CONFORMAL GEOMETRY AND DYNAMICS

An Electronic Journal of the American Mathematical Society
Volume 18, Pages 31-55 (March 7, 2014)

S 1088-4173(2014)00263-X

CONFORMAL FRACTALS FOR NORMAL SUBGROUPS
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ABSTRACT. We investigate subsets of a multifractal decomposition of the limit
set of a conformal graph directed Markov system which is constructed from the
Cayley graph of the free group Fz with at least two generators. The subsets
we consider are parametrised by a normal subgroup N of Fy and mimic the
radial limit set of a Kleinian group. Our main results show that, regarding
the Hausdorff dimension of these sets, various results for Kleinian groups can
be generalised. Namely, under certain natural symmetry assumptions on the
multifractal decomposition, we prove that, for a subset parametrised by N, the
Hausdorff dimension is maximal if and only if F3/N is amenable and that the
dimension is greater than half of the maximal value. We also give a criterion
for amenability via the divergence of the Poincaré series of N. Our results are
applied to the Lyapunov spectrum for normal subgroups of Kleinian groups of
Schottky type.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper we investigate the Hausdorff dimension of a class of conformal fractals
associated with normal subgroups of free groups. Our main results show that these
fractals share many interesting properties with the radial (or conical) limit set of
a Kleinian group. To define the sets we consider, let F; denote the free group
generated by I := {gl,gfl, e ,gd,g(;l} with d > 2. The set of infinite reduced
paths starting from the identity in the Cayley graph of F,; with respect to I is given
by Si={r=(rn)elV:7m# Tijrll}. Let ® be a conformal graph directed Markov
system associated with Fy = (g, ..., g4) with coding map 73 : ¥ — RP, D > 1
(see Definition B8)). Such a system ® consists of a set of contracting conformal
maps on RP and each limit point mg (7) of ® is obtained by successively applying
these maps according to the infinite path 7 € 3. We will define subsets of the limit
set g (X) as follows. For a normal subgroup N of Fy, the symbolic radial limit set
A, (N) of N consists of those paths in X, for which the projection to the quotient
graph F,;/N visits some vertex infinitely often, that is,

A (N):={r€X:3h € Fy, such that 74 - ---- Tn € AN for infinitely many n €N} .
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We will investigate the sets mg (A, (NV)) and 7g (A, (N) N F (o, @,4))) in Theorems
[T and 2] where the multifractal level sets F («, ®,1) are for a € R given by

n—1 i

F(a,®,9) = {T ex: tim 0 VD) a},
nree Zi:o C(o" (7))
the potential ¢ : ¥ — R is Holder continuous, ¢ : ¥ — R is the geometric potential
of ® and o : ¥ — X refers to the left shift map. For the definition of the symbolic
uniformly radial limit set Ay, (V) we refer to Definition B8 We refer to Sections
and Bl for an introduction to symbolic thermodynamic formalism and graph directed
Markov systems.

To state our first main result, we have to make further definitions. For each n € N,
the set of admissible words of length n is given by
"= {weI" :wi7éw;+11,1 §i§n—1}.

For w € ¥™ and a function f: ¥ — R we define

S, f:= sup Zf(ai(T)), where [w]:={r€X:m =wi,...,Th =Wn}.

For convenience, we denote by @ the unique word of length zero and we set Sy f :=
0. We let ¥* := J,cy X" and we identify ¥* U {@} with Fy. Let N denote a
non-trivial normal subgroup of Fyy. The Poincaré series of (N, ®) and the exponent
of convergence of (N, ®) are for u € R given by

Py (u, ®) := Z e"3«¢ and Jy :=inf{u € R: Py (u,®) < oo} .
weN

More generally, for a Holder continuous potential ¥ : ¥ — R, we introduce the free
energy function of (N, ®, 1) which is for 8 € R given by

tn :R—= R, ¢ty (8):=inf {u eR: Z efSuvtuSut o oo} .
weN

Let us also set 6 := 0p, and ¢t :=tp,. For 8 € R, we say that (N, ®,) is of diver-
gence type in B if Y St Hin(B)SuC = oo, We say that (N, ®) is of divergence
type if (N, ®,0) is of divergence type in 0, that is, Py (dn, ®) = oc.

