U. And since uy, s solve the equation (3.14), their analytic continuations do as well.
So uy and wuyy are smooth with respect to ¢, as any t-derivative can be expressed in
terms of z-derivatives and compositions with the analytic function f.

The pair (ur,ury) is the only solution to (8:14) of that smoothness. This is seen
as follows: In the proof of estimate (2.4) below, u could be any x-analytic and
t-smooth solution to the problem ; no reference to the above construction is
made. In particular, estimate ([2:4)) applies to (ur,us) in place of u and the system
(B14)) in place of equation (I.1)), respectively. But only one smooth function can
satisfy (24) for all € > 0.

For symmetry reasons, the unique solution (ur,usr) to ([B:14) with initial condi-
tions ur(0,2) = urr(0,2) = up(x) satisfies ur = urr =: u on Q(r). Hence, u solves
() with w(0,2) = ug(z) for z € I,.

3.4. Approximation in C°. For shortness, let u® = [u]® be the restriction of the
smooth solution, and let w® = v — u® denote the deviation of v° from u. The idea
of the proof is to calculate e-independent bounds on the expression

(3.15) Ln = ||wfl+1||pn+||w’fl||pn

which is defined for §n| < r. Again, only n > 0 is considered here, and the
treatment of n < 0 is left to the reader. It will be shown that

(3.16) Ln<(1+eB*)L,_ 1 +C** and Ly < D*e?,
leading by the standard Gronwall estimate to
(3.17) L, < (C* + D*)erB ¢?

which implies (24) for m > 0 and n = 0.
To prove the estimate (3:16) at an instant of time ¢ = en with n > 1, express
wy, 1 in terms of u® and v® at previous time steps:

(A) Lnp < lwwy, g + 0pwy|

on T [|wyg,| pn

(B) +ell f(v%) = fr(uf)]

(©) Flle(Mdgus, + f7(u)) — (6u)n

Pn

Pn
The three resulting expressions (A)—(C) as well as the initial conditions
(IC) Lo = llwgllp + llwillpo

are estimated separately in the following.
(A) By property (@), and observing that p, + & = pn_1,

(A) < wallon +elldzwyllpn + llwi—1llp,
< wpllpnte + llwn—illpn
S Ln—l-
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(B) With the help of estimate (BH), one concludes
175 (") = F2 (@)l

”FE(TIernTx_lvfwvfzfl) - FE(TqunTaz_lufmufzfl)

pn)

Pn
I'sup |DF¢| max(||v;, — uj,
B*L, 1.

£ £
Pno [vg—1 — Up—q

INIAIA

The constant B* formally depends on ¢ via suppse) [DF€|. But the analytic
function F*€ is uniformly bounded on DP(U) independently of ¢ because of (22,
and so are its derivatives. Hence (B) < eB*L,_;.

(C) Define the functions

(3.18) Ai(tz) = Odeult,7) = Z(ult,z+5) —ult,z - ),
(319)  Af(t,z) = Ow(t,z)— L(u(t+5,2) —ult-5,2)),
(320) A‘j‘(tvx) = f(u(xvt)) - Fs(u(tvx + %)7u(ta L= %)7u(x - %at))'

For t € [~r, +r], all three functions possess an analytic extension for z €8, )4, (I¢(¢))-
As u is smooth, one trivially has

(3.21) |AS (z,t)| < Cpe?  and  |AS(x,t)| < Cpe?.
Furthermore, because of estimate (2.2)),
@t < K(e+lulto+3) —ult.a - 5)?
+sup |Df] |(u(t,z + 5) +u(t,z - 5))/2 —ult,z)
< Cpet
Subtracting 0 = Mzu + f(u) — Opu from the expression for (C),
(©) = IM&[uls + fo((ul") — 8ululs, — [MOyu+ f(u) — Duuls .

[0z lulyy, = [Oxulgllpn + 110e[uly =[Ol Nl + 1 F5([0)) = [f (W],
Azl + ITAE o, + 11T
[(Cy + Cy + Cp)e® = C*e%

For the conclusive estimate, property (@) of Lemma B has been used.
(IC) Obviously, w§ = 0 by ([23). And vf = v is the restriction of uf :=
ug + 50sug, which is an z-analytic function on B4,«_E(IT7 e) and satisfies
2

2

Pn

IA AN A

2
s (z) —u(§,2)] < § sup [dfu(s,@)|.
0<s<e/2

Exploiting the estimate (B3] yields
Lo < lwillr—e < D*e?.

