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SUBGROUPS OF PSL(3,C) WITH FOUR LINES
IN GENERAL POSITION IN ITS LIMIT SET

W. BARRERA, A. CANO, AND J. P. NAVARRETE

ABSTRACT. In this article we provide an algebraic characterization of the sub-
groups of PSL(3,C) for which the maximum number of complex lines in gen-
eral position contained in its limit set, according to Kulkarni, is equal to four.
Also, we give an explicit description of the discontinuity region, according to
Kulkarni, of such groups.

INTRODUCTION

Classical Kleinian groups are divided into two classes: elementary and non-
elementary groups. This classification is made according to the number of points
in the limit set of the group. When the group is elementary, the number of points
in the limit set is less than or equal to two. In the case when the group is non-
elementary, the limit set is a perfect set (see for example [§]).

When we try to extend the notions of elementary and non-elementary groups to
discrete subgroups of PSL(3,C) acting on PZ%, the first difficulty we encounter is
the absence of a standard notion of limit set. However, in [I] it is proved, under
certain assumptions on the discrete group, that Kulkarni’s limit set agrees with the
complement of the equicontinuity set. Moreover, Kulkarni’s limit set is a union
of complex projective lines. This leads us to think in elementary groups as those
groups whose Kulkarni’s limit set contains a finite number of lines. However, there
are discrete subgroups of PSL(3,C) whose limit set contains infinitely many com-
plex lines, but the maximum number of complex lines in general position contained
in this limit set is finite, for example the suspensions of classical Kleinian groups
(see [2L B]). It suggests that a notion of elementary group is given in terms of the
maximum number of complex projective lines in general position contained in the
limit set of the group.

We do not know a classification of those discrete subgroups of PSL(3,C) such
that the maximum number of complex lines in general position contained in its
limit set is one, two or three.

In this paper we restrict our attention to subgroups of PSL(3,C) such that
the maximum number of complex projective lines in general position contained in
Kulkarni’s limit set is equal to four, and we obtain the following;:

Theorem 0.1. IfT' C PSL(3,C) is a hyperbolic toral group, then the discontinuity
region, in Kulkarni’s sense, agrees with the equicontinuity set and it is projectively
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equivalent to four disjoint copies of H x H, where H C C denotes the upper half-
plane.

Theorem 0.2. Let ' C PSL(3,C) be a discrete group. The mazimum number of
complex lines in general position contained in Kulkarni’s limit set is equal to four,
if and only if, T' contains a hyperbolic toral group (see section ) whose index is at
most 8. Moreover, the limit set of this hyperbolic toral group is equal to the limit
set of T'.

As a consequence of these results, the components of Kulkarni’s dis-
continuity region are complete Kobayashi hyperbolic (compare to Theorem 1.3 in
).

Finally, we conjecture that in the case when the limit set of the discrete group
I' ¢ PSL(3,C) contains at least five complex lines in general position, then it
contains an infinity of complex lines in general position.

This article is organized as follows: In section [Il we state some definitions
and results about projective geometry and complex Kleinian groups. In partic-
ular, the concept of vertex is studied, and we prove that, under the hypothesis of
Theorem [0:2] every family £ C A(T") of complex lines, contains precisely two ver-
tices.

In section [2] hyperbolic toral groups are defined, we compute Kulkarni’s limit
set for such groups and we prove Theorem [I.J] Moreover, we prove that Kulkarni’s
discontinuity region is not the maximal domain of discontinuity.

Finally, in section[3] we prove Theorem[0.2] The sketch of proof is the following:
It suffices to prove the theorem for the subgroup which fixes both vertices. These
vertices can be considered as the points e; =[1:0:0] and e :=[0:1:0].

It is proved that there exists an element 77 in the group which acts as a lox-
odromic element on both pencils of complex lines determined by e; and ey (see
Lemma [34]). Analogously, there exists an element vp in the group which acts as
a parabolic element on both pencils of complex lines determined by e; and ey (see
Lemma [3.5)).

In consequence, the action of the group on each of these pencils of complex lines
is not discrete. However, in each case, there is an equicontinuity set which consists
of the complement of a circle of complex lines (see Lemma [377). Therefore, the
group can be represented by matrices with real entries (see Lemma [3.8), and the
equicontinuity set of the group acting on P% consists of four disjoint copies of H x H
(see Proposition [3.9]).

In order to find generators for the hyperbolic toral group, we use Proposition [3.11]
together with Lemma to prove the existence of a group of 2 x 2 submatrices
which can be considered as a commutative discrete subgroup of SL(2,Z) of rank
at most two. Lemmas [3.4] and show that such a group cannot be trivial. Since
SL(2,7) does not contain copies of Z @ Z, such a subgroup must be of rank one
and its generator is an hyperbolic toral automorphism. Finally, Lemma B.10l shows
the existence of two appropriated parabolic elements.