We need the following notions of symmetry (cf. Definition {1]). For each n € N
and w € X" we set |w| := n and w™! = (w;l,...,wfl). We say that (N, ®,))
is asymptotically symmetric, if for all 5,u € R there exist ng € N and sequences
(cn) € (R"‘)N and (N,,) € NY with lim,, (cn)l/n =1 and lim,, n"!N,, = 0, such that
for each g € Fy and for all n > ng,

Z eﬁ5w¢+u5w<f S Cn Z eﬁsw"l"‘f’uswc.
wENg:|w|=n weNg—tin—N, <|w|<n+N,
If (¢,) can be chosen to be bounded, for all 3,u € R, then (N,®,v) is called
symmetric.
For 8 € R, we say that (N, ®,4) is symmetric on average in § if

n S t Sw
. k=1 ZweNg:\w\:kp effSit n(B)5ut
sup lim sup

n S+t Se
g€EFq m—oo Zk:l ZwENg*1:|w\:kpeﬂ win (B)SwC

< 00,
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where p := ged{n € N: 3w € ¥ N N such that w,w; # id} and ged refers to the
greatest common divisor.

We say that (N, ®) is (asymptotically) symmetric if (N, ®,0) is (asymptotically)
symmetric, and (N, ®) is symmetric on average if (N, ®,0) is symmetric on average
in 0.

Theorem 1.1. Let ® denote a conformal graph directed Markov system associated

with Fg, d > 2. Then the following holds for each non-trivial normal subgroup N
of Fd.

(1) We have
dimpy (7¢ (Ayr (NV))) = dimpy (7 (A (N))) = 0n > 0.
(2) If F4/N is non-amenable, then
dimpy (7 (Ar (N))) < dimpy (7o (Ay (Fy))) -

(3) Suppose that (N, ®) is asymptotically symmetric.
(a) If Fq/N is amenable, then

dimy (7o (Ar (N))) = dimp (1o (Ar (Fy))) .-
(b) We have
dimH (7Tq> (Ar (N))) Z dlmH (7T<1> (Ar (Fd))) /2,

and strict inequality holds if (N, ®) is symmetric.
(4) Suppose that (N, ®) is of divergence type.
(a) Then Fyq/N is amenable.
(b) We have dimpg (mg (Ay (N))) = dimgy (7o (Ar (Fg))) if and only if
(N, ®) is symmetric on average.

Our next goal is to investigate the set mg (A; (N) N F (o, @,4)). To this end, let us
define

a_=inf{a eR: F(a,®,9¢) # 2} and ai:=sup{aeR:F(a,P,¢)#I}.

By Holder’s inequality we see that the free energy function ¢t : R — R of (N, ®, )
is convex. For 8 € R, we denote by 9ty (5) the subdifferential of ¢ty at 8 ([Roc70l
Section 23]), and we set 9tn(A) := Ugeq 9tn(B), for A C R. Let Int(A) denote
the interior of a set A C R. We will always assume that a_ < «ay, which is
equivalent to the assumption that, for each (a1,as) € R? \ {0}, the unique Gibbs
measures associated with a1¢ and agt) are distinet ([Rue78,[PW9T7]). Then it is
well known that ¢ is a real-analytic and strictly convex function which satisfies
-0t (R) = (a—,ay). Moreover, we have that F («, ®,¢) = @ if and only if o ¢
[a—, aq] ([Sch99]). Note that, if «_ and a4 coincide, then F (a_,®,9) = ¥ and
the analysis given in Theorem [[T] applies.

To state our next main result, we define the convex conjugate of ¢ ([RocT0), Section
12]) given by

ty :R—=>RU{o0}, ty(a):=sup{fa—tn(8)}, aecR
BER
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Theorem 1.2. Let ® denote a conformal graph directed Markov system associated
with Fy, d > 2. Let 1 : ¥ — R be Hélder continuous. Suppose that a— < a. Then
the following holds for each non-trivial normal subgroup N of Fj.

(1) For each oo € —Int (9ty(R)) C (a—, 1) we have
dimg (7e (Awr (N)NF (o, ®,v))) = dimp (7o (A (N) N F (a, D, 7)) = —ty (—a) > 0.

If (N, ®,) is asymptotically symmetric, then —Int (9tn(R)) = (—, a4 ).
(2) If Fy/N is non-amenable, then for each a € (a_,a4),

dimy (7o (Ay (N) N F (0, ,%))) < dimp (7mg (F (o, D,2)))) .