3.5. Proof of smooth approximation. Since u is smooth on Q(r), derivatives
and difference quotients may be interchanged at the cost of O(g?):

supq: | (|05 O u — 5O [ulf| < CR)E.

This is a consequence of the more general formula (5.19) given in Lemma in
section [l Hence, to prove (2.4)) for given m, n, it suffices to show that

(3.22) 5707w (w, 1) < CR)e”,
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Submultiplicative norms for functions v : Q¢(r) — R¢ are given by

em—i—n

||U||(N) = n<N —— sup |07 07 v(x, t)|.
0 Zm:T,Q,m min! (z,t)€Q, r) t

m+4n

Define positive numbers Oy = 6y/(N + 1), where 6y < r is suitably chosen later. It
is inductively shown that

en (N 3
(3.23) lwf || < €€

with appropriate constants C’](\‘;’). Obviously, (323) implies ([B:22) with the choice
Cln = CPminlg, .

Firstly, some properties of the norms are summarized. In contrast to the previ-
ously considered norms || - ||,, which are defined for restrictions of v to intervals Jg,

the || - H(QN) above involve the whole time-dependent function v at once. Apart from
that, each || - H(QN) constitutes a submultiplicative norm, so Lemma applies, and
(B1), (38) hold. Also, the discrete Cauchy estimate (property (B of Lemma B.)
carries over. Furthermore, the restriction estimate (property (@)) reads as follows:
If @ is a smooth function such that @(t) is xz-analytic on B,(I) for all ¢ € [—r, +7],
and 0 < 0 < p, then
(3.24) ||[11]€||((,N) <T'maxsup sup [0]u(t, )],
nIN |41<r zeD, (1)

where I' depends on the ratio 6/p only.

For N = 0, inequality (3:23) follows from the previous discussion,

0
o) < max ], = O()

because 0y < r < p,,. Now assume (B23) for N > 0. By definition of || - HéN), and
since v° solves the discrete equation (211),

N+1 N 0 N
SV D < w5 |+ S g |5
N 0 N N N
< IS+ S 10w IS+ B e () — £ RIS + S asIS.

The Cauchy estimate is applied to the sum of the first two terms, and inequality
(B3) to the third term. The norm of

AT = Még[ul” + f7([u]") = 6efu]” = [AZ]" + [AF]" + [AF]°
with A7, A7 and A5 defined as in (3.I8)-(E20), is estimated using ([E.24),

On

g N 3 g n € n 15 4
1A%l < Tmaxcsup (107 AZ| + |07 A7 + |0 A7) < Ce

In conclusion,

N+1 N 0 N
we ST < [ | SN + L sup | D f] [|wf||SY

ON 41
< ((1+ %E swp IDFNCY + ) 2

)+ %C](\;l)€2

(3.25)

As inequality (B.8)) has been applied to estimate f€(u®) — f€(v®), it needs to be

checked that ||u€||‘(9]]\vf), ||v5||é];j) < U. To verify the bound for v*, formally estimate
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along the same lines as above

N+1 N 0 N P N
IS ED < IlolISn), + G vt llsh), + 2l 2 (o)l

< I + TF < [t + 0T T, <y 1/n2.

For simplicity, assume that ||v€||92 < %U , possibly after diminishing r. As the sum
>0 o 1/n? is finite, it can be achieved that HUEHgI\V[) < 3U for all N > 0 by choosing
6y small enough. For € < ey so small that Qne? < U/4,
N N
lesllgy < o llgy + lwsllgy’ < U.

This justifies estimate (B:22H) and finishes the proof.

4. A REMARK ON NUMERICAL APPLICABILITY

The iteration (33)) solving the discrete problem (Z1I)) is tailored to numerical
implementation. Assume the values of v{_; and v; are known. Then:

(41) v (@) = v (@) + M (v (2 + 5) = vp (2 = §)) +ef (V) (2).

To investigate the effect of round-off errors, consider the perturbed quantity ©°
solving the modified equation

O (1) = Oy () + M (0541 (2 + ) = Oppa (2 = 5)) + £, (0)(2) + pan(2).

Usually, only an absolute bound on the round-off error p is known, |u, ()] < 1079,
One should think of ¢ as the number of “precise” digits, which is fixed a priori. To
estimate the deviation of 9¢ from u, modify inequality (BIG]) in the obvious way:

Ln < (1+eB)lpyt +C*e® + B,

where E* bounds the error introduced by p. In the worst case, some component of
w takes values +1077 and —107¢ interchangingly, so that

(4.2) E* = ||unllp, = 10" %exp(r/e).