1. PRELIMINARIES AND NOTATION

1.1. Projective geometry. We recall that the complex projective plane P2 is
defined as

PE = (C°\ {0})/C7,
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where C* acts on C?\ {0} by the usual scalar multiplication. This is a compact

connected complex 2-dimensional manifold. Let [ ] : C*\ {0} — PZ be the quotient
map. If B = {e1,eq,e3} is the standard basis of C3, we will write [e;] = e; and if
w = (w1, w2, ws) € C3\ {0}, then we will write [w] = [w; : wg : w3]. Also, £ C P2

is said to be a complex line if [¢]=!1 U {0} is a complex linear subspace of dimension
2. Given p,q € IP’(% distinct points, there is a unique complex projective line passing
through p and ¢, such complex projective line is called a line, for short, and it is
denoted by b

Consider the action of Zz (viewed as the cubic roots of the unity) on SL(3,C)
given by the usual scalar multiplication, then

PSL(3,C) = SL(3,C)/Zs

is a Lie group whose elements are called projective transformations. Let [[]] :
SL(3,C) — PSL(3,C) be the quotient map, v € PSL(3,C) and ¥ € GL(3,C),
we will say that ¥ is a lift of « if there is a cubic root 7 of Det(y) such that
[[77]] = 7; also, we will use the notation (vy;;) to denote elements in SL(3,C). One
can show that PSL(3,C) is a Lie group that acts transitively, effectively and by
biholomorphisms on PZ by [[7]]([w]) = [y(w)], where w € C3\ {0} and v € SL3(C).

1.2. Complex Kleinian groups. Let I' € PSL(3,C) be a subgroup. The set
Lo(T') is defined as the closure of the points in PZ with infinite isotropy group (see
[7]). The set L;(T") is the closure of the set of cluster points of I'z where z runs
over P2\ Lo(I'). Recall that ¢ is a cluster point for 'K, where K C P% is a non-
empty set, if there is a sequence (k,)men C K and a sequence of distinct elements
(Ym)men C I such that vy, (k) ——= ¢. The set Ly(T") is defined as the closure of

m— o0
cluster points of 'K where K runs over all the compact sets in P2\ (Lo(T") U L1 (T)).
The Limit Set in the sense of Kulkarni for I is defined as:

A(T) = Lo(I') U L1 (I") U Lo(ID).
The Discontinuity Region in the sense of Kulkarni of I is defined as:
Q) = P2\ A(T).

We will say that T' is a Complex Kleinian Group if Q(T") # 0.
The following two lemmas can be found in [2].

Lemma 1.1. Let I' C PSL3(C) be a subgroup, p € PZ such that I'p = p and
¢ a complex line not containing p. Define II = II,, : I' — Bihol(¢) given by
(g)(z) = 7(g(x)) where m = w4 : P2 — {p} —> £ is given by 7(x) = &, pN L, then:

(i) 7 is a holomorphic function.
(ii) II s a group morphism.
(i) If Ker(Il) is finite and TI(T') is discrete, then T' acts discontinuously on
2 = (U.eamumy) £9) — {p}. Here Q(II(T)) denotes the discontinuity set
of II(T).

(iv) If T is discrete, II(T") is non-discrete and £ is invariant, then I acts dis-
continuously on Q@ =, cp,mr)) 51— (Cu{p)).



SUBGROUPS OF PSL(3,C) WITH FOUR LINES 163

Lemma 1.2. Let G C PSL(2,C) be a non-discrete group, then:
(i) The set PL\ Eq(QG) is either empty, has one point, two points, a circle or
PL.

(ii) If C is an invariant closed set which contains at least 2 points, then PE \
Eq(G) CC.
(iii) The set PL\ Eq(G) is the closure of the lozodromic fized points.

1.3. Counting lines. In the paper [I] we described the limit set A(T') as a union of
complex lines, under certain conditions. There exist special points in A(T") (called
vertices) through which infinitely many complex lines contained in the limit set
pass. The set of these points is important for the description of the group I' and
for the study of the action of I' on its limit set. In the case when the maximum
number of lines in general position contained in A(T") is four, we prove that there
exist precisely two vertices (see Proposition[[4]). In what follows, we give the formal
definitions and results.

Definition 1.3. Let I' C¢ PSL(3,C) be a discrete subgroup. Given a family £
of complex lines contained in the limit set A(I"), we say that v is a verter for L,
whenever it is an intersection point of two distinct lines in £, and there are infinitely
many complex lines contained in A(T") and passing through v.

Proposition 1.4. Let T' € PSL(3,C) be a discrete group. Assume that the mazi-
mum number of complex lines in general position in A(T') is equal to four. If L is
a family consisting of four complex lines in general position in A(T'), then:

(i) The family of lines L contains precisely two vertices.
(ii) For every vertex v of L, the stabilizer subgroup, Stabr(v), is a subgroup of
' with finite index.