(3) Suppose that (N, ®,v) is asymptotically symmetric and let o € (o—, oy ).
(a) If Fq/N is amenable, then

dimpy (7o (Ar (N) N F (e, @,9))) = dimpy (7o (F (o, D, 7)) .
(b) We have
dimpy (7o (A (N) N F (o, @, %)) > dimpy (7 (F (a, D,9))) /2

and strict inequality holds if (N, ®,) is symmetric.
(4) Let B € R and suppose that (N, ®,1) is of divergence type in [5.
(a) Then Fy/N is amenable.
(b) If a€ —0t(B) and

dimg (7T<I> (Ar (N) nF (a7 P, w))) =dimpy (ﬂ-‘l’ (]: (Oé, P, ¢))) )

then (N, ®,v) is symmetric on average in 3.
(¢) If o € — (Otn(B) NInt (Oty(R))) and (N, @,4)) is symmetric on aver-
age in 3, then

dimg (7o (Ar (N) N F (a, @,4))) = dimy (7o (F (o, ,7))) .

Remark 1.3. If N is finitely generated, then (NN, ®) is of divergence type by Lemma
BI4 Hence, Fy/N is amenable by Theorem [[I] a]). In fact, it is well known
that, if N is a finitely generated normal subgroup of F,, then Fy/N is finite. In
particular, we then have that Ay, (N) = A, (Fy) = 7e ().

Remark 1.4. Tt is also worth noting that the proof of ({l) in Theorems [[T] and
makes use of a certain induced graph directed Markov system @ (Definition [B.9).
This system ® is regular ([MUO3, Section 4, page 78]) if and only if (N, ®) is of
divergence type by Lemma [BI4l In particular, we have by Theorem [[LT] (4a]) that,
if F;/N is non-amenable, then ® is irregular.

Before we proceed to discuss applications to Kleinian groups, let us briefly point
out a relation to the cogrowth of group presentations (g1, ..., ga|r1,72,...)ond > 2
generators ([Gri80], [Coh82]). If the geometric potential of ® is constant, then it
is easy to see that the cogrowth n of (g1,...,g4|r1,72,...) is given by d5 /6, where
N is the normal subgroup generated by 71,72,.... Since every constant potential
is symmetric with respect to N, the criterion for 65 = ¢ in Theorem [Tl ([2) and
Ba)) is the well-known cogrowth criterion n = 1 for amenability of F;;/N, and the
lower bound in Theorem (BL) corresponds to the lower bound 7 > 1/2 for the
cogrowth ([Gri80], [Coh82]).
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1.1. Related results for Kleinian groups. Let us now state the analogous res-
ults for Kleinian groups, which have motivated our results. We first recall some
basic notations for Kleinian groups. For references on limit sets of Kleinian groups
and the associated hyperbolic manifolds, we refer the reader to [Bea95|Mas88|
Nic89,MT98.[Str06].

For a Kleinian group I' acting on the Poincaré disc model D := {z € R" ™! : ||z[| < 1}
of hyperbolic (n + 1)-space, n € N, the Poincaré series is, for each s € R, given by
P(T,s) := Zwer e=5U07() " where d denotes the hyperbolic metric on I. The
exponent of convergence of T' is given by § (I') :=inf{s > 0: P (T, s) < co}. It is
well known by a theorem of Bishop and Jones ([BJ97]) that the exponent of con-
vergence of a non-elementary Kleinian group I' is equal to the Hausdorff dimension
of the (uniformly) radial limit set of I, that is,

(L1) 5 (1) = dimpr (Lus (1) = dimy (L (I)).

Passing from a non-elementary Kleinian group I' to a normal subgroup N of I" gives
rise to a normal covering of the associated hyperbolic manifolds. Brooks proved in
[Bro85] that if I" is convex cocompact and 6 (I') > n/2, then

(1.2) 0(T) =9 (N) if and only if I'/N is amenable.

A recent result of Stadlbauer ([Stal3]) shows that the amenability dichotomy in
([C2) holds for all essentially free Kleinian groups I' with arbitrary exponent of
convergence.

A complementary result is due to Falk and Stratmann ([ES04, Theorem 2]) which
states that for each non-trivial normal subgroup N of a non-elementary Kleinian
group I', we have that

(1.3) §(N) > §(T) /2.

