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ON BEHAVIOR OF PAIRS OF

TEICHMÜLLER GEODESIC RAYS

MASANORI AMANO

Abstract. In this paper, we obtain the explicit limit value of the Teichmüller
distance between two Teichmüller geodesic rays which are determined by
Jenkins-Strebel differentials having a common end point in the augmented
Teichmüller space. Furthermore, we also obtain a condition under which these
two rays are asymptotic. This is similar to a result of Farb and Masur.

1. Introduction

Let T (X) be the Teichmüller space of an analytically finite Riemann surface X.
Each Teichmüller geodesic ray on T (X) is determined by a holomorphic quadratic
differential on an initial point. We are interested in the behavior of two geodesic
rays near the boundary of the Teichmüller space.

An interesting question is, what happens when the Teichmüller distance between
the given two Teichmüller geodesic rays are bounded, or diverge. This question is
answered completely by Ivanov [Iva01], Lenzhen and Masur [LM10] and Masur
[Mas75], [Mas80]. The details are the following. First, Masur showed that if the
measured foliations of the given rays are Jenkins-Strebel and topologically equiva-
lent, then the rays are bounded ([Mas75]). Masur also showed that if the measured
foliations are uniquely ergodic and topologically equivalent with the condition that
they have no simple closed curves consist of saddle connections, then the rays are
asymptotic (and so, bounded) ([Mas80]). Ivanov showed that if the measured foli-
ations are absolutely continuous, then the rays are bounded, and if the measured
foliations have non-zero intersection number, then the rays are divergent ([Iva01]).
Finally, Lenzhen and Masur showed that if the measured foliations are not abso-
lutely continuous, or the measured foliations are not topologically equivalent and
have zero intersection number, then the rays are divergent ([LM10]).

On the other hand, Farb and Masur [FM10] considered two Jenkins-Strebel
rays in the moduli space given by modularly equivalent holomorphic quadratic
differentials. They showed that under some conditions of initial points of two rays,
the limit value of the distance between the rays in the moduli space is the distance
between the end points of the rays in the boundary of the moduli space. If, in
addition, the end points coincide, then they are asymptotic.

In this paper, we consider two Teichmüller geodesic rays, r, r′ : R≥0 → T (X) on
the Teichmüller space T (X) starting at r(0) = [Y, f ], r′(0) = [Y ′, f ′] and having
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initial unit norm Jenkins-Strebel differentials q, q′ on Y , Y ′, respectively. Let r(∞),
r′(∞) be the end points of r, r′ in the augmented Teichmüller space, respectively.
Let H(q), H(q′) be measured foliations corresponding to q, q′, respectively, and
we suppose that the measured foliations f−1

∗ (H(q)), f ′−1
∗ (H(q′)) are topologically

equivalent. We denote by m1, · · · ,mk, m′
1, · · · ,m′

k the moduli of annuli deter-
mined by f−1

∗ (H(q)), f ′−1
∗ (H(q′)), respectively. Under the above assumption, we

determine the limit value of the Teichmüller distance between two points r(t), r′(t).

Theorem 1.1. If r(∞) = r′(∞), then

lim
t→∞

dT (X)(r(t), r
′(t)) =

1

2
log max

j=1,··· ,k

{
m′

j

mj
,
mj

m′
j

}
.

Furthermore, we obtain the following condition which is equivalent to the asymp-
toticity of two Jenkins-Strebel rays. This is similar to a theorem of Farb and Masur
[FM10].

Corollary 1.2. For any two Jenkins-Strebel rays r, r′, they are asymptotic if and
only if r, r′ are modularly equivalent and r(∞) = r′(∞).

In Theorem 1.1, the limit value depends on the modulus of each annulus which
is determined by the initial holomorphic quadratic differentials on the initial points
r(0), r′(0) of the given rays. Therefore, this value depends on the choice of the initial
points r(0), r′(0). We consider the minimum of the limit value of the Teichmüller
distance between two rays when we shift the initial points of the rays. We show
that the minimum is represented by the detour metric δ between the end points of
the rays in the Gardiner-Masur boundary of T (X).

Proposition 1.3. Under the assumption of Theorem 1.1, the minimum of the
limit value of the distance between the given rays r(t), r′(t) when we shift the initial
points r(0), r′(0) is given by 1

2δ(ξ, ξ
′), where ξ, ξ′ are the end points of the rays r,

r′ in the Gardiner-Masur boundary of T (X), respectively.

2. Background

2.1. Teichmüller spaces. Let X be a Riemann surface of type (g, n) with 3g−3+
n > 0. The Teichmüller space T (X) of X is the set of all equivalence classes [Y, f ] of
pairs of a Riemann surface Y and a quasiconformal mapping f : X → Y . Two pairs
(Y1, f1) and (Y2, f2) are equivalent if there is a conformal mapping h : Y1 → Y2 such
that h◦f1 is homotopic to f2. The Teichmüller space T (X) has a complete distance,
called the Teichmüller distance dT (X). For any p1 = [Y1, f1], p2 = [Y2, f2] ∈ T (X),
the distance is defined by

dT (X)(p1, p2) =
1

2
inf
h

logK(h),

where h ranges over all quasiconformal mappings h : Y1 → Y2 such that h ◦ f1 is
homotopic to f2, and K(h) means the maximal quasiconformal dilatation of h.

2.2. Holomorphic quadratic differentials. In this section, we refer to [Str84]
for details.

A holomorphic quadratic differential q on X is a tensor which is represented
locally by q = q(z)dz2, where q(z) is a holomorphic function of the local coordinate
z = x + iy on X. We allow holomorphic quadratic differentials to have simple
poles at the punctures of X. For each holomorphic quadratic differential q =
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q(z)dz2, |q| is defined locally by the differential 2-form |q(z)|dxdy on each coordinate
z. The norm of q is defined by ‖q‖ =

∫∫
X
|q(z)|dxdy. We treat holomorphic

quadratic differentials whose norms are finite. A holomorphic quadratic differential
q is called of unit norm if it satisfies ‖q‖ = 1. A critical point of q is a zero of q
or a puncture of X. Each non-zero holomorphic quadratic differential has finitely
many critical points. In a neighborhood of any non-critical point of q, there exists
a local coordinate ζ on X such that q = dζ2. Indeed, let p0 be a non-critical point;
then q

1
2 = q(z)

1
2 dz has a single-valued holomorphic branch in some neighborhood

U around p0. The new coordinate

ζ(p) =

∫ p

p0

q
1
2

is defined for any p ∈ U , and this coordinate satisfies q = dζ2. We call the coordi-
nate ζ a q-coordinate on X. For any two q-coordinates ζ1, ζ2 in a common neigh-
borhood U , the equation ζ2 = ±ζ1+ c hold where c ∈ C, because q = dζ21 = dζ22 . A
smooth path z = γ(t) on X is called a horizontal trajectory of q if it is a maximal
path which satisfies q(γ(t))γ̇(t)2 > 0. We notice that any horizontal trajectory of q
consists of non-critical points of q, and it is represented by a Euclidean horizontal
segment in q-coordinates. All horizontal trajectories of q are classified by the fol-
lowing three types. A horizontal trajectory of q is critical if it joins critical points
of q, closed if it is a closed path, recurrent otherwise. The recurrent trajectory is
dense on a subsurface of X whose boundary consists of critical trajectories of q.
Let Γq be the set of all critical points and critical trajectories of q. Any component
of X − Γq is an annulus which is swept out by closed trajectories of q such that
they are homotopic to each other, or a minimal domain which consists of infinitely
many recurrent trajectories of q. If all components of X − Γq are annuli, we call q
a Jenkins-Strebel differential.

