CONFORMAL GEOMETRY AND DYNAMICS

An Electronic Journal of the American Mathematical Society
Volume 9, Pages 24-45 (March 24, 2005)

S 1088-4173(05)00135-9

HILBERT SPACES OF MARTINGALES SUPPORTING CERTAIN
SUBSTITUTION-DYNAMICAL SYSTEMS

DORIN ERVIN DUTKAY AND PALLE E. T. JORGENSEN

Dedicated to the memory of Shizuo Kakutani

ABSTRACT. Let X be a compact Hausdorff space. We study finite-to-one map-
pings r7: X — X, onto X, and measures on the corresponding projective limit
space Xoo(r). We show that certain quasi-invariant measures on X (r) cor-
respond in a one-to-one fashion to measures on X which satisfy two identities.
Moreover, we identify those special measures on X (r) which are associated
via our correspondence with a function V on X, a Ruelle transfer operator
Ry, and an equilibrium measure py on X.
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1. INTRODUCTION

This paper is motivated by our desire to apply wavelet methods to some nonlinear
problems in symbolic and complex dynamics. Recent research by many authors
(see, e.g., [4,[2, B]) on iterated function systems with affine scaling has suggested
that the scope of the multiresolution method is wider than the more traditional
wavelet context.
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In this paper we exploit the connections between multiscale-resolution analysis
(wavelet theory) and dynamics, in particular iteration theory. For this purpose, we
study certain quasi-invariant measures, extending the familiar scaling equation from
wavelet theory. Our proofs use martingale theory, a transfer operator, called the
Ruelle transfer operator, and a fixed point theorem. A by-product of our analysis
is Theorem [(.9] generalizing a theorem of Perron and Frobenius.

As suggested first by S. Mallat [29], a particularly productive approach to the
construction of wavelet bases in L?(R) may be based on the notion of resolution
from optics. In this model, a fixed image-resolution corresponds to a certain closed
subspace Vp in L?(R). A coarser resolution will be a proper subspace of V), and
a finer resolution is a subspace containing V. What results is a Z-indexed scale
of nested Hilbert subspaces V,,, n € Z, in L*(R) such that the intersection is {0}
and the union is dense. Moreover the operation of dyadic scaling transforms each
V,, to the next V, ;1. This is called a multiresolution approach to wavelets, see
[12], and it is based on the interplay between the two abelian groups T (the circle
group = one-torus), and R (the real line), with T representing a period interval
placed on the line R.

Our present paper is based on the observation that multiresolutions really are
martingales; and on our exploiting this fact. Thus we are able to adapt the geo-
metric notion of scaling subspaces (V;,), or resolutions, to nonlinear dynamics in a
variety of applications where such a pair of groups is not available. In the context
of discrete dynamical systems, we have instead an endomorphism r: X — X of a
compact space. And then successive iterations of r may serve to define a certain
selfsimilarity (for example statistical similarity up to scale in time or in space),
mirroring the more familiar notion of scale-similarity which is such a powerful tool
in wavelet theory. The usefulness of this geometric viewpoint is illustrated for ex-
ample in multivariable operator theory (e.g., [10], [23], [25], [26], [33], and [34]), as
well as in recent work on encoding of quantum stochastic processes; see, e.g., [1I,
[3], [13], [18], [28], and [30].

The notion of multiresolution (from wavelets) is in fact closely related to more
familiar concepts from dynamics, e.g., to sequences of partitions or tower construc-
tions in dynamics, such as laminations [39], or successive subdivisions [40]; to Pesin
boxes [9], to attractors [38].

Let r be an endomorphism in a compact metric space X (for example the Julia
set of a given rational map), and suppose r is onto X and finite-to-one. Form a
projective space Xy such that r induces an automorphism 7 of X,,. Let V be a
Borel function on X (naturally extended to a function on X.,). Generalizing the
more traditional approach to scaling functions, we give in Theorem [£1] a complete
classification of measures on X, which are quasi-invariant under # and have Radon-
Nikodym derivative equal to V; see also (LI) and Section for further details.

The interest in quasi-invariance derives in part from the observation that in the
more familiar wavelet case, this invariance notion plays a fundamental role, that of
a scaling equation (see [I2, Chapter 5]). But in the wavelet case, the measure is
prescribed a priori; it is the Lebesgue measure. Not so for other scaling problems
in dynamics. Starting with a possibly nonlinear system (X,r), we must examine
measures g on X which are suitably invariant for the inverse branches of the given
endomorphism r: X — X. This invariance amounts to equation (Z4) below, and
we typically assume that p (if it exists) is normalized. If a probability measure u
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exists, solving equation ([24), we say that u is strongly invariant. But existence of
strongly invariant measures is now a question. (If for example r: X — X is known
to have strictly contractive inverse branches [20], or if X is the Julia set of some
rational map, w = r(z), then we know that strongly invariant measures p exist [11],
but not in general.) However, assuming that a strongly invariant measure p does
exist, then the statement of the scaling equation involves [, and it takes the form
of

o
(1.1) %—Vo%

where 6y is the X-coordinate function on X..,. (Both sides in equation (Il are
functions on X,. The function V' on the right-hand side is defined on X, so the
composition is indeed a function on X.)