As before, r is the diameter of the domain . The relation ([{.2)) predicts instability
of the discrete equation ([.1). A finer mesh size ¢ does not necessarily correspond
to a better approximation. One expects that there is an £p > 0 (depending on the
initial data ug and radius r > 0) such that the approximation error

o decays like ~ £2 for € \, ¢,
e grows dramatically like ~ e'/¢ for ¢ — 0 and ¢ < &.

From (B.2)) it is suggested that g9 ~ r/q. The pictures in the following sections
were calculated with r =~ 1, ¢ ~ 0.1 and g ~ 10.

5. CROSS-RATIO EQUATION
The cross-ratio of four mutually distinct complex numbers ¢1,...,q4 € C is
(1 — g2)(g3 — q4)
(g2 — g3)(q1 — 1)

Consider Q(R) as a subset of C, i.e, identify each point (t,z) € Q(R) with the
complex number z = z + it € C.

CR(q1,92,43,q1) =



CONVERGENCE IN DISCRETE CAUCHY PROBLEMS 13

FIGURE 2. An Airy function is approximated by a CR-mapping.

Definition 5.1 ([NQC]). A CR-mapping is a lattice-function ¢° : Q°(R) — C such
that for all z, € Q5(R) C C,

(51)  CR(W(z + 5), 6% (2 +i5), 0% (20 — $),0° (2 — i) = -1.

CR-mappings are suitable discrete analogues of holomorphic functions in the
sense that any holomorphic function can be locally approximated.

Theorem 5.2. Assume ¢ : Q(R) — C is a holomorphic function with ¢'(0) # 0.
Then there are positive constants r < R and Cy,,, so that for each ¢ > 0, a CR-
mapping V¢ is defined on QF(r) and approzimates ¢ in C:

(5.2) sup |67 60pE(2) — O ORG(2)| < Crune®.

z€Q5, 1, (1)

Proof. As a first step, an equation of type (21I) is derived for an arbitrary CR-
mapping ¥ : Q°(R) — C. Denote by 74 the shift operators

(14h)(2) = h(z + 5(i+1)), (1_h)(2) = h(z+ £(i — 1)),

The edges,

(5.3) of = (T4vf —yO)fe, B = (1_gF — o) /e,
naturally satisfy the closure condition

(5.4) af +140°=06°+T1_0".

Let further the function Q¢ be given as the quotient

(5.5) Q° = /o’

In terms of these variables, the cross-ratio equation (B1I) implies 78=—(Q¢) " '7_q,
and the following two formulas are obtained:

1-0Q° 1-Q° o
¢ = @ Q° o, T+of:——Q .

e QT
Their compatibility condition 74 (7_af) = T_(T1a®) provides a discrete analogue
of the Cauchy-Riemann equation:

Q(+i5) 1+Q°(z+35) 1-Q°(2—
Q(z—i5) 1-Q(2+35) 14+Q°(z—3)

(5.6) T_«

1o [polm
—

(5.7)

for all z € QS(R).
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Now introduce v¢ : Q2(R) — C by

(5.8) iexp(ev®(z)) = Q°(z —i5).
Expressing the relation (5.7) in terms of v¢, one obtains
(5.9) 51v° = i0,0° + F*(v°)
which is in the form of the discrete equation (21]) with M = ¢ and
1
(510) FE(’U+5’U_5U*) - 6—2(g(5v+) —g(EU_)),
) 1+iexp(V)
A1 = 1 - —= .
(5.11) o(V) = log < fexp(V) o o

Note that v° is defined on Q%(R) instead of Q°(R). Except for a minor mix-up of
notation, this obviously does not affect any of the results.

Lemma 5.3. For any solution v¢ : Q5(r) — C to ([&9), there exists a corresponding
CR-mapping ¢ : Q°(r) — C. It is uniquely determined by v up to Euclidean
motions and a homothety.