2.3. Measured foliations. In this section, we refer to [FLP79] for details.
A foliation F = {(Uj , zj)}j with singularities on X is an atlas of X, and is given

by the pair of an open covering {Uj}j of X − {finite distinguished points} and
each local coordinate zj = xj + iyj on Uj such that the equations xk = fjk(zj),
yk = ±yj + c hold where c ∈ C if Uj ∩ Uk �= ∅. These distinguished points and
punctures of X are called singularities of F . They are p-pronged singularities for
p ≥ 1, but the case of p = 1, 2 is attained only at the punctures of X. A maximal
horizontal segment with respect to {zj}j is called a leaf of F . A transverse measure
μ of F is given by a measure on the set of all transversal arcs of leaves of F such
that if transversal arcs α, β are moved to each other by a homotopy along leaves
of the foliation F , then μ(α) = μ(β). The pair (F, μ) is called a measured foliation
on X. Let S be the set of all homotopy classes of non-trivial and non-peripheral
simple closed curves on X. For any measured foliation (F, μ) and any α ∈ S, we
can define the intersection number

i((F, μ), α) = inf
α′∈α

∫
α′

dμ,

where α′ ranges over all simple closed curves in α. Two measured foliations (F1, μ1)
and (F2, μ2) are equivalent if the equation

i((F1, μ1), α) = i((F2, μ2), α)

holds for any α ∈ S. We denote by MF(X) the set of all equivalence classes of
measured foliations on X. The set MF(X) has the weak topology which is induced
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by intersection number functions in RS
≥0. We denote by [F, μ] the equivalence class

of (F, μ). We consider the space of measured foliations MF(Y ) on any other
Riemann surface Y of the same type as X. For any homeomorphism f : X →
Y , there exists a homeomorphism f∗ : MF(X) → MF(Y ) which is defined by
f∗([F, μ]) = [f(F ), μ ◦ f−1] ∈ MF(Y ) for any [F, μ] ∈ MF(X). After this, we
denote by μ the equivalence class of a measured foliation [F, μ] ∈ MF(X). We
can see that R≥0 × S ⊂ MF(X). For any b ≥ 0 and any γ ∈ S, the measured
foliation bγ consists of closed leaves which are homotopic to γ, and leaves tend
to singular points. These closed leaves produce an annulus of height b, and other
leaves are the boundary of it. This measured foliation satisfies i(bγ, α) = bi(γ, α)
for any α ∈ S. The right side of this equation is a geometric intersection number of
simple closed curves. Thurston showed that R≥0 × S = MF(X). (For instance, we
refer to [FLP79].) Then, we can see that intersection number functions are defined
on MF(X) × MF(X). (We refer to [Ree81] for details.) We notice that for any
homeomorphism f : X → Y and any μ, ν ∈ MF(X), the equation i(f∗(μ), f∗(ν)) =
i(μ, ν) holds.

Remark. The set MF(X) contains the zero-measured foliation, denoted by 0; that
is, it has the zero intersection number with all measured foliations. Of course, for
any μ ∈ MF(X), we regard the measured foliation 0μ as 0.

2.4. Measured foliations and holomorphic quadratic differentials. For any
non-zero holomorphic quadratic differential q on X, we can define the measured
foliation H(q) ∈ MF(X) consisting of all horizontal trajectories of q as leaves and
|dy| as a transverse measure, where z = x+ iy is the q-coordinate. The singularities
of H(q) are the critical points of q.

Remark. There is a one-to-one correspondence between the set of all holomorphic
quadratic differentials of finite norm on X and MF(X); we refer to [HM79].

If q has an annulus A in X − Γq, then the restriction to A of the measured
foliation H(q) can be written as H(q)|A = bγ, where γ ∈ S corresponds to closed
trajectories which sweep out in A, and b > 0 is the height of A with respect to the
metric |dy|. If q has a minimal domain M in X − Γq, then the restriction to M of
the measured foliation H(q) can be written as H(q)|M =

∑p
i=1 biμi, where p > 0

is bounded by the number which is determined by the topology of M , bi ≥ 0 for
any i = 1, · · · , p and {μi}pi=1 is the set of ergodic transverse measures which are
projectively-distinct and pairwise having zero intersection number (that is, for any
i �= i′ and any k ≥ 0, μi′ �= kμi and i(μi, μi′) = 0). A transverse measure μ is called
an ergodic transverse measure if it is non-zero and cannot be written as a sum of
projectively-distinct and non-zero measured foliations. (For ergodicity, we refer to
[KH95] for more information.) Any non-zero holomorphic quadratic differential q
has finitely many critical points, so the measured foliation H(q) has finitely many
annuli or minimal domains. Therefore, the measured foliation H(q) can be written
as

H(q) =

k∑
j=1

bjGj ,

where Gj is (a homotopy class of) a simple closed curve or an ergodic measure for
any j = 1, · · · , k such that these are projectively-distinct and pairwise having zero
intersection number, and bj > 0 if Gj ∈ S, bj ≥ 0 if Gj is an ergodic measure.
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(About this notation, we refer the reader to [Iva92] for more details.) In particular,
if q is a Jenkins-Strebel differential, then we can write

H(q) =

k∑
j=1

bjγj ,

where b1, · · · , bk are positive real numbers and γ1, · · · , γk are distinct simple closed
curves such that i(γj , γj′) = 0 for any j �= j′, and in this situation, we also say that
H(q) is Jenkins-Strebel. If X −Γq has only one minimal domain and the measured
foliation H(q) is represented by bμ, where b > 0 and μ is an ergodic measure,
and any other topologically equivalent measured foliation ν on X is represented by
ν = b′μ, where b′ > 0, then q and H(q) are called uniquely ergodic. We come back
to the general case and see that

i

⎛
⎝ k∑

j=1

bjGj , α

⎞
⎠ =

k∑
j=1

bji(Gj , α)

for any α ∈ S.

Remark. If Gj = μj is ergodic, we regard Gj as [G,μj ] ∈ MF(X), where G is
an unmeasured foliation which is H(q) without the transverse measure. (μj is
supported on a minimal domain.) Then Gj is a measured foliation on the whole
surface X.

For any j = 1, · · · , k, we set

mj =
bj

i(Gj , V (q))
,

where the measured foliation V (q) is defined by H(−q). If Gj is a simple closed
curve γj ∈ S, then aj := i(γj , V (q)) means the infimum of the horizontal lengths of

the simple closed curves in γj with respect to the metric |dx|, and mj =
bj
aj

means

a modulus of the annulus which is generated by γj , that is, the ratio of the height
and the circumference of the annulus.

Let q, q′ be unit norm holomorphic quadratic differentials on X and H(q), H(q′)
being measured foliations in MF(X) constructed by q, q′, respectively.

Definition 2.1. The pair of holomorphic quadratic differentials q, q′ on X or
measured foliations H(q), H(q′) ∈ MF(X) is called topologically equivalent if there
is a homeomorphism α : X−Γq → X−Γq′ which is homotopic to the identity such
that the leaves of H(q) are mapped to the leaves of H(q′). In this situation, we can

write the measured foliations as H(q) =
∑k

j=1 bjGj , H(q′) =
∑k

j=1 b
′
jGj , where

Gj is a simple closed curve or an ergodic measure for any j = 1, · · · , k such that
these are projectively-distinct and pairwise having zero intersection number, and
bj , b

′
j > 0 if Gj ∈ S, bj , b′j ≥ 0 if Gj is an ergodic measure. The pair of holomorphic

quadratic differentials q, q′ or measured foliations H(q), H(q′) is called absolutely
continuous if q, q′ are topologically equivalent and for the representations H(q) =∑k

j=1 bjGj , H(q′) =
∑k

j=1 b
′
jGj , the set of subscripts of non-zero coefficients bj of

H(q) and the one of H(q′) coincide. In this situation, we can set bj , b
′
j > 0 for any

j = 1, · · · , k.

Remark. If two holomorphic quadratic differentials q, q′ are Jenkins-Strebel and
topologically equivalent, then they are absolutely continuous.



ON BEHAVIOR OF PAIRS OF TEICHMÜLLER GEODESIC RAYS 13

2.5. Teichmüller geodesic rays. Let q be a unit norm holomorphic quadratic dif-
ferential on X. A quasiconformal mapping f on X is called a Teichmüller mapping

for q if f has the Beltrami coefficient −K(f)−1
K(f)+1

q̄
|q| . The existence and uniqueness

for Teichmüller mappings are the following.

Theorem 2.2 (Teichmüller’s existence theorem). For any quasiconformal mapping
g : X → Y , there is a Teichmüller mapping f which is homotopic to g.

Theorem 2.3 (Teichmüller’s uniqueness theorem). For any quasiconformal map-
ping g : X → Y which is homotopic to the Teichmüller mapping f , the inequality
K(f) ≤ K(g) holds and the equality holds if and only if f = g.

These statements are called Teichmüller’s theorem. (We refer to [IT92] for de-
tails.) Therefore, a Teichmüller mapping is attained for the infimum of the defini-
tion of the Teichmüller distance, i.e., for any p1 = [Y1, f1], p2 = [Y2, f2] ∈ T (X),
there is the Teichmüller mapping h : Y1 → Y2 which is homotopic to f2 ◦ f−1

1 such
that dT (X)(p1, p2) =

1
2 logK(h).

For any p = [Y, f ] ∈ T (X), let q be a unit norm holomorphic quadratic dif-
ferential on Y and let z = x + iy be any q-coordinate. For any t ≥ 0, let Yt be
a Riemann surface determined by each local coordinate zt = e−tx + iety and let
gt : Y → Yt be a Teichmüller mapping which is determined by z 
→ zt. We assume
that Y0 = Y , g0 = idY . We set r(t) = [Yt, gt ◦ f ]; then by Teichmüller’s theorem,
this mapping r : R≥0 → T (X) is an isometry and is called the Teichmüller geodesic
ray on T (X) starting at p and having the initial holomorphic quadratic differential
q. If the holomorphic quadratic differential q is Jenkins-Strebel, the ray r is called
a Jenkins-Strebel ray.