In order to prove Proposition [[L4] we state and prove the following lemmas.

Lemma 1.5. Let I' € PSL(3,C) be a discrete subgroup. If the mazimum number
of lines in general position contained in A(T') is four, then there are infinitely many
complex lines contained in A(T).

Proof. Let {f1,...,£,} (n > 4) be the set of complex lines contained in A(T").
We consider the subgroup I'g := (i, Stabr(¢;), which has finite index in T' [it
has finite index because any element v € I' acts as a permutation on the set of
lines {¢1,...,¢,} therefore 4y"(¢;) = ¢; for all 1 < i < n ]. If v is any element in
I'g, then there are four v invariant lines in general position. Hence v fixes four
points in general position, so it is the identity element, therefore I' is finite; a
contradiction. 0

Lemma 1.6. IfT' C PSL(3,C) is a discrete group such that the mazimum number
of complex lines in general position in A(T) is greater than or equal to three, then
A(T) is a union of complex lines.

Proof. Let C = {¢ € (PZ)*|¢ C A(T")}, then
C=|JtcAm
Lec

is a I'-invariant closed set and contains at least 3 lines in general position. Theorem
1.1 in [I] implies that PZ\ C' C Eq(I') = Q(I'). In other words, C' D> A(T). O
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Lemma 1.7. Let ' C PSL(3,C) be a discrete group. If the maximum number
of complex lines in general position in A(T) is equal to four, then the number of
vertices for any family L, consisting of four complex lines in general position in
A(T), is greater than one.

Proof. Let £ = {{1,£s,03,£4} be a family of four complex lines in general position
in A(T"). If ¢ is any complex line contained in A(T"), then ¢ passes through an
intersection point of complex lines in £, because the maximum number of complex
lines in general position in A(T") is equal to four. By Lemma [[L3] there exists a
vertex v for £. Let us assume there is no other vertex for £, then by Lemma [L.G]

Am=(UJou(Uo,

LeB LeA

where B is the set of complex lines in P2 contained in A(I") passing through v, and
A is the set of complex lines contained in A(T") not passing through the vertex v.

The closed set |J,czf is I-invariant, because the vertex v is fixed by every
element in T'.

There are finitely many complex lines in A, otherwise there would be another
vertex for £. Therefore, (J,c 4 ¢ is a T-invariant closed set, and the group 'y =
(e Stabr(¢) has finite index in T".

If 4o is any line in A, then D = (U,cp¢) Ulo is a T'p-invariant closed set and the
maximum number of complex lines in general position contained in D is equal to
three. Theorem 1.1 in [I] implies that

PZ\ D C Eq(To) = Eq(T) = Q(T") = Pz \ A(T).

Hence, A(T") C D; a contradiction to the hypothesis that the maximum number of
complex lines in general position contained in A(T) is four. (I

Proof of Proposition [[4l (i) By Lemma[[.7] there are at least two vertices for £. If
there were more than two vertices for £, then there would be at least six lines in
general position in A(T"), and it cannot happen. Therefore, there are precisely two
vertices for L.

(ii) If v is a vertex for £, then for every v € ', y(v) is a vertex for £. Hence, the
set of vertices for £ is I-invariant. By (i), there are precisely two vertices vy and
vy for L, then Stabr(vy) and Stabr(vy) have index at most two in T'. O

2. TORAL GROUPS

An element A € SL(2,7Z), is called a Hyperbolic Toral Automorphism if none of
the eigenvalues of A lies on the unit circle (see [0]).

Definition 2.1. Any subgroup of PSL(3,C) conjugated to the group

k
PA—{<64 ?)‘beM@xl,Z),keZ},

where A € SL(2,7Z) is a Hyperbolic Toral Automorphism, is called a Hyperbolic
Toral Group.
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Proof of Theorem [0l It suffices to prove the theorem for the group I' 4. First, we
notice that I'4 is the subgroup of PSL(3,7Z) generated by

100 101
(2.1) P=(011],P= 0 ,E—(OA (1))
0 0 1 1

therefore it is a discrete subgroup of PSL(3,C).
Now, there is

such that
b= (0 0o )i a€R\Q o> 1
0 ot ) J
If we set
t 0
(0 V)
then
~ a 0 0
L::TLTilz 0 a_l 0 :
0 0 1
- L0y i 1 0
P:=TPT '={0 1 z |,P:=TRT"'=|0 1 2 |,
001 00 1
whore z0= ~zy, =, %= gy

We denote by r 4 the conjugated group TT 47~'. The general element in the
group I'4 has the form:

a™ 0 kyo + lxg
0 o™ kxog+lzg |, k,lneZ.
0 0 1

It is not hard to check the following: If [z : 0 : 1] or [0 : z : 1] lies on Lo(L 4),
then z € R.