Proof of Lemma[53. Let 2 be the “bottom” of Q°(r), i.e., £ = —ir® € Q°(r) with
r— 5 <r® < r. Assign o°(2) an arbitrary, nonzero number A* € C. Equation
(E8) defines Q¢ from v°, and (G.6) defines o on °(r). Consistency is provided,
ie. T7i(T_af) = T7_(T+a°), because Q° solves (B7). Let §° = Q°a®. Assign
an arbitrary number U¢ € C to ¢°(Z), then define ¢¢ on Q¢(r) according to (E.3).
Compatibility (5.4)) is guaranteed because a solves (B.6)). To verify that ¢ is indeed
a CR-mapping, combine equations (5.6]) and (&.d)). Variations of A° correspond to
rigid rotations and dilations of the whole lattice ¢, variations of ¢ to translations.

O
Proof of Theorem .2l continued: The continuous counterpart of v¢ is
1 gZS”(Z)
12 - __
(512) u(z) = 555,

which is defined on some Q(R) with R > 0 small enough (since ¢’(0) # 0 by
hypothesis). To justify this ansatz, define

(5.13) 0 = (146 - 9)fe, b =(r_6—0)/e
as analogues of a® and (3%, respectively. By Taylor expansion, one finds
(5.14) b (z) = idexpleu(z +i5))a®(z) + O(e?),
1 e
(515) Tiag(z) _ ZeXp(EU(Z+Z2))iexp(€u(z+i%))a€(z) +O(€2),

1 +iexp(eu(z +i5))

corresponding to (BH) and (), respectively. The Cauchy-Riemann equation
for u,

(5.16) Oyu = 10,1,

corresponds to M =i and f = 0 in problem (). Since g(0) = ¢’(0) = ¢”(0) =0
by (.I0]), one easily verifies |F€ (v, v, v*)| < Ke|vt — v™|, so the function F*¢ in
(B10) satisfies the estimate (Z2)). Let v® be the solution to (29) with initial data

(Z3)) obtained from the function v in (5:IZ). Theorem 2 yields approximation of
u by v¢, according to estimate (Z4)).
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By Lemmal5.3l v¢ corresponds to a CR-mapping ¢°. Fix 1¢ by choosing ¢°(2) =
d(2) and o (2) = (171 ¢(2) — #(2))/e. It remains to be shown that approximation of
u by v¢ implies approximation of ¢ by 1¢. Smooth approximation is again proven
with the help of suitable norms, which are in this case

1
N
(517) 1 = S o ) 10507 ()

mtn

This norm is submultiplicative, so Lemma [3.2] applies. The other essential ingredi-
ent is

Lemma 5.4. Forv:Q¢(r) — C%, and N >0, one has

(518) oYY < Crllo(zn)] + Julz2)| + (180 + [0 ),
where z1,z2 € Q°(r) are arbitrary points with 0 < |21 — 22| < €.
Proof of LemmalBdl. From the definition, it is clear that

lof N < max [0(2)] + (1620 + (|60 ).
z€QE(r

Write 21 = (t1,21), 22 = (t2,22) and let z = (t,z) € Q°(r) be arbitrary. There
exist integers P and @ with ¢t =¢; + eP and x = x; + €@ for either i = 1 or ¢ = 2.
Naturally, ¢|P| + ¢|@Q] < 2r. Thus

P Q
[v(zi)] + ) _[6:0(zi +p'e — §)| +€)_|0w(z — ige +i5)]

lv(z)| <
p=1 q=1
< o)+ 20 (80l 4 [[e0] ).
So (5.I8) holds with C,. =1+ 2r. O

Proof of Theorem B2, continued: At this point, it is sensible to introduce the no-
tion @€ = Ou(eP) for a family of smooth functions @ : Q(r) — C¢, meaning that
[[@°[|cv () < CneP for all N > 0, with suitable constants Cx > 0.

Lemma 5.5. Let @ : Q(r) — C? be an arbitrary smooth function. For natural
numbers m,n, one has

(5.19) [O7OrG)° = 6™ 67 ] + Ooo(e?).

Moreover, for Ay, A € R, define 05 (x,t) = u(x £ ey, t £et). Then
(5.20) a5+ 1 = 20+ O0(e?),

(5.21) a5 — a5 = 2e(Ag0yii + MOpt) + Oco (7).