Definition 2.4. Let r, r′ be Teichmüller geodesic rays on T (X) starting at r(0) =
[Y, f ], r′(0) = [Y ′, f ′] and having initial unit norm holomorphic quadratic differ-
entials q, q′ on Y , Y ′, respectively. We denote by H(q) ∈ MF(Y ), H(q′) ∈
MF(Y ′) the measured foliations corresponding to q, q′, respectively. We suppose
that f−1

∗ (H(q)), f ′−1
∗ (H(q′)) ∈ MF(X) are absolutely continuous, then the mea-

sured foliations are written as f−1
∗ (H(q)) =

∑k
j=1 bjGj , f

′−1
∗ (H(q′)) =

∑k
j=1 b

′
jGj ,

H(q) =
∑k

j=1 bjf∗(Gj) and H(q′) =
∑k

j=1 b
′
jf

′
∗(Gj) where b1, · · · , bk, b′1, · · · , b′k

are positive real numbers and Gj is a simple closed curve or an ergodic measure
for any j = 1, · · · , k such that these are projectively distinct and pairwise having

zero intersection number. We set mj =
bj

i(f∗(Gj),V (q)) , m
′
j =

b′j
i(f ′

∗(Gj),V (q′)) for any

j = 1, · · · , k. In this situation, the given rays r, r′ are called modularly equivalent
if there is λ > 0 such that m′

j = λmj for any j = 1, · · · , k.
Definition 2.5. The pair of Teichmüller geodesic rays r, r′ on T (X) are called
bounded if there is M > 0 such that dT (X)(r(t), r

′(t)) < M for any t ≥ 0, divergent
if dT (X)(r(t), r

′(t)) → +∞ as t → ∞, and asymptotic if there is a choice of initial
points r(0), r′(0) such that dT (X)(r(t), r

′(t)) → 0 as t → ∞; in other words, for the
given rays r(t), r′(t), there is α ∈ R such that dT (X)(r(t), r

′(t+α)) → 0 as t → ∞.

2.6. The end point of a Jenkins-Strebel ray. In this section, we refer to
[Abi77], [HS07] and [IT92].

Definition 2.6 (Riemann surfaces with nodes). A connected Hausdorff space R
is called a Riemann surface of type (g, n) with nodes if R satisfies the following
conditions:
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(1) Any p ∈ R has a neighborhood which is homeomorphic to the unit disk D

or the set {(z1, z2) ∈ C2 | |z1| < 1, |z2| < 1, z1 · z2 = 0}. (In the latter case,
p is called a node of R. We allow R to have finitely many nodes.)

(2) Let p1, · · · , pk be nodes of R. We denote by R1, · · · , Rr the connected
components of R − {p1, · · · , pk}. For any i = 1, · · · , r, each Ri is of type
(gi, ni) which satisfies 2gi−2+ni > 0, n =

∑r
i=1 ni−2k and g =

∑r
i=1 gi−

r + k + 1.

Remark. Condition (2) means that we get a Riemann surface of type (g, n) without
nodes by opening each node of R. All Riemann surfaces of type (g, n) without
nodes are included to this definition.

Definition 2.7 (Augmented Teichmüller spaces). Let X be a Riemann surface of
type (g, n) without nodes which satisfies 3g−3+n > 0. The augmented Teichmüller

space T̂ (X) of X is the set of all equivalence classes [R, f ] of pairs of a Riemann
surface R of type (g, n) with nodes and a deformation f : X → R which is a mapping
such that it contracts some disjoint loops on X to points (the nodes of R) and is a
homeomorphism except on the loops. Two pairs (R1, f1) and (R2, f2) are equivalent
if there is a biholomorphic mapping h : R1 → R2 such that f2 is homotopic to h◦f1.
Here, for Riemann surfaces with nodes R and S, a homeomorphism f : R → S is
called biholomorphic if each restricted mapping of f which maps a component of
R − {nodes of R} onto a component of S − {nodes of S} is biholomorphic. A

topology on T̂ (X) is defined by the following neighborhoods. For any compact
neighborhood V of the set of nodes in R and any ε > 0, a neighborhood UV,ε of a
point [R, f ] is defined by

UV,ε = {[S, g] ∈ T̂ (X) | there is a deformation h : S → R which is
(1 + ε)-quasiconformal on h−1(R− V ) such that f is homotopic to h ◦ g}.

Let r be the Jenkins-Strebel ray on T (X) starting at r(0) = [Y, f ] and having
an initial unit norm Jenkins-Strebel differential q on Y . We set r(t) = [Yt, gt ◦ f ]
for any t ≥ 0. We consider the end point of r in T̂ (X). We denote by H(q) =∑k

j=1 bjγj the measured foliation constructed by q. The surface Y − Γq consists of
annuli corresponding to γ1, · · · , γk, and let m1, · · · ,mk be moduli of these annuli,
respectively. By q-coordinates, the annuli are represented by Euclidean cylinders.
For each cylinder, we use polar coordinates and describe it as two round annuli:

A1
j (0) = A2

j(0) = {w ∈ C | exp(−mjπ) ≤ |w| < 1}.
We glue A1

j(0) and A2
j(0) at the line of these inner boundary |w| = exp(−mjπ)

by the mapping w 
→ exp(−2mjπ)
w and denote by Aj(0) the resulting surface. We

obtain the base surface Y after gluing A1(0), · · · , Ak(0) by the gluing mappings
which are determined by q. The Teichmüller mapping gt : Y → Yt is represented
by w = reiθ 
→ rexp(2t)eiθ for any t ≥ 0. We fix any t ≥ 0 and define

A1
j(t) = A2

j(t) = {w ∈ C | exp(−e2tmjπ) ≤ |w| < 1}.

The gluing mapping of A1
j(t) onto A2

j(t) is w 
→ exp(−2e2tmjπ)
w in their inner bound-

ary |w| = exp(−e2tmjπ), and we denote by Aj(t) the resulting surface. The surface

Yt is obtained by A1(t), · · · , Ak(t) with the same gluing mappings as in the case of
t = 0.

Remark. We notice that the modulus of Aj(t) is equal to e2tmj for any t ≥ 0 and
any j = 1, · · · , k.
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We consider the limit of Aj(t) as t → ∞ for any j = 1, · · · , k. We set A1
j(∞) =

A2
j(∞) = {w ∈ C | 0 < |w| < 1}, and denote by {pt} the set which consists of an

arbitrary point. The disjoint union Aj(∞) = A1
j(∞) ∪ A2

j(∞) ∪ {pt} becomes a
complex cone by the following chart:

Φ : Aj(∞) → {(w1, w2) ∈ C
2 | |w1| < 1, |w2| < 1, w1 · w2 = 0},

Φ|A1
j (∞)(w) = (w, 0), Φ|A2

j (∞)(w) = (0, w), Φ(pt) = (0, 0)

for any j = 1, · · · , k. We denote by Y∞ the surface constructed by A1(∞), · · · ,
Ak(∞) with the same gluing mappings as in the case of t = 0. The mapping
g∞ : Y → Y∞ is constructed by the mapping of Al

j(0) onto Al
j(∞) ∪ {pt} by w =

reiθ 
→ hj(r)e
iθ where hj : [exp(−mjπ), 1) → [0, 1) is an arbitrary monotonously

increasing diffeomorphism for any j = 1, · · · , k and l = 1, 2. The homotopy class
of g∞ is independent of the choices of hj for any j = 1, · · · , k. Then, we obtain

[Y∞, g∞ ◦f ] in T̂ (X) and denote it by r(∞). From the definition of a neighborhood
of [Y∞, g∞ ◦ f ], the following proposition holds.

Proposition 2.8 ([HS07]). The Jenkins-Strebel ray r(t) = [Yt, gt ◦ f ] on T (X)
starting at r(0) = [Y, f ] and having the initial unit norm Jenkins-Strebel differential

q on Y converges to a point r(∞) = [Y∞, g∞ ◦ f ] in T̂ (X).

Remark. We can reconstruct the surface Yt from Y∞ for any t ≥ 0. First, for any
j = 1, · · · , k and l = 1, 2, we remove the punctured disk {w ∈ C | 0 < |w| <
exp(−e2tmjπ)} from Al

j(∞) of Y∞. Then, the interior of each resulting annulus is

biholomorphic to the interior of Al
j(t). We obtain Yt by gluing {Al

j(t)}
l=1,2
j=1,··· ,k with

the suitable gluing mappings.