Hence there are three separate problems: (1) Given such a measure y, find the
functions V such that (L) holds. (2) For what functions V are there measures
won X such that the corresponding i on X satisfies (ILI)). (3) Starting with a
measure v on X, for which the scaling equation (II)) holds, then when is there a
measure g on X such that v = .

Our earlier paper [I7] addressed (1); see also Theorem 21l below. Here we turn
instead to questions (2) and (3).

We show in Section [ that all three problems relate to a certain eigenvalue
problem for a transfer operator Ry defined by equation (28] in terms of the function
V. The operator Ry is of general interest in operator theory; see e.g., [§], [19], [22],
132], and [37].

Our analysis of the quasi-invariant measures is based on certain Hilbert spaces
of martingales (Theorem B3]) and on a transfer operator (Section 22) studied first
by David Ruelle. In Theorem [6:3] we give a characterization of the extreme points
in the set of V-quasi-invariant probability measures.

Example 1.1. We now give an example of an endomorphism 74 in a compact space
X (A) which is onto, and has finite pre-images. The construction is as follows:

Let A be a k x k matrix with entries in {0,1}. Suppose every column in A
contains an entry 1. (This guarantees that the restricted shift r4 below maps onto
X(4)).

Set

X(A) = {(ﬁi)ieN € H{L ook} ‘ A&, &i41) = 1}
N

and
TA(glvé'Qa"') = (£2a£37"') for g € X(A)

Then r4 is a subshift, and the pair (X (A),r4) satisfies our conditions.

It is known [37] that, for each A, as described above, the corresponding system
ra: X(A) — X(A) has a unique strongly r 4-invariant probability measure, pa, i.e.,
a probability measure on X (A) such that

fdpa = / F(y) dpa(),
/X(A) X(A) #TA TA(%): N

for all bounded measurable functions f on X (A).
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In this paper we analyze the connection between measures on X and the induced
measures on X, and we characterize those measures X, which are quasi-invariant
with respect to the invertible mapping 7,

Xoo — Xoo
X — X
K

(1.2) X = {i: = (zg,71,...) € HX ‘ r(Tnt1) = Tn,n € NO},

No

f(i) = (r(fco),xo,xl, e )
and
FHE) = (21, 22, .. ).

We recall the simplest instance in the wavelet context: As described in [I2]
Chapter 5], wavelets may be obtained from an X, construction in the special case
when X =T = {z € C||z]| = 1}, and r(z) = 22, as follows:

While the real line R is not T, we may still build the Hilbert space L?(R) with
its multiresolution wavelets from an inductive and isometric procedure based on
Teo- The intuitive idea is to get R in the limit by successive doubling of periods.
Following [19], we are in fact using a recursive system of Hilbert spaces for this, and
we note that this is really a martingale construction. To highlight the distinction
between the compact group G = T, (called a solenoid) and the reals R, contrast
the following two familiar short exact sequences of abelian groups, 0 - C — G —
T — 0, where C is the Cantor group, on the one hand; and 0 - Z - R — T — 0,
on the other. While the groups G and R are very different, the use of G helps
us even in this case to build the Hilbert space L?(R); but within the category of
isometries in Hilbert space. Moreover, the X, viewpoint is useful in important
applications outside the group context, and this is the focus of the present paper.

We need a specific interplay between spaces (X,r), r: X — X a non-invertible
endomorphism, and induced spaces (X, #) where # is an automorphism. This is-
sue, and variants of it, arise in a number of areas of mathematics; first in probability
theory, going back to [27]; and also more recently in a number of wavelet problems;
see for example [B], [7], []], [T5], [16], [I7], [19], [21], and [22]. In these applications,
the problem is to carry along some isometric operator defined on a Hilbert space
of functions on X, to the space X (see Proposition below). In the language
of operator theory, we wish to make a covariant unitary dilation from X to X ..
(See e.g., [24] and [30].) This means that we need to induce measures 1 on X to
measures i on X, in such a way that a prescribed covariance is preserved.

To make our paper self-contained, we have recalled Doob’s martingale conver-
gence Theorem in Section B] in the form in which we need it, but we refer the reader
to the books [14] and [31] for background on martingale theory.
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2. PROJECTIVE LIMITS

2.1. Definitions. Let X be a compact Hausdorff space, and let r: X — X be a
finite-to-one mapping;:
1< #r 1 (z) < 0
where r~!(z) = {y € X |r(y) = x}. More generally, set
r Y B)={ye X|r(y) € E}, ifECX.
By the projective limit X (r), we mean
X X X - Xoo(r);

T ™ T
see also (L2).

We will further assume that r is not invertible, i.e., that #r~!(z) is not the
constant function one.

It is well known that, if r is continuous, then pull-backs of open sets in X define
a topology on X (r) making Xo.(r) compact.