The identity (G.19) is proven in the appendix. The derivation of the properties

(E20), (521) is analogous.
It is clear from Theorem and Lemma [5.5 that ||[u]® — v*||V) = O(£?) for
arbitrary N. It is now shown that this implies

(5.22) |af — af||N) = 0(2).
Introduce the functions ¢g¢, G¢ by
(5.23) a(z) = exp(g°(2)a(2), a(z) = exp(G*(2))a(2).
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Combining the formulas in (5.6)) yields the simple relation
-1
€ -1 € € € £ £
T =T_ (T4af) = ———————a%, 50 0,,9° = —(T40° +0°).
(2 Q%)(121 Q%)
Adopting the notion O (?), and using the rules (5:20) and (521,
T / / 11
&CGE(Z) — +¢ ¢ ( ) ¢,
T+ —¢ ¢
= S2u(z 4 HEE) 4 0u (=) = —(Thu+ u)(2) + Onole?),
Similar identities are derived for 6;¢° and 0,G¢, so that

162(9° = G + [16:(g° = G < 4fl[u]* = v + O(e?) = O(?).

(- + 55) + 0uc (%)

As af(2) = a®(£) by construction, the asymptotic estimates (BI4)), (215) yield
T_af(2) = 1_a®(2) + O(2). Hence also ¢°(2) = G*(2) = 0 and 7_g°(2) =
7_G#(2) + O(£?). Lemma [5.4] gives

IG° = g7 | ™) < O || [u)* = o7 | ).
By means of the composition estimate (B.8)),
la® = a®| ™) < [[exp(g®) — exp(G°) M) |a(2)] = O(?),

and this implies (5:22). An analogous argument gives the respective approximation
of b° by [°.

In the second step, ¥° and ¢ are reconstructed from af, 8 and a®, b°, respec-
tively. By definition of these quantities,

09°(2) =a®(z = 5) =B (2 +5),  &l¢l°(z) =a"(z - é) —b0°(z+3),
0 (2) =0 (z —i5) + B (2 + 5),  0[d]°(2) = a"(z —iF) +b°(2 + 3).
By construction of ¢, one has 9¢(2) = ¢(2), and also T719°(2) = 74¢(2) +
O(g?) because af(2) = a°(2) + O(?). Applying Lemma B4 to [¢]° and ¢ gives
I[¢]° — 1= ||N) = O(£?) and thus the desired final result ([52). O

6. SCHRAMM’S ORTHOGONAL PATTERNS

n [Sch], Schramm-patterns (or orthogonal circle patterns) are proposed as dis-
crete analogues of conformal maps. A Schramm-pattern C¢ assigns to each vertex
(z,t) € Q° C (¢Z)? a circle C(z,t) in R? = C. The defining condition is that
circles belonging to neighboring vertices intersect orthogonally, and circles assigned
to opposite corners of an (¢Z)2-square are tangent. So C%(z,t) and C*(z/,t') in-
tersect orthogonally and are tangent, respectively, if |z — /| 4+ |t — /| = € and if
|z — 2’| = |t — /| = e. For the formal definition, refer to the original article.

The theory developed here allows for an easy proof of local C'*°-approximation of
conformal maps. The obtained local result differs in nature from the C°-convergence
theorem presented in [Sch], which deals with global boundary value problems.

For notational simplicity, the domain for an orthogonal circle pattern C¢ is

O (r) = Q°(r) N (2)?,
containing half of the grid points of Q°(r). In obvious analogy to Q5(r), the sets
O, (r) € Q5. (r) are introduced so that the central difference quotient 0379

of a function ¥° on Q(r) is naturally evaluated on Q¢ (r). Note that QF, and
Q°,,, do not coincide in general.



CONVERGENCE IN DISCRETE CAUCHY PROBLEMS 17

25
R
XK

)

L7)
27
XD
XX

.) /
X

Ny
",
>

(7

2

IN;
F X
7
R
2R

22

7 IR
RESRIIRIA) )
PIRERITHRITI
K RRBIRRARNT
2
RIS
¢I‘,@.‘7

7

N
%,
/N
7

F1GURE 3. An Airy function is approximated by a Schramm-pattern.

By the results in [Schl, a pattern €° is — up to rigid motions — determined by
its radius function p®, which assigns to each point (t,x) € (¢Z)? the radius of the
circle C*(¢, x).

Theorem 6.1. Given a conformal map ¢ : Q(R) — C with 9,¢(0) # 0, there is
a positive r < R, and there exists a family of orthogonal circle patterns C¢ defined
on Q° (r) for all e > 0 small enough, whose radii functions p° are convergent to the
metric factor p = |0, 9| of ¢ in C*,

(6.1) sup (67670 (@, 1) — OO plw,6)] < Coune®
(z,t)€Q, , (r)

Proof. The function log p is harmonic, i.e., satisfies Laplace’s equation

(6.2) 02(log p) + 9 (log p) = 0.