2.7. Extremal lengths. Let ρ be a locally L1-measurable conformal metric on a
Riemann surface Y , i.e., it is represented by the form ρ = ρ(z)|dz| on any local
coordinate z of Y where ρ(z) is a non-negative measurable function of z such that
the equation ρ(z)|dz| = ρ(w)|dw| holds for any local coordinates z, w on a common
neighborhood of Y . For any γ ∈ S, we define the ρ-length of γ on Y and the ρ-area
of Y by

lρ(γ) = inf
γ′∈γ

∫
γ′
ρ(z)|dz|,

Aρ =

∫∫
Y

ρ(z)2dxdy,

respectively. The extremal length ExtY (γ) of γ on Y is defined by the following:

ExtY (γ) = sup
ρ

lρ(γ)
2

Aρ
,

where ρ ranges over all locally L1-measurable conformal metrics on Y such that
0 < Aρ < ∞.

For any p = [Y, f ] ∈ T (X) and any α ∈ S on X, we define

Extp(α) = ExtY (f∗(α)).

Theorem 2.9 ([Ker80]). For any Riemann surface Y , each extremal length on
Y extends continuously on MF(Y ) such that the equation ExtY (tν) = t2 ExtY (ν)
holds for any t ≥ 0 and any ν ∈ MF(Y ).

Hence, for any p = [Y, f ] ∈ T (X) and any μ ∈ MF(X), we define Extp(μ) =
ExtY (f∗(μ)) and the equation Extp(tμ) = t2 Extp(μ) holds for any t ≥ 0. We notice
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that for any p ∈ T (X) and any μ ∈ MF(X)− {0}, the extremal length Extp(μ) is
positive. We set MF(X)∗ = MF(X)− {0}.

Theorem 2.10 (Kerckhoff’s formula for the Teichmüller distance [Ker80]). For
any p1, p2 ∈ T (X), the Teichmüller distance between p1 and p2 is represented by

dT (p1, p2) =
1

2
log sup

μ∈MF(X)∗

Extp2
(μ)

Extp1
(μ)

.

Kerckhoff’s formula is useful for finding lower bounds of the Teichmüller distance.

3. Proof of Theorem

In this section, we prove Theorem 1.1 which is our main theorem. Let r, r′

be Jenkins-Strebel rays on T (X) starting at r(0) = [Y, f ], r(0)′ = [Y ′, f ′] and
having initial unit norm Jenkins-Strebel differentials q, q′ on Y , Y ′, respectively.
Let r(∞), r′(∞) be the end points of r, r′ in the augmented Teichmüller space

T̂ (X), respectively. We denote by H(q) ∈ MF(Y ), H(q′) ∈ MF(Y ′) the corre-
sponding measured foliations and suppose that the measured foliations f−1

∗ (H(q)),
f ′−1
∗ (H(q′)) ∈ MF(X) are topologically equivalent. In this situation, we can write

f−1
∗ (H(q)) =

∑k
j=1 bjγj , f

′−1
∗ (H(q′)) =

∑k
j=1 b

′
jγj where b1, · · · , bk, b′1, · · · , b′k are

positive real numbers and γ1, · · · , γk are distinct and pairwise having zero intersec-

tion number. We denote by mj =
bj

i(f∗(γj),V (q)) , m
′
j =

b′j
i(f ′

∗(γj),V (q′)) the moduli of

the annuli of H(q), H(q′) corresponding to f∗(γj), f
′
∗(γj) for any j = 1, · · · , k.

Theorem 1.1. If r(∞) = r′(∞), then

lim
t→∞

dT (X)(r(t), r
′(t)) =

1

2
log max

j=1,··· ,k

{
m′

j

mj
,
mj

m′
j

}
.

We represent the Jenkins-Strebel rays by r(t) = [Yt, gt ◦ f ], r′(t) = [Y ′
t , g

′
t ◦ f ′]

for any t ≥ 0, and their end points by r(∞) = [Y∞, g∞ ◦ f ], r′(∞) = [Y ′
∞, g′∞ ◦ f ′],

respectively. Since the measured foliations f−1
∗ (H(q)), f ′−1

∗ (H(q′)) are topologically
equivalent, there is a homeomorphism α : X −Γf−1

∗ (H(q)) → X −Γf ′−1
∗ (H(q′)) which

is homotopic to the identity such that the leaves of f−1
∗ (H(q)) are mapped to

the leaves of f ′−1
∗ (H(q′)). Then, the mapping f ′ ◦ α ◦ f−1 which is homotopic to

f ′ ◦ f−1 maps the leaves of H(q) to the leaves of H(q′). We denote by Aj(0),
A′

j(0) the annuli corresponding to f∗(γj), f
′
∗(γj), respectively, for any j = 1, · · · , k.

They are the same as in §2.6. Then, the equations f ′
∗ ◦ α∗ ◦ f−1

∗ (f∗(γj)) = f ′
∗(γj),

f ′ ◦ α ◦ f−1(Aj(0)) = A′
j(0) hold for any j = 1, · · · , k. For any t ≥ 0 and any

j = 1, · · · , k, the annuli Aj(t), A
′
j(t) can be determined the same as in §2.6, and

we can see that (g′t ◦ f ′) ◦ α ◦ (gt ◦ f)−1(Aj(t)) = A′
j(t).

In order to prove the equation of Theorem 1.1, we consider the upper and lower
estimates of the limit supremum and limit infimum of the distance between the
rays, respectively.

3.1. Upper estimate. First, we show that

lim sup
t→∞

dT (X)(r(t), r
′(t)) ≤ 1

2
log max

j=1,··· ,k

{
m′

j

mj
,
mj

m′
j

}
.

The idea of the following lemma comes from [Gup11].
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Lemma 3.1. Let us choose 0 < ε < 1 arbitrarily. Then, for any sufficiently
large t, there is a quasiconformal mapping Ft : Yt → Y ′

t which is homotopic to

(g′t ◦ f ′) ◦ (gt ◦ f)−1 such that the inequality lim
t→∞

K(Ft) < max
j=1,··· ,k

{
m′

j

mj
,
mj

m′
j

}
+ ε

holds.

Proof. We set Mj =
m′

j

mj
for any j = 1, · · · , k. By the equation r(∞) = r′(∞), there

exists a biholomorphic mapping h : Y∞ → Y ′
∞ such that h ◦ g∞ ◦ f is homotopic to

g′∞ ◦ f ′. From §2.6, we can write

Y∞ =

k⋃
j=1

A1
j(∞) ∪ A2

j(∞),

Y ′
∞ =

k⋃
j=1

A
′1
j (∞) ∪ A

′2
j (∞),

where Al
j(∞), A

′l
j (∞) are the punctured disks D∗ = {z ∈ C | 0 < |z| < 1} for

any j = 1, · · · , k and l = 1, 2. Now, we fix any j = 1, · · · , k and l = 1, 2. We set
hl
j = h|Al

j(∞) : Al
j(∞) → h(Al

j(∞)) ⊂ Y ′
∞. Since h is a biholomorphic mapping,

we can set hl
j(0) = 0 and

dhl
j(z)

dz

∣∣
z=0

�= 0. We describe hl
j(z) = cljz + clj,2z

2 + · · · =
cljz + ψl

j(z) where clj �= 0, −π < arg c1j ≤ π and −π ≤ arg c2j < π. For any

t ≥ 0, we set δj(t) = exp(−e2tmjπ), δ
′
j(t) = exp(−e2tm′

jπ), then δ′j(t) = δj(t)
Mj .

After this, we assume that Al
j(t) = D∗ − Dδj(t) = {z ∈ C | δj(t) ≤ |z| < 1} and

A
′l
j (t) = D∗ −Dδ′j(t)

= {z ∈ C | δ′j(t) ≤ |z| < 1} for any t ≥ 0. For sufficiently large

t, we construct a quasiconformal mapping F l
j,t : D

∗ −Dδj(t) → hl
j(D

∗)−Dδ′j(t)
. We

consider the following three cases (1), (2) and (3).
(1) In the case of Mj > 1, we take Xj as

Xj <
log ε

Mj+ε−1

logMj
< 0.

This is equivalent to

M
Xj

j <
ε

Mj + ε− 1
< 1

and

Mj −M
Xj

j

1−M
Xj

j

< Mj + ε.

We take sufficiently large t such that the inequality δj(t)
Mj < |clj |δj(t)M

Xj
j holds.

We set Δj(t) = δj(t)
M

Xj
j . We construct F l

j,t by the following:

F l
j,t(z) =

⎧⎨
⎩

P l
j,t(z) (δj(t) ≤ |z| ≤ Δj(t)) (i)

Ql
j,t(z) (Δj(t) ≤ |z| ≤ 2Δj(t)) (ii)

hl
j(z) (2Δj(t) ≤ |z| < 1) (iii)

(i) In δj(t) ≤ |z| ≤ Δj(t), we set
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P l
j,t(z) = Δj(t)

1−Mj

1−M
Xj
j · clj

1

1−M
Xj
j

+ log |z|
log Δj(t)−log δj (t)

· |z|
− 1−Mj

1−M
Xj
j · z

which satisfies P l
j,t(z) = δj(t)

Mj−1 · z on |z| = δj(t), P
l
j,t(z) = cljz on |z| = Δj(t).