The restriction to X (7) of the coordinate projections (xg, z1,...) — x, will be
denoted by 6, and we have
(2.1) ro 9n+1 =0, (n S No)

One advantage of passing from X to X (r) is that r induces an invertible map-

ping 7: Xoo(r) = Xoo(r), such that
rob,=0,07=0,_1.

Moreover, both # and #~! are continuous if r is.

If 98 is a sigma-algebra of subsets in X (typically we will take 9 to be the Borel
subsets in X ), then there are sigma-algebras

B, =0, (B) = {0, (E)| E € B}
and
(2'2) %oo = U %n.
n€Np

These B,,’s are sigma-algebras of subsets of X (7).

Using (211), we get
0, =0, 1, 0r .

If r is measurable, then 7~1(8B) C B, and we conclude that
(2.3) By C Byt
Then both of the mappings # and 77! are measurable on X, (r) with respect to

the sigma-algebra B.

2.2. A scaling equation. In [17], we studied the following restrictive setup: we
assumed that X carries a probability measure p which is strongly r-invariant. By
this we mean that

1 o0
ea) [ rau= [ P, Y S L)

If, for example X = R/Z, and r(x) = 22 mod 1, then the Haar measure on
R/Z = Lebesgue measure on [0,1), is the unique strongly r-invariant measure on
X. We prescribe probabilities via a fixed function V': X — [0, 00).
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Suppose V is bounded and measurable. Then define R = Ry, the Ruelle opera-
tor, by

(2.5) Ry f(z) (f € LY(X, n).

(y)=

Theorem 2.1. ([I7]) Let r: X — X and Xoo(r) be as described in Section R,
and suppose that X has a strongly r-invariant measure . Let V' be a non-negative,
measurable function on X, and let Ry be the corresponding Ruelle operator.

(i) There is a unique measure fi on Xoo(r) such that
~ —1
) fLoby ' u (set h:= dm#;fﬁ—”,

/fduoﬂl [ ReGmdn e,

(ii) The measure [i on Xoo(r) satisfies

d(ji o )
2.6 =Vob
(26) - o
and
Ryh =h.

In this paper we turn around the problem and take (2:6) as the fundamental
axiom. We will not assume the existence of a strongly r-invariant measure pu.

Proposition 2.2. Letr: X — X be as described above, and let 7: Xoo(r) — Xoo(T)
be the corresponding automorphism. Let m: X — C be a bounded measurable func-
tion on X. Then the operator

(2.7) Sinf = (mob)for

defines an isometry in the Hilbert space L*(Xoo(r), it) if and only if

(2.8) flof < fi
and
d(jio
(2.9) (/zl/l ) jmo b2

Proof. The isometric property for (Z7) may be stated in the form.

(2.10) /X

Setting V := |m|?, and g := |f o #|?, (Z10) reads

/ Voﬂogdﬂ:/ gordf.
Xoo(r) Xoo(r)

But this amounts precisely to the two assertions (2.8)) and (Z29). In other words,
the V-quasi-invariance property for V = |m|? is equivalent to S, defining an L2-
isometry. O

motoPlo i di= [ | di. forall § € I*(Xal0). ).

oo (T Xool(r
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3. INDUCTION OF MEASURES ON X, (r) FROM MEASURES ON X

3.1. Martingales. In this subsection we introduce the sequence conditional ex-
pectations which support our martingale construction of the global Hilbert space.

If /i is a measure defined on the sigma-algebra B, on X (r), then there is an
associated sequence of measures (p,) on X defined as follows:

(3.1) o= 100, (n € No),

or more precisely

where
0, Y(F) = {& € Xoo(r) | 0n(2) € E}.

n

Our measures will be assumed positive and finite, unless specified otherwise.
We now introduce the Hilbert spaces:

(3.2) (i) = LA(Xoe (7). )
and

Hy(f1) == {§ obn |€ € LQ(Xv /'[/TL)})

the orthogonal projections

and
En: H(i) — L*(X, i),
setting
Bo(f) = En(f)obn  (n€No);
then

/ §ot9nfdﬂ:/ EE,(f) din, for all n € Ny, € € L*(X, ).
Xoo(r) X

Lemma 3.1. Let [i be a measure on (Xoo (1), Boo) and let H(ji)be the corresponding
Hilbert space from (3.2).

(i) Then there is an isometric isomorphism
(3.3) J: H(p) — lim L3(X, jin)
where the inductive limit in [B3) is defined by the isometric embeddings
€ Eor LAX, pin) — LA(X, finya).
The isomorphism J in [B3) is

Jf=(Enflnen,  (f € H(1)).
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(ii) The Hilbert norm is given by
11y = 1 B CF)

and
(iii) For every sequence &, € L*(X, ) such that Pp(&,41 0 Ony1) = &n 0 O,
and

Slvle 16nll 22 (X, pn) < 00,
there is a unique f € L?*(Xo (1), i) such that
P,f=&,00, for all n € Ny.
Moreover,
= nh—{go &n 0 0n, pointwise fi-a.e., and in ﬁ(ﬂ)
Proof. The proof depends on Doob’s martingale convergence theorem; see [14], [17],
and [31]. O

3.2. From p on X to ji on X (r). In this subsection we introduce the sequence
martingale measures (u,,) needed in our construction of the global Hilbert space.