In terms of u(;) = 0, (log p) and w2y = O;(log p), harmonicity reads

0 1 u
6.3 g, "W ) - ( )896 ( M )
(6.3) t( U(2) =10 u(2)

For the radius function p° of a Schramm-pattern, an “exponential Laplace equation”
has been derived in [Sch]. In our notations,
(6.4)
(2o ) (T p ) (1 2 ) (1 2p%) _ (12p%) + (7 p°) + (1.29°) + (72 p°)
(p°)? (r2p°) 71 4 (12p5) L+ (10 2pF) 7L+ (72 pf) 7

Recall that 7, and 7y denote the S-shift in the x- and t-direction, respectively, so

that 752 and 752 are shifts by . Equation (f4) is satisfied by a positive function
p° : Q¢(r) — Ry if and only if it is the radius function of a Schramm-pattern.
Introduce functions v(sl), v(EQ) by

(6.5)  exp(evfy)) = (1p%)/ (75 0%),  explevy) = (1p%)/ (17" p%).

Since pf is given on Q¢ (r), vfl) and v&) are a priori defined on different subsets of
Q¢ (r). However, the domains of the difference quotients 5tv(51) and (5xv(52) coincide,
and the same is true for (59611(51) and (5tv(€2). Equation (64) and the compatibility
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condition 5;511‘(92) = (51511‘(91) imply formally

vg 0 1 vE 0
6.6 s W = ( )535 o +( . )
(6.6) t < V() -1 0 V() G
with G° = L log(H®/H *),

+ e * + T _p*
HE(’U+,’U_,U*) _ esv(1)+e sv(1)+e—sv(2) _ee(v(l) V) v(z)).

Suppose v¢ : Q(r) — R? is a solution to (6.6)), then the equations (G.5) are com-
patible. From the components vf;, and vf,, a solution p© : Q°(r) — Ry to (B3)
can be constructed and is uniquely determined up to a global scalar factor. (Note
that ”(61) and v&) are defined at more points than needed to calculate p*. Actu-
ally, any solution v° to (B8] corresponds to two independent Schramm-patterns.)
p° satisfies the exponential Laplace equation (G.4]), hence is the radius function of
some Schramm-pattern G on Q¢ (7).

H is an analytic function with respect to vy, v_, v, and . Keeping the values
of the v’s fixed, a simple calculation shows that

a\*
()

where h is some analytic expression of the v’s. Hence |G®| < Ke|vy —v_|, implying

the estimate for F. Now let v® be the solution to (6.6]) with the restrictions

of w as initial data in (2.3]). Theorem 2.2 applies and yields convergence of v° to u
on a suitable Q(r).

Make the respective solution p® of (6.5) unique by choosing p°(0,0) = p(0,0).

From estimates completely analogous to those used in the proof of Theorem

(reconstruction of a® from v¥) one obtains C°>°-convergence of p° to p. O

0 for k=0,1,2
1 HE‘ H—E _ . ) ) )
og(H*®/ ) { (“(+1> — U(l)) ~h(v) for k=3,

e=0

} The radius function p° : QE(T) — R, is accompanied by a function ¢ :
Qf(r) — C, such that C(z,t) is the circle of radius p®(x,t) > 0 around the center
PE(x,t) € C.

Theorem 6.2. Under the hypotheses of Theorem [611 and for every e > 0 small
enough, there exists a Schramm-pattern C° on Q°(r), such that the circle centers
e converge to the conformal map ¢ in C*:
(6.7) sup |67 8MpS (x,t) — O OT P(x,t)| < Crne?.
(2,1) €5, (r)

Proof. As pointed out before, the radius function alone determines the pattern C¢
— and hence ¥° — up to a rigid motion. Formulas for the reconstruction of ¢ and
¢ from p and p®, respectively, are now derived.

Introduce the real-valued function w on Q(R) by

(6.8) ¢’ = pexp(iw),

where ¢'(z,t) := 0,¢(x,t) is holomorphic with respect to the complex variable
z = x 4 it. The Cauchy-Riemann equations for ¢’ read

(6.9) Opw = —0Oilogp= —u(y),

(6.10) Ow = 0Ozlogp=wuq),

with u defined as before, u(;) = 0, (log p), u(2) = 0¢(log p).
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FI1GURE 4. Relations between centers of adjacent circles

Analogous quantities and relations are now given for an arbitrary Schramm-
pattern C°. Define the real functions w® and d° on Qf ,(r) by
(6.11) 01° = df exp(iw®),

with d(z,t) denoting the Euclidian distance between the circle centers ¢°(x + 5,t)
and ¢°(x + 5,t), and w®(x,t) the slope of their connecting line to the z-axis.