The mapping P l
j,t is conjugate to a one-to-one affine mapping by log z. Then, P l

j,t

is a quasiconformal mapping, and its dilatation is the following:

K(P l
j,t) =

∣∣∣∣ log clj
2(logΔj(t)−log δj(t))

+
αj

2 + 1

∣∣∣∣+
∣∣∣∣ log clj
2(logΔj(t)−log δj(t))

+
αj

2

∣∣∣∣∣∣∣ log clj
2(logΔj(t)−log δj(t))

+
αj

2 + 1
∣∣∣− ∣∣∣ log clj

2(logΔj(t)−log δj(t))
+

αj

2

∣∣∣ ,
where

αj = − 1−Mj

1−M
Xj

j

.

We see that logΔj(t)− log δj(t) = (M
Xj

j − 1) log δj(t) → +∞ and

K(P l
j,t) →

Mj −M
Xj

j

1−M
Xj

j

< Mj + ε

as t → ∞.
(ii) In Δj(t) ≤ |z| ≤ 2Δj(t), we set

Ql
j,t(z) = cljz + φΔj(t)(|z|)ψl

j(z),

where φΔj(t) : [Δj(t), 2Δj(t)] → [0, 1] is defined by

φΔj(t)(|z|) =
|z|

Δj(t)
− 1.

This function satisfies Ql
j,t(z) = cljz on |z| = Δj(t), Q

l
j,t(z) = hl

j(z) on |z| = 2Δj(t).

We consider the partial derivatives of Ql
j,t,

∂z̄Q
l
j,t =

1

2Δj(t)
z

1
2 z̄−

1
2ψl

j(z),

∂zQ
l
j,t = clj +

1

2Δj(t)
z−

1
2 z̄

1
2ψl

j(z) + φΔ(t)(|z|)
dψl

j(z)

dz
.

These partial derivatives are continuous in Δj(t) ≤ |z| ≤ 2Δj(t). There is C > 0
such that |ψl

j(z)| ≤ CΔj(t)
2 for sufficiently large t. We see that∣∣∣∣ 1

2Δj(t)
z

1
2 z̄−

1
2ψl

j(z)

∣∣∣∣ =
∣∣∣∣ 1

2Δj(t)
z−

1
2 z̄

1
2ψl

j(z)

∣∣∣∣ = |ψl
j(z)|

2Δj(t)
≤ CΔj(t)

2
→ 0

as t → ∞. Then, |∂z̄Ql
j,t| → 0, |∂zQl

j,t| → |clj | �= 0 as t → ∞. For sufficiently large

t, JacQl
j,t = |∂zQl

j,t|2−|∂z̄Ql
j,t|2 > 0. Hence, Ql

j,t is a local C1-diffeomorphism. We

denote by D the closed set whose boundary consists of two components Ql
j,t({|z| =

Δj(t)}) = {|w| = |clj |Δj(t)} and Ql
j,t({|z| = 2Δj(t)}) = hl

j({|z| = 2Δj(t)}), and its

fundamental group is π1(D) = Z. The equation Ql
j,t({Δj(t) ≤ |z| ≤ 2Δj(t)}) = D

holds because Ql
j,t is a local C1-diffeomorphism with the above boundary condi-

tions. We regard the mapping Ql
j,t : {Δj(t) ≤ |z| ≤ 2Δj(t)} → D as a covering.
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Let Ql
j,t∗ : π1({Δj(t) ≤ |z| ≤ 2Δj(t)}) → π1(D) be the group homomorphism in-

duced by Ql
j,t. We see that Ql

j,t∗(π1({Δj(t) ≤ |z| ≤ 2Δj(t)})) = Z � π1(D) because

Ql
j,t(z) = cljz on |z| = Δj(t). Then, the covering Ql

j,t is a regular covering, and its

covering transformation group is Z/Z = 1. Therefore, Ql
j,t is a C1-diffeomorphism.

By the partial derivatives of Ql
j,t, for sufficiently large t, it is a quasiconformal

mapping such that its dilatation holds K(Ql
j,t) → 1 as t → ∞.

(iii) In 2Δj(t) ≤ |z| < 1, F l
j,t(z) = hl

j(z) and K(hl
j) = 1.

Therefore, for sufficiently large t, we obtain the quasiconformal mapping F l
j,t

such that

K(F l
j,t) = max{K(P l

j,t),K(Ql
j,t)} →

Mj −M
Xj

j

1−M
Xj

j

< Mj + ε

as t → ∞.
(2) In the case of Mj < 1, we take Xj as

Xj >

log
Mjε

1
Mj

−1+ε

logMj
> 2.

This is equivalent to

M
Xj

j <
Mjε

1
Mj

− 1 + ε
< M2

j

and

1−M
Xj

j

Mj −M
Xj

j

<
1

Mj
+ ε.

We take sufficiently large t such that the inequality δj(t)
Mj < |clj |δj(t)M

Xj
j holds.

We also set Δj(t) = δj(t)
M

Xj
j , and also construct F l

j,t by the following:

F l
j,t(z) =

⎧⎨
⎩

P l
j,t(z) (δj(t) ≤ |z| ≤ Δj(t)),

Ql
j,t(z) (Δj(t) ≤ |z| ≤ 2Δj(t)),

hl
j(z) (2Δj(t) ≤ |z| < 1).

The functions P l
j,t, Q

l
j,t have the same notations as in the case of (1). The difference

is only the dilatation of P l
j,t. In this case, we see that

K(P l
j,t) →

1−M
Xj

j

Mj −M
Xj

j

<
1

Mj
+ ε

as t → ∞. Similarly, as in the case of (1), for sufficiently large t, we obtain the
quasiconformal mapping F l

j,t such that

K(F l
j,t) = max{K(P l

j,t),K(Ql
j,t)} →

1−M
Xj

j

Mj −M
Xj

j

<
1

Mj
+ ε

ast → ∞.
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(3) In the case of Mj = 1, we take sufficiently large t such that the inequality

δj(t) < |clj |δj(t)
1
2 holds and set Δj(t) = δj(t)

1
2 . We set

F l
j,t(z) =

⎧⎪⎨
⎪⎩

P l
j,t(z) = clj

2
(
1− log |z|

log δj(t)

)
z (δj(t) ≤ |z| ≤ Δj(t)),

Ql
j,t(z) (Δj(t) ≤ |z| ≤ 2Δj(t)),

hl
j(z) (2Δj(t) ≤ |z| < 1).

The functions P l
j,t, Q

l
j,t are constructed similarly as in the case of (1). On P l

j,t, the

above notation is obtained by changing Mj , M
Xj

j to 1, 1
2 , respectively, in (i) of the

case (1). In this time,

K(P l
j,t) =

∣∣∣∣1− log clj
log δj(t)

∣∣∣∣+
∣∣∣∣ log clj
log δj(t)

∣∣∣∣∣∣∣1− log clj
log δj(t)

∣∣∣− ∣∣∣ log clj
log δj(t)

∣∣∣
and then, K(P l

j,t) → 1 as t → ∞. The function Ql
j,t also satisfies K(Ql

j,t) → 1 as

t → ∞. Therefore, for sufficiently large t, the quasiconformal mapping F l
j,t satisfies

K(F l
j,t) = max{K(P l

j,t),K(Ql
j,t)} → 1

as t → ∞.
Thus, by (1), (2) and (3), for sufficiently large t, we construct the quasiconformal

mapping Ft : Yt → Y ′
t by gluing {F l

j,t}
l=1,2
j=1,··· ,k. For any case of (1), (2) and (3),

each hl
j is homotopic to (g′t ◦ f ′) ◦ (gt ◦ f)−1. Each Ql

j,t satisfies K(Ql
j,t) → 1 as

t → ∞ and the domain {Δj(t) < |z| < 2Δj(t)} has the constant modulus for any
t. Each P l

j,t produces the twist of angle arg clj in the domain {δj(t) < |z| < Δj(t)}
and satisfies | arg c1j + arg c2j | < 2π. Therefore, for sufficiently large t, the mapping

Ft is homotopic to (g′t ◦ f ′) ◦ (gt ◦ f)−1. We conclude that

lim
t→∞

K(Ft) = lim
t→∞

max
j=1,··· ,k,l=1,2

K(F l
j,t) < max

j=1,··· ,k

{
Mj ,

1

Mj

}
+ ε.