Lemma 2.2. If [z : 22 : 1] lies on L1(f,4), then 21,20 € R.

Proof. Let us assume that Im(z;) # 0. Thus there are w = [u : v : 1] and a
sequence
a0 kmyo + lmo
9m = 0 a”"m ko +lm2o )
0 0 1
of distinct elements in T 4 such that
amu + kynyo + lnTo 21
gm(w) = | a "v+ knxo + lnzo e 22
1 1

Hence, a"mu + knyo + lmTo == 21 and a” "0 + kpnxo + lmzo .53 22-

Since Im(a™u + knyo + lmxo) = a™ Im(u) — Im(z1) # 0, we can assume that
(nm,) is constant.
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If either k,, or l,,, is not bounded, then we can assume, without loss of generality,
that l,, —= oo. Thus,

a™u + kpnyo + lnzo a” "y + ky,xo + lnzo

m—co 0 and m—co 0’
lm Im
then
km Zo d km 20
7 mos o and o oo —
Ln Yo hn Zo

It follows that a:% = Yo20, then 1 — ab = 0; a contradiction. Hence, k,, and [, are
bounded, then there are only finitely many elements (g.,), m € N; a contradiction.
Therefore z; € R, and similarly it is proved that zo € R. O

Lemma 22 implies that the points lying in &1, e5U&, €4 and LO(IA“A) ULl(fA) can
be represented by points with real entries. Hence, by a similar argument to the one
used in Lemma 4.8 in [9], the limit set A(L) = &, e5U&, €4 is contained in the limit
set A(T'4). Moreover, the limit set A(P;) = &, 3 is contained in Lo(I'4) C A(T 4).
By Theorem 1.2 [1], we obtain A(T'4) = Uyer, Al9)-

Let g € fA induced by the matrix

a™ 0 kyo + lzg
0 o™ kxo+lzg |, k,l,neZ.
0 o0 1

If n = 0, then A(g) = &,¢b. If n # 0, then g is a loxodromic element and
[— kiﬂﬂf“ : —Arotlzo ] g its saddle fixed point. The limit set A(g) is equal to the
union of the complex line determined by this saddle point and e;, and the complex

line determined by e and this saddle point. If we set pg ., = [0 : —% : 1] and
Qo in = [—% : 0 : 1], then it is not hard to check that

A(9) = &1, Dkim U €2, Qi m-

Given that yo/x9 = —a and z9/x¢o = —b are not rational numbers, the closure of
the set
U A
QEfA
is equal to

e U U(el,[O:r:1]Ueg,[r:0:1}).

reR

Hence Kulkarni’s discontinuity region for T, is biholomorphic to the set
{(21,22) €C?| 21 ¢ R or 2 ¢ R}.

Finally, Q(I's) = Eq(T'4) because A(T"4) contains three lines in general position
(see Theorem 1.1 in [1]). O

Remark 2.3. Kulkarni’s discontinuity region for a hyperbolic toral group is not the
maximal domain of discontinuity.

Proof. Tt suffices to prove the remark for the group r 4. Let C denote the closed

I' g-invariant cone
& es U Uel,[O:rzl.

reR
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It suffices to prove that r 4 acts properly and discontinuously on P2 \ C. Let us
assume it is not the case, then there exists a sequence (k,,) of points in P% \ C

such that k,, ke IP’(% \ C, and a sequence of distinct elements ,, € I'4 such
that v, (k) —= z € PZ\ C. Since EqIy(T4)) = &,e5\ {[0 : v : 1]|r € R},
we may assume that there is a neighborhood U C &, 5\ {[0 : 7 : 1]|r € R} of
m1(k), such that 7 (k,,) € U, for all m € N, and II;(T"4) is normal in U. Hence,
there is a subsequence of Iy (7, ), still denoted IT; (7,,,), that converges uniformly on
compact subsets of U. Therefore lim IIj (v, )(mi(k)) = lim Iy () (71 (k) =
m—r oo m—oo

Tim () = 1 (2).

We notice that IT;(v,,) can be identified with a Mdbius transformation of the

form ¢ = a™™(+ jmxo + lmyo, where np,, jm, Iy are integers, o, yo, @ € R\ Q, and
|a| > 1. Tt follows that lim IIj(7,,)(m1(k)) = [0: r1 : ro] for some 71,72 € R, and
m—00

_
m—r 00

we obtain that m1(2) = [0 : 71 : ro]; a contradiction to the fact that z ¢ C.
(]

As a consequence of the last remark, an Hyperbolic toral group cannot be con-
jugated to a subgroup of PU(2,1) (see Cor. 4.13 in [9]).

Proposition 2.4. If H is a finite index subgroup of the group G, then

where agH, ..., ax_1H are the left cosets of H in G.