Lemma 3.2. Let (tin)nen, be a sequence of measures on (X,B). Then there is a
measure fi on (Xoo(r), Boo) such that

(3.4) fo8y = (neNy)
if and only if
(3.5) P10 L =y, (n € Np).

Proof. We first recall the definition, the measure pi,+1 o r~! in (BH). On a Borel
subset E, it is

(3.6) fins1 07 (E) 1= s (v 1 (E).
It is well known (see [35]) that (B8] defines a measure.

Suppose i exists such that ([B4) holds. Let £ be a bounded B-measurable func-
tion on X. Then

| ordun= [ corotpndi= [ cotndi= [ cdpoty? = [ ¢,
X Xoo(r) Xoo (1) X X

which proves the identity (BX).

Conversely, suppose (fin )nen, satisfies (3H). Note that the 9B,,-measurable func-
tions are of the form f o 6,, with f B-measurable. The 9B,-measurable functions
are also B, 1-measurable and this inclusion is given by

(3.7) fobn=(for)obn 1.

The relations (2.2)) and (23] imply that the union of the algebras of bounded
B,,-measurable functions is L!(j1)-dense in the algebra of bounded 9B ,-measurable
functions on Xoo (7).

Now set

f(f 060y) = pn(f), f assumed B,-measurable and bounded.
To see that this is consistent, use (BZ) and ([EA) to check that

ﬂ((f o T) © 9n+1) = Mn-i—l(f o T) = Mn(f) = /l(f o 9")'
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The existence and uniqueness of i follows from Kolmogorov’s theorem; see [17] and
[21]. O

3.3. Quasi-invariance. In this subsection we state our theorem regarding the scal-
ing equation ([LI) from the Introduction.

In this section we will study the problem (2.0]) via our correspondence ji
(tn)nen, from Lemma [3:2]

The questions are two: (1) Which measures pp on X admit “extensions” [ to
measures on X (r) satisfying ([2:6)?

(2) Understand the measures po which admit solutions i to (2.8).

Our first theorem answers the question (1).

Theorem 3.3. Let (pin)nen, be a sequence of measures as in Lemma Bl i.e.,
satisfying pint1 0t =y, and let V: X — [0,00) be B-measurable. Then the
“extended” measure fi satisfies

d(ji o 7)
i

(3.8) =Voby ae on(Xoo(r),Boo)

if and only if
(3.9) dpo = (Vduo) o™, and dpnir = (Vo r™)du, (n € Np).

Proof. Note first that ([33) is equivalent to the following

/fduo:/fowduo, and/ fdunH:/fVor”dun (n € No)
X X X X

for all bounded 9B-measurable functions f on X.
Let (tn)nen, be a sequence of measures that satisfy

(310) Mn+1 o 7,,—1 - ,u'nv

and let /i be the corresponding measure on X (r). Suppose first that ji satisfies
B) for some B-measurable function V: X — [0, 00); in other words, we have the
identity

(3.11) / fof‘ldﬂ:/ fVobydp
Xoo(r) Xoo(7)

for all bounded B .-measurable functions f on X (7).
Now specializing (3.11)) to f = o6, with £ some bounded B-measurable function
on X, we get

/ 500n+1dﬂ=/ £00,Vobydi
Xoo(r) Xoo(r)

:/ foenVor"oﬁndﬂ:/EVor"dun,
Xoo(r) X
and therefore
djins1 = (V o r™) dp,
by 3.
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We take a closer look at the case n = 0. Substitute f = £ o 6y into (BI1T). We
get

/ 5090dﬂ:/ 50000fV090dﬂ:/ 507"090V090dﬂ:/ Eor Vdugy
Xoo(r) Xoo(r) Xoo(r) X

and therefore dug = (V dug) o v~ which is (B3).
Conversely, suppose (in )nen, satisfies (310) and 9). Lemma yields the
existence of a fi on (X (7), Boo) such that
i = fio b, h

We claim that i is V-quasi-invariant, i.e., that (B8] holds. This amounts to the
identity

(3.12) / foffldﬂ:/ FV o6y dj.
XOO(T) XOO(T)

By Lemma B] this is equivalent to
Appnt1 =V or™du,.

To see this, substitute f = £ o 6,, into BI2) for £ a bounded B-measurable
function on X, and n € Ny. But this holds by [39), and (3] follows. O

4. A FIXED-POINT PROBLEM

In Theorem B3] we saw that our condition (Z4), V -quasi-invariance, on mea-
sures i on (Xoo(r),Boo) entails a fized-point property [EI) for the corresponding
measure po = [0 6y !, In this section, we turn the problem around. We show
that this fixed-point property characterizes the measures fi satisfying the quasi-
invariance, i.e., satisfying (Z.8).

If the function V: X — [0, 00) is given, we define

VI (@) = V(2)V(r(x)) - V(" (@),

and set dpu, := V™dpg. Our result states that the corresponding measure i on
Xoo(r) is V-quasi-invariant if and only if
(4.1) dpo = (V dug) o™ L.