�

Therefore, by this lemma, for any sufficiently large t, the inequality

lim sup
t→∞

dT (X)(r(t), r
′(t)) ≤ lim

t→∞

1

2
logK(Ft) <

1

2
log

(
max

j=1,··· ,k

{
m′

j

mj
,
mj

m′
j

}
+ ε

)

holds. Since ε is arbitrary, we are done.

3.2. Lower estimate. Next, we show that

lim inf
t→∞

dT (X)(r(t), r
′(t)) ≥ 1

2
log max

j=1,··· ,k

{
m′

j

mj
,
mj

m′
j

}
.(1)

We use the following theorems. Let r be a Teichmüller geodesic ray on T (X) start-
ing at r(0) = [Y, f ] and having an initial unit norm holomorphic quadratic differ-

ential q on Y with the corresponding measured foliation H(q) =
∑k

j=1 bjf∗(Gj) ∈
MF(Y ) where b1, · · · , bk are positive real numbers and Gj is a simple closed curve
or an ergodic measure for any j = 1, · · · , k such that these are projectively distinct
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and pairwise having zero intersection number. We set mj =
bj

i(f∗(Gj),V (q)) for any

j = 1, · · · , k.

Theorem 3.2 ([Wal12]). If we set

Er(μ) =

⎧⎨
⎩

k∑
j=1

mji(Gj , μ)
2

⎫⎬
⎭

1
2

for any μ ∈ MF(X), then, the following equation holds:

lim
t→∞

e−2t Extr(t)(μ) =
k∑

j=1

mji(f∗(Gj), f∗(μ))
2 = Er(μ)2.

Furthermore, let r′ be a Teichmüller geodesic ray on T (X) starting at r′(0) =
[Y ′, f ′] and having an initial unit norm holomorphic quadratic differential q′ on
Y ′, and let H(q′) ∈ MF(Y ′) be the corresponding measured foliation. We set
Z = {μ ∈ MF(X)∗| Er(μ) = Er′(μ) = 0}.

Theorem 3.3 ([Wal12]). If we can write H(q′) =
∑k

j=1 b
′
jf

′
∗(Gj) where b′j ≥ 0,

and set m′
j =

b′j
i(f ′

∗(Gj),V (q′)) for any j = 1, · · · , k, then the equation

sup
μ∈MF(X)∗−Z

Er′(μ)2
Er(μ)2

= max
j=1,··· ,k

m′
j

mj

holds. Otherwise, the supremum is +∞.

Remark. If f−1
∗ (H(q)), f ′−1

∗ (H(q′)) are absolutely continuous, then sup Er′(μ)
2

Er(μ)2
and

sup Er(μ)
2

Er′ (μ)
2 are both finite.

We notice that the desired inequality (1) holds for the rays r, r′ which show
that f−1

∗ (H(q)), f ′−1
∗ (H(q′)) are absolutely continuous. So, we do not require the

conditions that the rays are Jenkins-Strebel and r(∞) = r′(∞). The general case is

used on Proposition 4.15. We writeH(q) =
∑k

j=1 bjf∗(Gj), H(q′) =
∑k

j=1 b
′
jf

′
∗(Gj)

where bj , b′j > 0 and set mj =
bj

i(f∗(Gj),V (q)) , m′
j =

b′j
i(f ′

∗(Gj),V (q′)) for any j =

1, · · · , k. Therefore, in our case, by Kerckhoff’s formula and the two theorems
above,

lim inf
t→∞

dT (X)(r(t), r
′(t)) = lim inf

t→∞

1

2
log sup

μ∈MF(X)∗

Extr′(t)(μ)

Extr(t)(μ)

≥ 1

2
log sup

μ∈MF(X)∗−Z

lim inf
t→∞

e−2t Extr′(t)(μ)

e−2t Extr(t)(μ)

=
1

2
log max

j=1,··· ,k

m′
j

mj
.

This inequality comes from the fact that the limit of the supremum is greater than
or equal to the supremum of the limit. Because of the symmetry of the distance,
the inequality (1) holds.

Remark. If f−1
∗ (H(q)), f ′−1

∗ (H(q′)) are not absolutely continuous, then

lim inf
t→∞

dT (X)(r(t), r
′(t)) = +∞.
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Proof of Theorem 1.1. Because of the upper and lower estimates, we obtain the
desired equation. �

Corollary 1.2. For any two Jenkins-Strebel rays r, r′, they are asymptotic if and
only if r, r′ are modularly equivalent and r(∞) = r′(∞).

Proof. Under the assumption of Theorem 1.1, if in addition the given rays r, r′ are
modularly equivalent, there is λ > 0 such that m′

j = λmj for any j = 1, · · · , k.
Then for α = − 1

2 log λ,

lim
t→∞

dT (X)(r(t), r
′(t+ α)) =

1

2
log max

j=1··· ,k

{
e2αm′

j

mj
,

mj

e2αm′
j

}
=

1

2
log 1 = 0.

This means that the rays are asymptotic. Conversely, if two Jenkins-Strebel rays
r, r′ are asymptotic, we can set

lim
t→∞

dT (X)(r(t), r
′(t)) = 0

without loss of generality. From the above remark, f−1
∗ (H(q)), f ′−1

∗ (H(q′)) are
absolutely continuous. By the inequality (1), mj = m′

j for any j = 1, · · · , k.
Therefore, the rays are modularly equivalent. Next, we show the correspondence
between the end points r(∞) and r′(∞). The proof is similar to Proposition 2.8
([HS07]). For any ε > 0 and any compact neighborhood V of the set of nodes in
Y∞, we recall the neighborhood UV,ε(r(∞)) of r(∞):

UV,ε(r(∞)) = {[S, g] ∈ T̂ (X) | there is a deformation h : S → Y∞ which is
(1 + ε)-quasiconformal on h−1(Y∞ − V ) such that g∞ ◦ f is homotopic to h ◦ g}.

We set V = V1 ∪ · · · ∪Vk where Vj = V 1
j ∪V 2

j ∪{pt}, V l
j = {0 < |z| ≤ ιj} ⊂ Al

j(∞),
0 < ιj < 1 for any j = 1, · · · , k and l = 1, 2. There exists T > 0 such that for
any t > T and any j = 1, · · · , k, δj(t) < ιj and dT (X)(r(t), r

′(t)) < 1
2 log(1 + ε),

i.e., there exists a (1 + ε)-quasiconformal mapping αt : Y
′
t → Yt such that gt ◦ f is

homotopic to αt ◦ g′t ◦ f ′. For any t > T , we want to show that r′(t) ∈ UV,ε(r(∞)).
We construct the deformation h : Y ′

t → Y∞ as follows. For any j = 1, · · · , k and
l = 1, 2,

h|α−1
t (Al

j(t))
(w) =

⎧⎨
⎩

αt(w) (w ∈ α−1
t ({ιj ≤ |z| < 1})),

hj,t(|αt(w)|)ei argαt(w) (w ∈ α−1
t ({δj(t) < |z| < ιj})),

pt (w ∈ α−1
t ({|z| = δj(t)})),

where hj,t : (δj(t), ιj) → (0, ιj) is an arbitrary monotonously increasing diffeomor-
phism. The mapping h|α−1

t (Al
j(t))

is equal to the (1 + ε)-quasiconformal mapping

αt on h|α−1
t (Al

j(t))
−1(Al

j(∞)−V l
j ). Since h is homotopic to g∞ ◦ g−1

t ◦αt, we obtain

that h ◦ g′t ◦ f ′ is homotopic to g∞ ◦ f . This means that r′(t) ∈ UV,ε(r(∞)) for any
t > T . Since ε and V are arbitrary, we conclude that r(∞) = r′(∞). �

4. The detour metric

In this section, we obtain the minimum value of the equation of Theorem 1.1
when we shift the initial points of the given two rays. This value is represented
by the detour metric between the end points of the rays in the Gardiner-Masur
boundary of T (X).
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4.1. The horofunction boundary of metric spaces and the detour metric.
We recall the definition of the detour metric in the case of a general metric space,
and refer the reader to [Wal11] for more details. First, we consider the horofunction
compactification of a metric space. This was given by Gromov [Gro81]. Let (X, d)
be a metric space, and b a base point of X. The distance d on X is called proper if
any closed ball with respect to d is compact and geodesic if for any two points in X,
there exists a geodesic which joins them. Suppose that the distance d is proper and
geodesic. It is well known that any Teichmüller distance has these properties. We
denote by C(X) the set of all continuous functions of X into R which is equipped
with the topology of the uniform convergence on any compact set of X. We define
a mapping ψ : X → C(X) by z 
→ {ψz(x) := d(x, z)− d(b, z)}x∈X .

Theorem 4.1 ([Gro81]). The mapping ψ is an embedding and the set ψ(X) is
relatively compact on C(X).