Proof. The inclusion Lo(H) C Lo(G) is obtained by definition. Now, let (g,) be a
sequence of distinct elements of G such that g, (z) = z for all n. Since [G : H| < oo,
then we can assume that g1H = g, H for all n > 1. Thus, for each n > 1, there
exists h, € H such that g1 = gnhn. Also, hy, # hy, whenever m # n (otherwise,
hm = hy and gyl = g1 = gnhy, implies that g, = g,). Moreover, h,, = g, 1g;
implies that h,(z) = x for all n > 1. Therefore Lo(G) C Lo(H).

Given that Lo(H) = Lo(G), it follows that Li(H) C L1(G). Since Ly1(G) is G

invariant,
k—1
U ai- (Li(H)) € Li(G).
=0

Let (g,,) be a sequence of distinct elements of G and z € PZ\ Lo(G) = P2 \ Lo(H)

such that g,(z) ——== . Since [G : H] < oo, we can assume that g,H = a;H

for all n. Thus, for each n, there exists h, € H such that a;jh, = g,. Also,
B # hy whenever m # n, and h,(2) —= a; (), so a;*(z) € Li(H), then

m—oo J J

anj~(L1(H)). O
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Proposition 2.5. IfT" contains a Hyperbolic Toral Group T 4 of finite index, then
AT) = A(Ty,).

Proof. We may assume that I'4 is generated by the parabolic elements P;, P, and
the loxodromic element L (see the proof of Theorem [01]), where

a 0 0 1 0 wyo 1 0 =z
L= 0 0471 0 ,P1: 0 1 To ,PQZ 0 1 20
0 0 1 0 0 1 0 0 1

Now, we prove that A(T") contains three complex lines in general position.

Let ¢4, {5, ¢35 denote the complex lines e, €3, €1, €3, &1, €3, respectively. We notice
that A(Py) = ¢35 C Lo(T'a) C Lo(I") € A(T"). Thus, it suffices to show that ¢, Uly =
A(L) c A(I"), and for this, it is enough to prove that

/1N (Lo(r) U Ll(F)) and 49 N (L()(F) U Ll(I‘))

have empty interior in ¢; and {5, respectively.

By Proposition 24l ¢5 N Lo(T') = €2 N Lo(T'4) and by the proof of Theorem [0.11
the set €2 N Lo(T" 4) has empty interior in £5. Similarly ¢; N Lo(T") has empty interior
in 161.

We remark that ¢35 # v({3) for all v € T'. [Otherwise, there is v € T such that
’7_1(£3) = f5. Since {3 C Lo(FA) = Lo(r), then ¢ = ’7_1(63) C 7_1(L0(I’)) =
Lo(T) = Ly(T' 4); a contradiction |. Similarly, 3 # v(¢1) for all v € T

By Lemma B2 a; '(¢5) N Li(T4) is contained (except, possibly, for one point)
in the set a; '(fs) NP2, for all i = 0,...,k — 1. Since a; '(f2) N PZ has empty
interior in a; '(fs), it follows that a; '(fs) N Li(T'4) has empty interior in a; *(2)
for all ¢ = 0,...,k — 1. Hence ¢3 Na;(L1(T4)) has empty interior in £y for all
1=0,...,k— 1. Therefore,

k—1

N (Li(D) = [J (@i(L1(Ta)) N £2)

=0

has empty interior in ¢5. Analogously ¢; N (L1(T')) has empty interior in ¢;.

Given that A(T'4), and A(T') contain at least three lines in general position,
Theorem 1.1 in [I] implies that Q(T'4) = Fq(T'4) and Q(T') = Eq(T"). Since [ :
I'a] < o0, it follows that Eq(I'4) = Eq(T"). Hence, A(T'4) = A(T). O

3. FOUR-LINE GROUPS

Through this section I' C PSL(3,C) is a discrete group such that the maximum
number of complex lines in general position lying in A(T) is equal to four. Let
L denote a family of four complex lines in general position in A(I"). The points
ep =[1:0:0] and e3 = [0 : 1 : 0], are the vertices for £, and the complex lines
0 = &5,¢3, by = &7, 65, belong to £. The subgroup Stabr(e;) N Stabr(ez) is denoted
by I'g. The projections 7, ¢, : P% \ {e;} — ¢; and 1L, 4, : I' — Bihol((;), i = 1,2,
are respectively denoted by 7; and II;, ¢ = 1, 2.
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Lemma 3.1. Fither II;(Ty) or IIo(Ty) contains loxodromic elements.

Proof. On the contrary, let us assume that II;(T'g) and II3(Tg) do not contain
loxodromic elements. Thus, each element v € T'y has a lift ¥ € GL(3,C) which is
given by:

ym1 0 73
¥=1{ 0 22 73 |,
0 0 1

where |y11| = |y22| = 1. Given that I'y has finite index in ', we have that Eq(T") =
Eq(Ty). By Theorem 1.1 in [I], Q(T") = Eq(T") = Eq(T).
Claim: The set Eq(To) is equal to P2 \ &1, 5.