Theorem 4.1. Let V: X — [0,00) be B-measurable, and let ug be a measure on
X satisfying the following fixed-point property:

(4.2) duo = (V dug) or™L.
Then there exists a unique measure [i on X (r) such that

d(ji o 7)
i

(4.3) =Voby

and

frobyt = po.
Proof. Let po be a measure satisfying the fixed-point property (Z2), and set
(4.4) i1 := (Vor™)duy,.
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This defines a sequence pg, j41, 2, - - . of measures on X. To establish the existence
of the measure /i on X (r), we appeal to Lemma We claim that (8.35) holds,
or equivalently that

(4.5) [ serdua= [ rau,

for all bounded 2B-measurable functions f on X, and for all n € Nj.
Substitution of ({4) into @A) yields

/fordun+1:/forVor”dun,
X X

and we will prove (£5) by induction:

First
[ seriu= [ gorvim= [ 1vduor = [ s,
X X X X

where we used ([@2) in the last step. So (&5) holds for n = 0.
Assume that ([@H) holds for p,, and m < n. Then

[ rerdmn= [ rorverordu= [ fvertdu = [ fan.
X X X X

where we used the definition ([@4)) in the last step. The induction is completed.
This proves (BE). An application of Lemma B2 yields the existence of a unique
measure 4 on (X (), Boo) such that

100, = (neNy).

Since the sequence (fin)nen, satisfies the pair of conditions (B4) by construction,
we conclude from Theorem B3l that 4 must satisfy (£3)), i.e., ji is V-quasi-invariant
as claimed. O

The proof of Theorem BTl also yields the following corollary:

Corollary 4.2. Let V: X — [0,00) be a bounded B-measurable function, and let
to be a measure on (X,B). Suppose

duo = (V dug) or™t.

Set

(4.6) dptn, == V™ dpg, forn e N.

Then

(4.7) fins1 0771 = i,

and

(4.8) wn(X) = /X V™ dpg = po(X), for all n € N.

Proof. Indeed, by ([@6) we have the recursive formula dpp+1 = (V o r™) duy, and
as in the proof of Theorem Tl we get that (£7)) is satisfied. Applying (E8) to the
constant function 1, we get that

pn(X) = / V™) dpg,
X
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and, with (Z71)
fin+1(X) =/ Ldpinia =/ Lorduniy =/ Ldpn = pn(X).
X X X
Now (4.8)) follows by induction. O

5. TRANSFORMATIONS OF MEASURES

Let X be a compact Hausdorff space, B the sigma-algebra of all Borel subsets
of X, and C'(X) the continuous functions on X.
For a € Ry denote by

My (X) :={p|p is a measure on (X,B), u(X) = a}.
Note that M,(X) is equipped with the weak*-topology coming from the duality

(fsu) = /X fdp=:pu(f)

where f € C(X). The neighborhoods are generated by the sets Ny, (fi,..., fi,€)
where e e Ry, f1,..., fr € C(X) and

Nﬂo(flv"'7fk76) :{MGM(X)H:u(fl)_:uO(fl” <€6i= ]-w"?k}'

It is known [35] that each M, (X) is weak*-compact, i.e., M,(X) is a compact
convex set in the topology determined by the neighborhoods Ny, (fi, ..., fk,€)-
Let V: X — [0,00) be bounded and B-measurable, and define

Ty(p) = (Vdu)or™  (ne M(X)).

Lemma 5.1. Let V be as above, and assume V is also continuous. Then Ty : M(X)
— M(X) is continuous.

Proof. Let p€ M(X), k€Zy and f; € C(X),i=1,...,k. Then
(Ty (p) [ fi) = (u|V fior).
Setting g := V f; or, we see that
TV(NHO(gla"'7gk76)) C NTV(HO)(fl)"'7fkf’€)

and the conclusion follows if V' is assumed continuous. O

Definition 5.2. Let V': X — [0,00) be bounded and B-measurable. We use the
notation
MY(X):={pe M(X)|du=(Vdu)or '}

For measures fi on (Xoo(r), Boo) we introduce

M;;(Xoo(r)) = {/l € M(Xoo(r)) | io? < 1 and d(’tzi; ) =Vo 90} .

The results of the previous section may be summarized as follows:
Theorem 5.3. Let V be as in Definition 2. For measures ji on Xoo(r) and
n € Ny, define
Co(ft) == fuo6,*.
Then Cy is a bijective affine isomorphism of My, (Xoo(r)) onto MY (X) that pre-
serves the total measure, i.e., Co(f1)(X) = i(Xoo(r)) for all i € MY, (Xoo(r)).
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Proof. We showed in Theorem B3 that Cy maps M), (Xoo(r)) onto MY (X). The
inverse mapping

Cy 't MY(X) = My (Xoo(r))
may be realized using Theorem ETl and Lemma B2 O

Remark 5.4. The intuitive idea behind Cy '+ MY (X) — MY (Xoo(r)) is as follows:

Let Cy (o) = fi. Then ji is a measure on X.o(r), and we view points & in
Xo(r) as infinite paths. Recall, if & = (xo,x1,...) € Xoo(r), then r(xnt1) = xp.
So in a random walk we choose z,41 € r’l(xn), and the function V assigns the
probabilities in each step. At step n, there are #r~!(z,) choices.