In Figured two pieces of a Schramm-pattern are displayed. From the left sketch,
it is clear that

(g — Yoy, Y10 —%oo) = L, Yoy, Yry) — L(oo, Yro, 1)

- <P++ ) ( P00 )
= arctan| — | —arctan | — | .
Po+ P+0

Introducing v¢ by the formulas ([6.5),

(6.12) Sw® = g (mfyy. T vly),

¢°(vt,v7) = 1(arctanexp(evt) — arctanexp(—ev™)).

From the sketch on the right, it follows that
L0 — o0, Yoo — P—0) = ZL(pa, oo, #3) — (11, Yoo, 12)

arctan (&) — arctan (po_+> .
P00 P00

Expressed in terms of w® and v®, this yields:

(6.13) dpw® = —gs(TtU(Eg)a Ttilvfz))-

With formulas (E12) and (I3) at hand, the argument of the proof for Theorem
is continued. Let p® : QE(T) — R, be the radius function approximating
the conformal factor p of ¢, and v® the corresponding quantity approximating
u. Further, let ¥° be the function of center positions of the unique Schramm-
pattern determined by the radius function p° = £p°/+/2, which also satisfies the
side conditions ¢°(0) = ¢(0) and w*(0, §) = w(0, 5).

’ 2
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The same norms (5I7)) are used as in the proof of Theorem To prove C*°-
convergence of w® to w, observe that each ¢g° is analytic and satisfies

(T, vT) = (v +07) /2] < K(e+[oT v
Restating (BI0) in the form (recall the notion O (g2) from section )
Slw)(z,t) = L(u(z,t+5)+ulz,t— )+ 0x(c?),
one obtains, using Lemma 32

16 ([w]* = w )N < lg®(rev®, 77 0f) = 3w, 7 %) [ 4 0o (7)Y

< K(e+ el | ) + [l = 07| + 0(E?).

Similarly, ||0,([w]® —w®)||™Y) = O(e?). Now LemmalBd gives || [w]® —w® ||V = O(£?).
Completely analogous estimates hold for the approximation of @ and @* defined by

(6.14) Ohd = pexp(iv),

(6.15) Sp® = dfexp(id®).

Equations (6I2) and (6.I3) change in the obvious way, and the choice w®(5,0) =

w(£,0) implies that ©°(0, §) = 7/24+@(0, §)+0(?). Another application of Lemma

6.4 yields [lw® — [w][|Y) = O0(®) and [|o° — [&]*]| ) = O(e?).
Since the distance between the centers of two orthogonally intersecting circles
with radii p; and ps is

d=1/p} +p3=p1vV/1+ (p2/p1)?,

the quantities d° and d¢ are given by

5 1+exp(2ev(y)) —1 e Se 14exp(2eviyy) _
(6.16)  d° =/ ——5 = (1, 1p"), & = \/7%@ 'pf).
Now observe tha@

-1 2 Ta 2 Ta T;l 2 _
p = /pzz,/ P p2+ p +Ooo(62): [ 14( pé p) (r; 1P)+Ooo(€2)
1+4+exp(2 _
_ [1+e p(2€u(1))(7_x 1P)+Ooo(52)'

Hence, with Lemma B2 it follows

16 = [N < Cnlllp® = [ I + | = [WIF|™Y) + 0(e?),
160" =[BT < Cn(llp” = [N + & = [@]7| ) + 0(e?)
An application of Lemma[5.4] finishes the argument. O

IThe reason formulas ([BI6) are employed instead of the symmetric representation d =
1/ p% + p% is that the former is an analytic expression in p,u on some D(U) with arbitrarily

large U as € — 0, whereas the latter has a singularity at p1 = p2 = 0.
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7. APPENDIX

Proof of Lemma[B1l. As a finite sum of norms, || - ||, is seen to constitute a norm
itself. The absolute bound is trivial.
Submultiplicativity: For two functions u, v : J5, — C,

n k
p
hell, = D57 suwp 185 (u)(@)
b—o 0 ®EIL i
ok k
< zk—z sup [obu(z)| sup  |oEu(y)|
k<n =0 €I _, ISUS)
< Y3 T sw [oul@)] sup |870(y)]
1=0m=0 ="M w€T_, yeIn
< lullolllp-