Let
0 @\
gn = 0 '}ég) 7%) Jni’l=1lnr'l=1, neN,
0 0 1

be a sequence of distinct elements in I'g. The sequences *y{g) and yég) cannot be

simultaneously bounded. Otherwise, there exists a subsequence of g, still denoted
gn, such that g, ——= g € PGL(3,C); a contradiction to the fact that ' is dis-

m—roo
crete. Hence we have the following cases:
Case 1. Precisely one of the sequences 'yg) and 'yég) is not bounded. By Lemma
3.2 in [I], there is a subsequence of g,, still denoted g,, and a pseudo-projective

map S such that g, ——= S and the proof of the same lemma implies that S is

induced by one of the matrices:

0 0 1
0 0 O or
0 0 O

o O O
o O O
o = O

In any situation, Ker(S) = &1, e5.
Case 2. Both sequences Vg) and vég) are not bounded. By Lemma 3.2 in [I], there
is a subsequence of g,, still denoted g,,, and a pseudo-projective map S such that

9n 7= S and S is induced by one of the matrices:

o O O
o OO
o O O

A 0 1
1 ) or 0 pn |,IAl<1|puf <1
0 0 0

In any situation Ker(S) = &, .

Finally, applying Lemmas 3.2 and 3.3 in [I], we prove the claim.
Hence, A(T") = él, e5; a contradiction to the hypothesis that the maximum num-
ber of complex lines in general position in A(T) is equal to four. O

Lemma 3.2. IfII3(I'g) contains a lozodromic element, then (e, r,) Fiz(T) con-

tains a single point. An analogous statement holds in the case when I11(Ty) contains
a loxodromic element.
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Proof. On the contrary, let us assume that F» = (), cp, ) Fiz(7) contains more
than one point, then Fy = {e, z} for some z € ¢y \ {e1}. By conjugating by a
projective transformation, we may assume that z = e3. Thus each element v € T'g
has a lift 4 € SL(3,C) which is given by:

Y11 0 0
=10 72 73 |,
0 0 1

where 11722 = 1. In consequence ¢; = g2,€3, l3 = él,eg and e; are invariant
under the action of I'g. Moreover, the closure of the I'g-orbit of the complex line
05, denoted Ty - £, is a closed proper subset of PZ. Hence,

U :]P(%\(gl Uds U (Fo 'fg)),

is an open, I'g-invariant subset of P%, and the maximum number of complex lines
in general position lying in its complement is three. By Theorem 1.1 in [I], U C
Eq(Ty) = Eq(T") = QI), then A(T") C ¢ U3 U (T - £2); a contradiction to the
hypothesis that the maximum number of complex lines in general position in A(T")
is equal to four. O

Lemma 3.3. The groups I11(Ty) and I12(Tgy) contain lozodromic elements.

Proof. By Lemmal[B.1] either IT; (T'g) or II5(T'g) contain loxodromic elements. With-
out loss of generality let us assume that II;(I'g) contains a loxodromic element. If

II5(Ty) does not contain loxodromic elements, every element v € T'y has a lift in
GL(3,C) which is given by:

a 0 b
0 ¢c d |,
0 01
where |a| = 1. In consequence, there exist
a 0 b a 0 ¥V
vy=| 0 ¢ d |, where|c|]<1l,andT7=| 0 ¢ d | €Ty,
0 0 1 0 0 1

such that I1; () is loxodromic and Fiz(I1;(y)) # Fiz(I11(7)). Now, k = 7y7 1y~ 1
is induced by the matrix

10
0 1
0 0

[ S

where t = —b—ab/ +a’b+ V', y = —d — cd' + /d + d'. We note that y # 0 because
Fixz(II1(y)) # Fiz(II;(7)). The sequence

1 0 a™x
YRy =1 0 1 ™My |, lal=1,][ <1,
0 0 1
has a subsequence that tends to a matrix of the form:
1 0 =
01 0|,
0 0 1

as m — o0o; a contradiction to the hypothesis that I is discrete. O
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Lemma 3.4. There is an element v, € Ty such that II1(yy) and Ia(vz) are
lozodromic.

Proof. By Lemma B3] there are 71,72 € Ty such that II;(y1),3(2) are loxo-
dromic. If TIz(y1),II1(72) are not loxodromic, then straightforward computations
show that IIy (y1y2) and II3(7172) are loxodromic. O

From now on, vz, denotes a fixed element in T’ such that II; () and I3(yy) are
loxodromic. Also, by conjugating with a projective transformation, we may assume
that vz, has a lift 7 = (y1i;) which is a diagonal matrix.

Lemma 3.5. There is an element 7 € T'g such that I11(7) and Ia(7) are parabolic
elements.