By this theorem, the space X is identified with ψ(X). The closure ψ(X) is called

the horofunction compactification of X. The boundary X(∞) = ψ(X) − ψ(X) is
called the horofunction boundary of X. We call ξ ∈ X(∞) a horofunction. We can
denote by X ∪X(∞) the horofunction compactification of X.

Remark. The topological space X ∪X(∞) satisfies the first countability axiom.

Definition 4.2. For any ξ, ξ′ ∈ X(∞), we define the detour cost

H(ξ, ξ′) = sup
W�ξ

inf
x∈W∩X

(d(b, x) + ξ′(x)),

where W ranges over all neighborhoods of ξ in X ∪X(∞).

There is another definition of the detour cost.

Definition 4.3. For any ξ, ξ′ ∈ X(∞),

H(ξ, ξ′) = inf
γ

lim inf
t→∞

(d(b, γ(t)) + ξ′(γ(t))),

where γ ranges over all paths γ : R≥0 → X which converge to ξ.

Definition 4.4. Let A ⊂ R≥0 be an unbounded set which contains 0. A mapping
r : A → X is called an almost geodesic on X if for any ε > 0, there exists T ≥ 0
such that for any s, t ∈ A with T ≤ s ≤ t,

|d(r(0), r(s)) + d(r(s), r(t))− t| < ε.

Any geodesic is an almost geodesic. Rieffel proved that any almost geodesic on
X converges to a point in X(∞) ([Rie02]). Let XB(∞) ⊂ X(∞) be the set of end
points of all almost geodesics. Any ξ ∈ XB(∞) is called a Busemann point.

Proposition 4.5 ([Wal11]). For any ξ, ξ′, ξ′′ ∈ X(∞) and x ∈ X, the detour cost
H satisfies the following properties:

(1) ξ′(x) ≤ H(ξ, ξ′) + ξ(x),
(2) H(ξ, ξ) = 0 if and only if ξ ∈ XB(∞),
(3) H(ξ, ξ′) ≥ 0,
(4) H(ξ, ξ′′) ≤ H(ξ, ξ′) +H(ξ′, ξ′′).

By this proposition, for any ξ, ξ′ ∈ XB(∞), the symmetrization H(ξ, ξ′) +
H(ξ′, ξ) satisfies the axiom of the distance.

Definition 4.6. For any ξ, ξ′ ∈ XB(∞),
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δ(ξ, ξ′) = H(ξ, ξ′) +H(ξ′, ξ)

is a (possibly +∞-valued) distance on XB(∞). This δ is called the detour metric
for (X, d) and the base point b ∈ X.

4.2. The Gardiner-Masur boundary of Teichmüller spaces. The Gardiner-
Masur compactification and the Gardiner-Masur boundary of a Teichmüller space
were induced by Gardiner and Masur [GM91]. Liu and Su [LS12] showed that
the horofunction compactification of the Teichmüller space with the Teichmüller
distance is the same as the Gardiner-Masur compactification. Let T (X) be a Te-

ichmüller space ofX. We define a mapping φ̃ : T (X) → R
S
≥0 by p 
→ {Ext

1
2
p (γ)}γ∈S ,

and denote by π : RS
≥0 − {0} → PRS

≥0 a natural projection.

Theorem 4.7 ([GM91]). The composition φ = π ◦ φ̃ : T (X) → PRS
≥0 is an embed-

ding and the closure φ(T (X)) is a compact set.

This closure is called the Gardiner-Masur compactification of T (X) and we de-

note by T (X)
GM

= φ(T (X)). The boundary ∂GMT (X) = φ(T (X)) − φ(T (X)) is
called the Gardiner-Masur boundary of T (X).

We set the base point b = [X, id] ∈ T (X). For any p ∈ T (X) and any μ ∈
MF(X), we define

Ep(μ) =
{
Extp(μ)

Kp

} 1
2

,

where Kp = e2dT (X)(b,p). By the definition of the Gardiner-Masur compactification,
the function π({Ep(γ)}γ∈S) corresponds to p ∈ T (X).

Proposition 4.8 ([Miy08]). For any ξ ∈ ∂GMT (X), there exists a continuous
function Eξ : MF(X) → R≥0 which satisfies the following properties:

(1) Eξ(tμ) = tEξ(μ) for any t ≥ 0 and any μ ∈ MF(X),
(2) π({Ep(γ)}γ∈S) corresponds to ξ ∈ ∂GMT (X),
(3) If a sequence {xn} ⊂ T (X) converges to ξ ∈ ∂GMT (X), then there exists a

subsequence {xnj
} ⊂ {xn} and t0 > 0 which does not depend on MF(X)

such that Exnj
converges to t0Eξ uniformly on any compact set of MF(X).

For any p ∈ T (X)
GM

, we define

Q(p) = sup
ν∈MF(X)∗

Ep(ν)
Ext

1
2

b (ν)

and for any μ ∈ MF(X),

Lp(μ) =
Ep(μ)
Q(p)

.

Proposition 4.9 ([LS12]). For any {pn} ⊂ T (X)
GM

and any p ∈ T (X)
GM

, pn
converges to p as n → ∞ if and only if Lpn

converges to Lp uniformly on any
compact set of MF(X) as n → ∞.
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For any p ∈ T (X)
GM

, we define a function ψp : T (X) → R by

ψp(x) = log sup
μ∈MF(X)∗

Lp(μ)

Ext
1
2
x (μ)

for any x ∈ T (X).

Remark. By the definition and Kerckhoff’s formula, if p ∈ T (X), then

ψp(x) = log sup
μ∈MF(X)∗

Ep(μ)
Ext

1
2
x (μ)

− log sup
μ∈MF(X)∗

Ep(μ)
Ext

1
2

b (μ)

= log sup
μ∈MF(X)∗

Ext
1
2
p (μ)

Ext
1
2
x (μ)

− log sup
μ∈MF(X)∗

Ext
1
2
p (μ)

Ext
1
2

b (μ)

= dT (X)(x, p)− dT (X)(b, p)

for any x ∈ X. Thus, we can consider the horofunction compactification of T (X)
by the function ψp for any p ∈ T (X).

The following is deduced from Proposition 4.9.

Theorem 4.10 ([LS12]). We define a mapping ψ : T (X)
GM → C(T (X)) by p 
→

ψp. Then ψ is injective and continuous. In particular, T (X)
GM

and ψ(T (X)
GM

)

are homeomorphic. Furthermore, ψ(T (X)
GM

) = ψ(T (X)).

Therefore, the horofunction compactification ψ(T (X)) of T (X) can be identi-

fied with the Gardiner-Masur compactification T (X)
GM

. We denote by T (X) ∪
T (X)(∞) the horofunction compactification of T (X). Then, we can assume that
T (X)(∞) = ∂GMT (X).

4.3. The detour metric for the Teichmüller distance. We consider the detour
metric in the case of the Teichmüller space with the Teichmüller distance. Its
representation is given by Walsh [Wal12]. We notice that there exist non-Busemann
points on ∂GMT (X) if 3g − 3 + n > 1. This result is proved by Miyachi [Miy11].

Theorem 4.11 ([Wal12]). For any point p in T (X) and any Busemann point ξ,
there exists a unique Teichmüller geodesic ray on T (X) starting at p and converging
to ξ.

By this theorem, we can assume that the set of all Busemann points consists of
end points of all Teichmüller geodesic rays.

Theorem 4.12 ([Wal12]). Let r, r′ be Teichmüller geodesic rays on T (X) con-
verging to Busemann points ξ, ξ′, respectively. Then, the rays r, r′ are modularly
equivalent if and only if ξ = ξ′.

Let ξ, ξ′ be Busemann points and r, r′ Teichmüller geodesic rays on T (X)
starting at b = [X, id] and converging to ξ, ξ′, respectively. We denote by q, q′

the unit norm holomorphic quadratic differentials on X corresponding to the given
rays r, r′, respectively. If the measured foliations H(q), H(q′) ∈ MF(X) are

absolutely continuous, then we can write H(q) =
∑k

j=1 bjGj , H(q′) =
∑k

j=1 b
′
jGj

where bj , b
′
j > 0 and Gj is a simple closed curve or an ergodic measure for any

j = 1, · · · , k such that these are projectively distinct and pairwise having zero

intersection number. We set mj =
bj

i(Gj ,V (q)) , m
′
j =

b′j
i(Gj ,V (q′)) for any j = 1, · · · , k.
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Theorem 4.13 ([Wal12]). If H(q), H(q′) are absolutely continuous, then the de-
tour metric δ between ξ and ξ′ is represented by

δ(ξ, ξ′) =
1

2
log max

j=1,··· ,k

m′
j

mj
+

1

2
log max

j=1,··· ,k

mj

m′
j

.

If H(q), H(q′) are not absolutely continuous, then δ(ξ, ξ′) = +∞.