The assertion in the theorem is that the measure i is completely determined
by the prescribed measure py at the starting point zy of the path, and by the
function V.

The two measures i and pg are normalized so that

po(X) = f(Xoo (r))-
In a special case, an explicit formula for C 1(u0) is known [I7, Proposition 8.2].

Theorem 5.5. Let V: X — [0,00) be continuous. Assume that there exist some
measure v on (X,B) and two numbers 0 < a < b such that

(5.1) a<v(X)<b, andag/ V(”)dugbfor all n € N.
X

Then there exists a measure g on (X,B) that satisfies
dpo = (V dpg) or™?,
and there exists a V -quasi-invariant measure fi on (Xoo(r), Boo).

Proof. Condition (5.)) guarantees that the set
MY (X) = {M e M(X) ‘ a<p(X)<banda< / V™) dp < b, for all n e N}
X

is non-empty. Moreover, by the Banach-Alaoglu theorem [35], this set is compact
in the weak*-topology. It is clear also that the set is convex.

We claim that the operator Ty maps MY, (X) into itself. Indeed, if 4 € MY (X),
then

To()(X) = [ Vierdue oy
X
and, using V'V oy =yt

Ty () (V) = /

X

Lemma [5.1] shows that Ty, is continuous so we can apply the Markov-Kakutani
fixed-point theorem (see [36]) to conclude that there exists a po € MY, such that
Ty (po) = po. The V-quasi-invariant measure ji can be obtained from pg using
Theorem 1] O

Definition 5.6. We now connect the above discussion with Section[2.2] Let (X, B)
and r: X — X be as described above. Suppose in addition that (X,9) carries a
strongly r-invariant probability measure, p; see (24) for the definition.

Set

VV® ordy = / Vet qu e [a, b).
p's

M(p, X) :=={pe M(X)|p<p}.
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Lemma 5.7. Let V: X — [0,00) be a bounded measurable function. Then Ty
leaves M (p, X) invariant; and uo in M(p, X) satisfies

Tv (o) = po
if and only if there is an h € LY(X, p) such that duo = hdp and Ryh = h.
Proof. Let u € M(p, X), and write du = fdp, f € L'(X,p). Let £ be a bounded

measurable function on X. Then

To)©) = [ gorvidp= [ @)= PIRCUCEE
- /X £@)(Ry £)(x) dp(x).
Stated differently,

Tv(fdp) = Rv(f)dp.
Hence Ty (f dp) = f dp if and only if Ry f = f as claimed. O

Before stating and proving our next result we need one more lemma.

Lemma 5.8. Let (X,B), r: X — X, and V: X — [0,00) be as above. Suppose
(X,B) carries a strongly r-invariant probability measure p. Then

(5.2) [ verran= [

for all bounded measurable functions f and n € N.

Proof. We prove (£.2)) by induction, starting with n = 1.
For f € L*>°(X),

1
|vran- [ T 2 Vi) - [ rvids

where we used the definition ([Z4)) of strong r-invariance.
Suppose (B2)) holds up to n. Then

(n+1) _ ) o _ (m)(
/XV fdp /X(V MV fdp /XV #rl ZV dp(x)

:/ V(")vadpz/ R{}vadp:/ REFLf dp,
X X X

where we used the induction hypothesis in the last step.
This completes the proof of the lemma. ([

Our next result is an infinite-dimensional analogue of the (finite-dimensional)
Perron-Frobenius theorem for non-negative matrices.

Theorem 5.9. Let (X,B), and r: X — X, be as described above. Suppose
V: X — [0,00) is measurable,

o XV

T(y) x
and that some probability measure vy on X satisfies

(53) Vy O RV =Uly.
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Assume also that (X,B) carries a strongly r-invariant probability measure p, such
that

p{z e X|V(z) >0}) >0
Then

(i) Ty (dp) = Ry (1)dp, for n € N, where 1 denotes the constant function
one.
ii) [Monotonicity <RI ) <RED LS 1, pointwise on X.
v v
(iii) The limit lim,,_, RY (1) = hy exists, Ryhy = hy, and

(5.4) p({z € X | hy(z) > 0}) > 0.
(iv) The measure du(()v) = hy dp is a solution to the fired-point problem
1% 1%
Ty (u”) = ng”.

(v) The sequence du(v) = V™ hy dp defines a unique V) (as in Theorem
E1l and Lemma B2); and

(vi) u%v)(f) = [y RU(fhyv)dp for all bounded measurable functions f on X,
and all n € N.

Finally,
(vii) the measure i) on Xoo(r) satisfying pV) o 671 = u;") has total mass

AV (Xoo(r)) = plhy) = /X h (z) dp()

Proof. Part (i) follows from Lemma (71
(ii) It is clear that

Ry(1) = Z V(y) <1, forz e X.