Proof. By Lemmal3.2] there exist v1,v2 € I'g such that Fiz(Il; (1)) # Fiz(Il1(vL))
and Fiz(Ila(v2)) # Fix(la(vL)).

Set Kk; = 'yL'yj'yZly;l, j = 1,2, then II;(x;) is parabolic whenever ¢ = j and it
is either the identity or parabolic in the other case. Thus, the only interesting case
is IT1 (k2) = Id and II3(k1) = Id, but in this case, a straightforward computation
shows that II; (k1k2) and Ila(k1k2) are parabolic. O

In what follows, yp denotes a fixed element in Iy, with a lift (yp;;), such that
IT; (vp) and IIx(yp) are parabolic.

Lemma 3.6. If | vr11 |<| VL33 |, then | vooz |>] vLss |-

Proof. On the contrary, let us assume that |yr22| < |yr33|- By straightforward
computations, the matrix

L 0 27 7P137iss
0 1 ~7%YP23Vrss
00 1

is a lift of v, ™ vpy7'. Hence, v, "vpy' == Id; a contradiction to the fact that

T’y is discrete. O

Lemma 3.7. The sets {1\ Eq(I1;(Ty)) and ¢s \ Eq(115(Ty)) are circles.

Proof. The set ¢1\ Eq(111(T'p)) is not empty nor consists of one single point because
there exists a loxodromic element in II;(T'g). Moreover, it cannot consist of two
points because there exist a loxodromic element and a parabolic element in IT; (Tg)
with precisely one fixed point in common. Furthermore, ¢; \ Egq(II;(Ty)) is not
equal to /1, because the set

1T <U €\ {61}> ;

Lec

where C denotes the set of complex lines contained in A(T'y) passing through e,
is a II;(T'g)-invariant closed and proper subset of ¢;. Thus Lemma yields the
result. The proof for ¢y \ Eq(IIz(T'y)) is analogous. O
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Lemma 3.8. The group 'y, up to conjugation, leaves IP’H% mvariant.

Proof. By Lemma [34] there is an element v, € T'g such that II;(vz) and Ha(vr)
are loxodromic elements. Thus, after conjugating with a projective transformation,
we may assume that Fiz(Il1(v)) = {[ez], [es]} and Fiz(Ila(vr)) = {[e1], [es]}. In
consequence, vy, has a lift 4, € SL(3,C) given by:

vi1 0 0
= 0 722 O ;
0 0 33

where 11922733 = 1. Thus, there are a1, @y € C* such that:
0\ Eq(I1;(Ty)) = [{rones + ses | r,s € R}\ {0}];
o\ Eq(I1(Ty)) = [{rages + ses | r,s € R}\ {0}].
Let n € PSL(3,C) be the element induced by the linear map:

[6%) 0 O
77 = 0 aq 0
0 0 1

By straightforward computations, we obtain that
Iy (n~'Ton)[{res + ses |7, s € R} \ {0}] = [{res + ses |r, s € R} \ {0}];
o (n~'Ton)[{res + ses |r,s € R} \ {0}] = [{re; + se3|r,s € R} \ {0}].
In consequence, P% is n~1Tgn-invariant. 0
In what follows, we assume that Pf{ is I'p-invariant.

Proposition 3.9. The equicontinuity set of T' is projectively equivalent to four
disjoint copies of H x H, where H C C denotes the upper half-plane.

Proof. Let us set
R(¢1) = [{rea + ses|r,s € R} \ {0}],
R(¢y) = [{re1 + ses|r,s € R} \ {0}].
The open set given by

2
v=r2\(J U &b
J=1peR(¢;)
is equal to four disjoint copies of H x H. Moreover, it is ['gp-invariant and its
complement contains four complex lines in general position. By Theorem 1.1 in [,
U C Eq(Tg). On the other hand, if ¢ is a complex line such that e; € £ C A(T),
then

U &Lpc U &, ws =Tol € A(T), where ., = T (7)(m1(£\ {e1})).
peER(41) v€lo
Analogously, if £ is a complex line such that es € £ C A(T'), then
U @b U @i =Tol € A), where g, = To(1)(ma(0\ {e2})).
peR(£2) v€lo

In consequence Eq(T") = Q(T') C U. Finally, since 'y is a subgroup of finite index
of T', we see that Eq(T'g) = Eq(T"). Therefore, Eq(T') = U. O
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In what follows, we denote by Par(T'y) the set
Par(Ty) = {y € Ty |II1(7) and Iy(7) is either parabolic or the identity}.
Lemma 3.10. The set Par(T'g) is a group isomorphic to Z x Z.
Proof. If we denote by H the subgroup of all matrices in SL(3,C) of the form

1 0 a
0 1 b ), abeR,
0 0 1

then it is not hard to check that every element v € Par(Ig) has a lift ¥ € H. It
follows, by straightforward computations, that Par(Ty) is a group. We denote by
Par(T) the subgroup of H consisting of those matrices that are lifts of elements
in Par(Ty).