In Theorem 4.13, for any given Busemann points, Walsh showed the represen-
tation of the detour metric between them. Now, for any given rays, we obtain the
representation of the detour metric between the end points of the rays. Let r, r′

be Teichmüller geodesic rays on T (X) starting at r(0) = [Y, f ], r′(0) = [Y ′, f ′]
and having initial unit norm holomorphic quadratic differentials q, q′ on Y , Y ′

and converging to Busemann points ξ, ξ′, respectively. If the measured foliations
f−1
∗ (H(q)), f ′−1

∗ (H(q′)) ∈ MF(X) are absolutely continuous, then we can write

f−1
∗ (H(q)) =

∑k
j=1 bjGj , f ′−1

∗ (H(q)) =
∑k

j=1 b
′
jGj where bj , b′j > 0, Gj is a

simple closed curve or an ergodic measure for any j = 1, · · · , k such that these
are projectively distinct and pairwise having zero intersection number. We set

mj =
bj

i(f∗(Gj),V (q)) , m
′
j =

b′j
i(f ′

∗(Gj),V (q′)) for any j = 1, · · · , k. We combine Theo-

rems 4.11, 4.12 and 4.13 to obtain the following.

Proposition 4.14. If f−1
∗ (H(q)), f ′−1

∗ (H(q′)) are absolutely continuous, then the
detour metric between ξ and ξ′ is also represented by

δ(ξ, ξ′) =
1

2
log max

j=1,··· ,k

m′
j

mj
+

1

2
log max

j=1,··· ,k

mj

m′
j

.

If f−1
∗ (H(q)), f ′−1

∗ (H(q′)) are not absolutely continuous, then δ(ξ, ξ′) = +∞.

Proof. By Theorem 4.11, there exist two Teichmüller geodesic rays s, s′ starting at
b = [X, id] and having initial unit norm holomorphic quadratic differentials ϕ, ϕ′

on X and converging to Busemann points ξ, ξ′, respectively. By Theorem 4.12, the
two pairs r, s and r′, s′ are both modularly equivalent. If the measured foliations
f−1
∗ (H(q)), f ′−1

∗ (H(q′)) are absolutely continuous, then the measured foliations
H(ϕ), H(ϕ′) ∈ MF(X) are also absolutely continuous, and can be written as

H(ϕ) =
∑k

j=1 cjGj , H(ϕ′) =
∑k

j=1 c
′
jGj where cj , c

′
j > 0 for any j = 1, · · · , k. Let

nj =
cj

i(Gj ,V (ϕ)) , n
′
j =

c′j
i(Gj ,V (ϕ′)) for any j = 1, · · · , k, then there are λ, λ′ > 0 such

that nj = λmj , n
′
j = λ′m′

j , respectively. Therefore, by Theorem 4.13,

δ(ξ, ξ′) =
1

2
log max

j=1,··· ,k

n′
j

nj
+

1

2
log max

j=1,··· ,k

nj

n′
j

=
1

2
log max

j=1,··· ,k

m′
j

mj
+

1

2
log max

j=1,··· ,k

mj

m′
j

.

If the measured foliations f−1
∗ (H(q)), f ′−1

∗ (H(q′)) are not absolutely continuous,
thenH(ϕ),H(ϕ′) are not also absolutely continuous, and we conclude that δ(ξ, ξ′) =
+∞. �

We suppose that two rays r, r′ show that f−1
∗ (H(q)), f ′−1

∗ (H(q′)) are absolutely
continuous. Let ξ, ξ′ be Busemann points corresponding to the end points of r, r′
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respectively. By the lower estimate of Theorem 1.1, and Proposition 4.14,

lim inf
t→∞

dT (X)(r(t), r
′(t)) ≥ 1

2
log max

j=1,··· ,k

{
m′

j

mj
,
mj

m′
j

}
(2)

≥ 1

2
log

⎛
⎝ max

j=1,··· ,k

√
m′

j

mj
· max
j=1,··· ,k

√
mj

m′
j

⎞
⎠

=
1

2

(
1

2
log max

j=1,··· ,k

m′
j

mj
+

1

2
log max

j=1,··· ,k

mj

m′
j

)

=
1

2
δ(ξ, ξ′).

Now, we consider the minimum value of the equation of Theorem 1.1 when we shift
the initial points of the given rays r, r′.

Proposition 1.3. Under the assumption of Theorem 1.1, the minimum of the
limit value of the distance between the given rays r(t), r′(t) when we shift the initial
points r(0), r′(0) is given by 1

2δ(ξ, ξ
′) where ξ, ξ′ are the end points of the rays r,

r′ in the Gardiner-Masur boundary of T (X), respectively.

Proof. By Theorem 1.1 and the inequality (2), we see that

lim
t→∞

dT (X)(r(t), r
′(t)) =

1

2
log max

j=1,··· ,k

{
m′

j

mj
,
mj

m′
j

}

≥ 1

2
δ(ξ, ξ′).

We notice that the detour metric is invariant when we shift the initial points of the
rays r, r′. The equality holds if we set

β =
1

4
log

max
j=1,··· ,k

mj

m′
j

max
j=1,··· ,k

m′
j

mj

and consider the rays r(t), r′(t+ β). In this situation, we compute that

max
j=1,··· ,k

e2βm′
j

mj
= max

j=1,··· ,k

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

√
max

j=1,··· ,k

mj

m′
j

·m′
j√

max
j=1,··· ,k

m′
j

mj
·mj

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

=

√
max

j=1,··· ,k

m′
j

mj
·
√

max
j=1,··· ,k

mj

m′
j

and, similarly,

max
j=1,··· ,k

mj

e2βm′
j

=

√
max

j=1,··· ,k

m′
j

mj
·
√

max
j=1,··· ,k

mj

m′
j

.
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Therefore, we conclude that

lim
t→∞

dT (X)(r(t), r
′(t+ β)) =

1

2
log max

j=1,··· ,k

{
e2βm′

j

mj
,

mj

e2βm′
j

}

=
1

2

(
1

2
log max

j=1,··· ,k

m′
j

mj
+

1

2
log max

j=1,··· ,k

mj

m′
j

)

=
1

2
δ(ξ, ξ′). �

We can also obtain the following. In Proposition 4.15, we do not require the
conditions that the given rays are Jenkins-Strebel.

Proposition 4.15. If two rays r, r′ are asymptotic, then the end points show that
ξ = ξ′ and the rays are modularly equivalent.

Proof. From the remark in the previous section, the measured foliations f−1
∗ (H(q)),

f ′−1
∗ (H(q′)) are absolutely continuous. Then, the conclusion follows from Theorem
4.12 and the inequality (2). �

5. The tables of the classification for the behavior of

two Teichmüller rays

In this section, we give the tables of the classification of the conditions under
which given two Teichmüller geodesic rays are bounded, diverge, or are asymptotic.

Let r, r′ be two Teichmüller geodesic rays on T (X) starting at r(0) = [Y, f ],
r′(0) = [Y ′, f ′] and having initial unit norm holomorphic quadratic differentials
q, q′ on Y , Y ′, and let H(q), H(q′) be measured foliations corresponding to q, q′,
respectively. We setH = f−1

∗ (H(q)), H ′ = f ′−1
∗ (H(q′)). In the following tables, the

notation “top.equi.” means topologically equivalent, “abs.conti.” means absolutely
continuous, “J-S.” means Jenkins-Strebel, “u.e,.” means uniquely ergodic, and
“mod.equi.” means modularly equivalent:

H,H ′ :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

top.equi. and

⎧⎨
⎩

abs.conti. ⇒ bounded [Iva01]

not abs.conti. ⇒ diverge [LM10]

not top.equi. and i(H,H ′)

⎧⎨
⎩

�= 0 ⇒ diverge [Iva01]

= 0 ⇒ diverge [LM10]

By the above table,

r, r′: bounded ⇐⇒ H, H ′: abs.conti.

If H, H ′ are absolutely continuous and Jenkins-Strebel, we denote by r(∞), r′(∞)

the end points of the rays r, r′ in the augmented Teichmüller space T̂ (X), respec-
tively.
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H,H ′ : abs.conti. and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

J-S. and

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

r, r′ : mod.equi. and r(∞) = r′(∞)
⇒ asymptotic (Cor.1.2)

otherwise
⇒ bounded but not asymptotic (Cor.1.2)

not J-S. and

⎧⎪⎪⎨
⎪⎪⎩

u.e., and Γq,Γq′ have no simple
closed curves ⇒ asymptotic [Mas80]

otherwise ⇒ unknown

Let ξ, ξ′ be the end points of the rays r, r′ in the Gardiner-Masur boundary
∂GMT (X), respectively.

r, r′ : asymptotic =⇒ ξ = ξ′ ⇐⇒ r, r′ : mod.equi.
(Prop.4.15) [Wal12]
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