#7’ #r—1(z)
Starting the induction, suppose

Ry(1) < Ry~ (D).
Then

Ry (1) = Z V()R (1)(y)

Z V(yRy (1)) = Ry (1)(x).

T(y) x

< #r—l
An induction now proves (ii).
It follows that the limit hy in (iii) exists, and that
Ry (hy) = hy.
Using (B.3)), we get that
vy (Ry (1)) = vy (1) =1, foralln € N,
and therefore
v (hy) = /X hy dvy = 1.
The conclusion (B4 follows from [22, Chapter 3].



HILBERT SPACES OF MARTINGALES 39

The assertion in (iv) is that u(()v) := hy dp is a fixed point, i.e., that

Ty (hv dp) = hv dp.

This follows in turn from Lemma [5.7] Hence, the measures
dplV) =V hy dp

extend to a unique measure /i(") on X, (r) and, by Theorem .3,
(") € MY (Xoo(r)).

Moreover, using now Lemma B.8, we get

W () = /X SV by dp = /X Ry (fhy) dp,

which yields the desired conclusion (vi) and (vii).
Indeed

Xoo(T) X X
Comparing with (51]) in Theorem [5.5], notice that

/hvdﬂf lim R@(l)dp: lim p(V™).

n—oo n—oo

The conclusions of Theorem hold in the following more general form.

Corollary 5.10. Let V,W: X — [0,00) be measurable, and suppose the assump-
tions (1) and (ii) are satisfied:
#r—l Z V(y )<1l,zeX.
T(y) z
(ii) There exists a non-negative function hy on X, and a measure pyw such
that PWRW = pw, Rwhw = hW and PW(hW) =1.

Then
(5.5) Ty(f dpw) = (Ryw f) dpw
and the limait

lim Ry (1) =h

n—oo
exists, and satisfies
(5.6) Ty (hdpw) = hdpw.
Proof. We first show ([&.0) for n = 1. Let f and £ be bounded, measurable functions
on X. Then

Tv<fdpw><§>=/Xfoerde:/XRw<foer>dpw

:/ §RW(Vf)de:/ ERvw (f) dpw .
X X

Hence (E3) holds for n = 1, and the general case follows by iteration.
The argument from the proof of the theorem shows that

< RUH1) < RYy (1) < -+ < Ryw(1) <1,
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so the limit
h:= lim Ry (1)

n—oo

exists, and satisfies (5.6) by the same argument. O

Remark 5.11. Stated in Ruelle’s thermodynamical formalism [37], the data py
(measure) and hy (eigenfunction) in part (ii) of Corollary BIUlrepresent an equi-
librium distribution where W is related to a potential function. Under mild condi-
tions on (X, r) and W, it is known that solutions (pw, hw ) exist, and we say that
Aw = 1 is the Perron-Frobenius eigenvalue of the Ruelle operator Ry, . In that case

1 = sup{|A|| A € spectrum(Rw)}.

The reader is referred to [37], [8], [32] for further details regarding the spectral
theory of Ryy.

Notice further that the conclusion of Ruelle’s Perron-Frobenius theorem is a
generalization of the classical Perron-Frobenius theorem for matrices with non-
negative entries.

6. EXTREME POINTS

Theorem 3 shows that the map i — po := jio 6y ! establishes a bijective affine
correspondence between the following two sets:

M‘;’I(Xoo(r)) ={f € M(Xo(r) | 1(Xeo(r)) =1, 1 is V-quasi-invariant}

q
and
MY (X) := {uo € M(X) | po(X) = 1, Ty (110) = po}-

It is easy two see that both these sets are convex, and an application of the Banach-
Alaoglu theorem [36] shows that they are compact in the weak*-topology. Then,
using the Krein-Milman theorem [36], we conclude that each of these sets is the
convex weak*-closure of their extreme points. Moreover, since the correspondence
is affine it preserves the extreme points.

This section is devoted to an analysis of the extreme points. Before we state
and prove our main result on extreme points, we need to define the concepts of
conditional expectation F,,;, and relative ergodicity.

Proposition 6.1. Let (X,B),r and V be as above. Let g be a measure in MY (X).
Then for each bounded measurable function g on X there exists a bounded r—*(B)-
measurable function E,,(Vg) such that

(6.1) [ vaserdn= [ Buarserdu,

for all bounded B-measurable functions f on X. Moreover, this is unique up to

Mo © ril—measure ZEro.

Proof. The positive linear functional
Ag: for»—>/ Vg fordug
X

defines a measure on (X,71(B)) which is absolutely continuous with respect to
to. Indeed, if u(E) = 0, then

0:/ XEdMOZ/ Vxgordug
X X
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SO

/ VgxEgordug.
X

Therefore, by the Radon-Nikodym theorem, there exists some 7~1(B)-measurable
function E,,,(V f) such that (@J]) holds. Since

'/ E.(Vg) fordug
X

< ||Vg|\oo/ 1 o] dyio
X

it follows that |E,,(Vg)| < ||V g|lec holds poor~! a.e.
The uniqueness is also clear from the definition (61J). O

Definition 6.2. A measure o € M, (X) is called relatively ergodic with respect to
(r, V) if the only non-negative, bounded B-measurable functions f on X satisfying

E.(Vf)=E,(V)for, pointwise ugor '-a.e.,
are the functions which are constant pp-a.e.