We denote by Lat : H — R? the group morphism given by Lat((vi;)) =
(713,723). In order to prove that Par(Ty) is isomorphic to a lattice in R2, it

suffices to show that there are two elements in Lat(Par(I'g)) which are R-linearly
independent. The matrix

10 YL11 ’YP13’YI_113
K1 = 01 7L227P237£33
0 0 1

is the lift in Par(Tg) of ngvva. Finally, we observe that the system of linear
equations
rLat(k1) + sLat(yp) =0

has determinant 7p237p1375313 (YLyi — VLas) # 0. O

We denote by Par(T'g) the subgroup of SL(3,C), consisting of those matrices of
the form

1 0
0 1 , a,beR,
00

which are lifts of elements in Par(I'g). The function Lat : Par(Ty) — R? is the
group morphism given by Lat(v;;) = (713, 723)-

We define I" as the intersection of the stabilizers, in T, of every component of
Eq(T). Tt is not hard to check that I' is a subgroup of T" of index at most 4, which

contains Par(Iy). Moreover, I' can be lifted to a subgroup I' of GL(3,R) where
each element has the form:

a
b
1
).

o O Q

0
b
0

= Q0

where a,b > 0 and ¢,d € R.

As a consequence, 1I;(I') and II>(I") do not contain elliptic elements.
In what follows, eLat : ' — GL(2,R*) denotes the function given by

0
eratti) = (309, )-

V22

e~

We remark that eLat is a group morphism whose kernel is Par(I'y).
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Proposition 3.11. Lat(Par(Ty)) is invariant, as a set of R?, under the action of

the group eLat(T").

—_~— —_~—

Proof. Let (a,b) € Lat(Par(Ty)) and (i) € eLat(T'). Thus, there is 7 € Par(Ty)
and v € T' such that Lat(r) = (a,b) and eLat(y) = (vij). Hence, k = y7y~1 €

Par(Ty) and Lat(x) = (7110, Y22b). O

Lemma 3.12. eLat(T") is a commutative discrete group with at most 2 generators.

Proof. Since the map p : eLat(T') — R?,

o(5 1) = Tosta). Logto,

is a group isomorphism, it suffices to show that eLat(T") is discrete. On the contrary,

there are sequences of distinct elements (), (B,) € R such that ( gm % ) €

eLat(T) and oy, B —= 1 Let v, = (%(rjn)) € T such that

eLat(vm) = ( gm gm ) .

Since Lat(Par(Ty)) is a lattice of rank 2, there is a sequence (7,,) € Lat(PE"\(?O))
such that (Lat(7y,) + (*y&n),fyé?))) is a bounded sequence. Thus we can assume
that there are ¢,d € R such that (Lat(7,,) + (Wign),végl))) ———= (c,d). Now, it is
not hard to check that

1 0 c
YmTm m 0 1 d ;
0 0 1;
a contradiction to the fact that T is discrete. O

Proof of Theorem [02. If T' contains a hyperbolic toral group I'4 of index at most
eight, then Proposition implies that A(T') = A(T'4). By the proof of Theorem
[0.1] the maximum number of complex lines in general position in A(I'4) is equal to
four.

In order to prove the converse, it suffices to prove that I' is a hyperbolic toral
group.

Let o be a subset of I such that the number of elements in o is equal to the rank
of the discrete commutative group eLat(T) and its lifts to I’ generate eLat(T') as
a commutative discrete group. Let us fix an element 79 € o, by conjugating with
a projective transformation, we may assume that 79 has a lift 7y € ' which is a
diagonal matrix. Finally, let 1, v2 be two generators of the group Par(T'y).

We claim that o U {y1,72} is a set of generators for T'. In fact, let v € T' and
v € I be a lift. There is an element u in the group generated by o with a lift @ € r
such that eLat(y) = eLat(@). Hence, yu~! € Ker(eLat) = Par(Ty), so the claim
is proved.
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Now, let v = (a,c),w = (b,d) be two linearly independent vectors in R? such

—_~—

that Lat(Par(Ty)) = Zv + Zw. Also, set

c(h)r(it)

Thus, some computations show that:

T '5,T = ( é iﬂ' ) for j = 1,2.

Now, for each h € &, we have

t~'ht v
—1 _ h
e (0,

and v, = 0, whenever h = eLat(7y). Proposition BI1] yields that the group G =
({t tht : h € 6}) is an infinite commutative subgroup of SL(2,Z). It is a known
fact (see [, [B]) that SL(2,Z) is a word hyperbolic group, and word hyperbolic
groups do not contain copies of Z @ Z. Hence, G has rank one or zero.

Finally, G cannot be trivial by Lemmas B.4] and B.6; therefore, its rank is one
and its generator is an hyperbolic toral automorphism. ([l
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