Discrete Cauchy estimate: For u : J5 — C4,

n

k
p
[ull, + Ollozull, = § o7 max [dpu(e |+9§ T max |0y u())|
k—1

— Lxels x€ds _
< " (1+9 ) max |65 u(z)]
B k' xzels T
n+1 k
(p+90)
< Zik, max [Fyu(z)| = [ull o
=0 ! z€Jf _

because for k = 0,1,..., one has 1+ kf/p < (1 +8/p)*.
Restriction estimate: With the classical Cauchy estimate

sup|Oku(z)| < B(1/p)F sup fu(a)
zel z€B,/(I)

it follows that

€ 14 e p
el =3 5 swp 10 @)] < 3 Gy suplotu(a)]
k=0 n—k k=0
< (p/p’>k> sup [u(a)].
<k}ZO IEBP/(I)

Analyticity estimate: For simplicity, assume that all n® are odd. |v°|, < C
implies [6°v°(z)| < Cslp™ for all z € J5. and all s < n°. Hence, for fixed s > 0
and ¢ small enough, the sequence of interpolated functions Eé3v° is equicontinuous.

At s = 0, the Arzela-Ascoli theorem yields a subsequence £(0) — 0 of € so
that Eve(©) converges uniformly to a continuous function u. From here, proceed
inductively: Assume that E§3v°(*) converges uniformly to 9%u. Apply the Arzela-
Ascoli theorem at s+ 1 to obtain an infinite subsequence e(s + 1) of e(s) for which
E65t 15+ converges uniformly to some u(**1). To show that u(**1) is indeed
the s + 1st derivative of u, consider the identity

(GusH ) (@) = (Bu=H)(0) +e Y (B3 urCTY)(5 + <)
0<i<J
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with arbitrary x = eJ € J5._,. This implies for the interpolated functions
xT

(Eé;uds+”)@ﬂ::(Eé;uds+”)ﬂn—%J/ (Bo M us ) (2) dz + O(¢)
0

at arbitrary z € I. Pass to the limit &/ — 0 on both sides. u(**1) is seen to be the
a-derivative of du, so u € C*(I). From the theorem on dominated convergence, it
follows for x € 1,

S, Llosu(z)] < C.

5=0 s!
So u possesses a convergent Taylor expansion around all x € 1, with convergence
radius p, and the analytic extension is bounded by C. O

Proof of Lemmal32. As |ug;)(§)] < |Jull, < U/v by hypothesis and property (I,
the composition g(u) is a well-defined function on the respective J5. The estimate
(B8) is derived as follows: Since g : DP(U) — C? is analytic, it has a power series
representation

9%9(0)

(7.1) g(u) = ZaeNgTua’ u® = ?:1 U?jv
where o« = (a1,...,qp) denotes a multi-index. For the coefficients in (71I), the
Cauchy integral representation yields
8%g(0 1
.
o @) V= Sigl=my, g i
F(ma,...,mp)

aq Qp )
ml ...mp

the m; being arbitrary numbers with 0 < m; < U. Choosing m; = v[jul,, it
follows from submultiplicativity and the basic norm properties of || - ||, that

lowl, < . mg(o)\m%

a!

Sy FOlugyllps - Al ll)-

This proves the claim and also shows that I' := (1 — 1/4)~? is independent of the
norm || - [|,. O

IN

IN

Proof of Lemmal5dl. One starts with the representation

1 _
0oy [ulf (x,t) = g / am¢ / d"r Oy ofu(r+ & t+T)
[-5.4+51™  [-5.+5"

of arbitrary partial difference quotients, where £= (£1,...,6m), 7= (71,...,Tn),

and the notations £ = 37| & and 7 = 377, 7; have been used. Then,

d€ d _
(0763 [u]® — 07* O u) (z, t) = fgﬂi_nn folds O(er) 0y O u(x + sE,t + sT)

d¢d _

= {;ninn f01d8<8(57)8;”8{’u(a:, t) —l—sfolds/ ery O O u(x + ' 5E, t + 5'57) )
—_————

A(z,t) B(z,t)
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Above, O(¢ry = (£)0x + (T)0;. The integral over A vanishes because

fdméfd%-&(&)f =0

for an arbitrary &, 7-independent function f. As B(z,t) is an (x,t)-smooth func-
tion, one concludes (B:19). O
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