Theorem 6.3. Let V: X — [0,00) be bounded and measurable. Let
fi € My (Xoo(r)), and po = fio 0,1 € MY (X). The following affirmations are
equivalent:

(i) @ is an extreme point of My 1 (Xoo(r));
(ii) V o6y dji is ergodic with respect to
(iii) po is an extreme point of MY (X);
(iv) o is relatively ergodic with respect to (r, V).

Proof. The arguments in the beginning of this section (mainly Theorem B3] show
that (i) and (iii) are equivalent.

We now prove (i)=-(ii). Suppose i is not ergodic. Then there exists two mea-
surable subsets A and B of X (r) such that

o/Vogodﬂ>Oand/V090dﬂ>0

A B
(note that then i(A) > 0 and a(B) > 0),
o AUB = X (r), and
e A and B are 7-invariant.

Define then the measures

. AN E) . _ BNE)
for all E € B.
Note that
(6.2) fi = (A)pa + i(B)ps-

We prove next that pa, up are in M(XJ (Xoo(r)). Clearly they have total mass equal

to 1, so we only have to prove the V-quasi-invariance. For f bounded, measurable
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function on X (r), we have:

1
for tdua =~ / for~xadp
/Xoo(r) i(A) Jxo )

:ﬁ/x()fof_lelof_ldﬂ (#(A) = A)
1

=—— Vol fxadp
N(A) /Xx(r)

:/ Vol fdua.
XOO("")

Hence p4 is V-quasi-invariant. The same argument works for pup. Therefore pa
and pp are both in My | (Xoo(r)). Now, equation (B2) contradicts the fact that 4
is extreme.

(ii)=-(i): Suppose there are some measures pi, fio € M¥,1
A € [0,1] such that

(Xoo(r)) and some

fo=Ap1 + (1= A)pa.
Then p1 and pg are absolutely continuous with respect to fi. Therefore there exist
f1and fo in L'(X(r), fi) such that

dpr = frdp,  dps = fadj.

Since p1 and i are V-quasi-invariant, we have, for all bounded measurable functions
fon X (r),

/ fflofVoeodﬂ:/ foi 1 di

- / foitdu
XOO(T)

:/ Vot f i
XOO(T)
:/ Vol f fidj.
XOO(T)

Therefore fi = f1or pointwise V 08 dji-almost everywhere. The hypothesis implies
then that f; is constant V o0y dfi-a.e. The same argument shows that fs is constant
Vo by dji-a.e.

Since (i and py are V-quasi-invariant we have also that

1:/ 1of‘1du1=/ Vdm:/ V fidj.
Xoo (1) Xoo(r) Xoo(r)

It follows that f; = 1, pointwise V o 6, dfi-a.e. The same is true for f;. Then

/ fdm:/ VOOOfOf'dm:/ Vobyfor fidi
XOO(T) XOO(T) XOO(T)

:/ Vfofd/l:/ fdj.
Xoo(r) Xoo(r)

Hence p1 = ji = p2 and [i is extreme.
(iii)=-(iv): Suppose po is not relatively ergodic. Then there exists a bounded
measurable function f; > 0 on X such that E,,(V fi1) = E,,(V)f1 or, pointwise
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to o v 1-a.e., and f; is not constant pg-a.e. We may assume that fX fiduy = 1.

Define the measure dy; := f1 dpg. We check that py is in MY (X).

[ sim=[ frdw= [ Viorfiordu= [ Buw)fiorsordu
= [ By sordm= [ Viiserdu= [ Viordu.
X X X

Now choose some 0 < A\ < 1 such that Af; <1 and define
1—Af1
f2 = 11—\ )
Then E,,(V f2) = E,,(V)f2 or, and the same calculation as before shows that
Ty (u2) = po. Note also that ua(X) = 1. Since po = Apg + (1 — X)pe and fy is not
constant, we have that puq # pg. It follows that pg is not an extreme point, thus
contradicting the hypothesis and proving (iv).
(iv)=-(iii): Suppose
(6.3) pro = i1+ (1 — N)pz
for some ju1, 2 € MY (X), A € [0,1]. Then u; and g are absolutely continuous

with respect to ug. Let f1, fo be the corresponding Radon-Nikodym derivatives.
The relation (63) implies that

1=Af1+ (1= fe, p-a.e.

In particular, f; and fs are bounded.
We know that p and p; have the fixed-point property. Then for all bounded
measurable functions f on X,

| BwtVsiorsordu= [ Viorfiordn= [ ffidu= [ fau

dpz = fa dpg.

— [ Viordm= [ Vierfidu= [ B.0VR)forduo.
X X X

Therefore E,, (V) fior = E,,(V f1), po or~*-a.e.
The hypothesis implies that f; is constant pg-a.e. Since p1(X) = po(X) =1, it
follows that fi = 1 and u; = o, and therefore pg is extreme. O
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