Roblin (JRob05]) proved that strict inequality in (L3 holds if the Kleinian group
T is of divergence type, that is, P (T",0 (I')) = co. Another proof of this result was
independently obtained by Bonfert-Taylor, Matsuzaki and Taylor ([BTMT12]), if
T is convex cocompact. A related result by Matsuzaki and Yabuki in [MY09] states
that

(1.4) if P(N,8(N)) = oo, then § (T') =& (N).

In [Jael3|, the author used this result of Matsuzaki and Yabuki to give a short new
proof of the strict inequality in (I3)) if T is of divergence type.

Remark. A related result is due to Rees ([Ree81alRee81b]) which shows the follow-
ing for a non-trivial normal subgroup N of a convex cocompact geometrically finite
Fuchsian groups I' such that I'/N ~ Z< for some d € N: The critical exponents
0 (N) and 6 (T') coincide. Moreover, we have that N is of divergence type if and
only if d < 2.

We first observe that Theorem [IT] () gives the analog statement to (II]). Moreover,
the results given in Theorem [l (2)) and (Ba)) extend the amenability dichotomy in
(T2). The lower bound in Theorem [[T] (BD) corresponds to (I.3) and strict inequal-
ity holds because the finitely generated group Fy is of divergence type by Lemma
BI4 Theorem [l (al) and (L) shed new light on (I4)). Finally, the results of
Theorem show that similar results hold if the radial limit set is intersected with
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the level set of a multifractal decomposition with respect to a Hélder continuous
potential.

Let us also remark that the symmetry assumptions imposed on the graph directed
Markov system ® in Theorems [Tl and mimic the property that d(0,¢(0)) =
d(0,971(0)) for every isometry g with respect to the hyperbolic metric d. This
relation will be further illustrated in the following subsection.

1.1.1. Application to mormal subgroups of Kleinian groups of Schottky type. Let
us briefly describe a class of Kleinian groups, to which our results are directly
applicable. Let I' = (v1,...,74) denote a Kleinian group of Schottky type with
d > 2. Then I' is a free group generated by hyperbolic transformations v1,...,vq
([Jael4al Definition 5.2]). Let N denote a non-trivial normal subgroup of I'. It
is shown in [Jael4al Proposition 5.6] that there exists a conformal graph directed

Markov system ®r associated with T' = (71, ...,7v4), such that for each non-trivial
normal subgroup N of T,
(1.5) L, (N) =7, (A, (N)) and Ly (N) =7, (Au (N)).

The limit set L(I") is equal to the limit set of ®r and a symbolic representation is
given by X := {’7’ eIV £ T;_ll} where [ := {'yl,'yfl, . ,yd,vl;l}. The geomet-
ric potential ¢ : ¥ — R~ of & has the property that there exists C' > 0 such that
for all w € Fy,

(1.6) C1e%C < o d0w(0) < S,

We refer to (see [Ser&1]) for details. Let tx : R — R denote the free energy function
of (N, ®r, —1). Observe that by (I.6) we have for each 8 € R,

tn (B) = inf{u eR: Z e~ Alwl—ud(0.w(0) o oo}.
weN
We now consider the (inverse) Lyapunov spectrum of L(T") and its restriction to
L, (N). More precisely, we define for each o € R the level sets

L(a):= {TEL(F):nILn;om :a}

Set a— = min{a € R: L(a) # &} and a4 = max{a € R: L(a) # T}. As a
corollary of Theorem [[.2] we obtain the following for the Lyapunov spectrum.

and Ly (a):=L(a)NL,(N).

Corollary 1.5. Let I' denote a Kleinian group of Schottky type and let N denote
a non-trivial normal subgroup of T'. Then for each o € (a—, ay) we have that

dimy (£ ()
2

The second inequality in () is an equality if and only if T/N is amenable.

Moreover, if there exists B € R such that ) e Plol=tn (B)d(0.w(0)) = oo then

I'/N is amenable.

Proof. Recall that by (L), we have L, (N) = 7mg. (A; (N)). Furthermore, we
observe that by (LO) we have L (a) = 7. (F (o, Pr,—1)) where 1 : ¥ — {1}.
Since 7g,. is one-to-one we have that Ly (o) = me, (F (o, Pr, —1) N A, (N)). Using
that d(0,w(0)) = d(0,w™1(0)) for each w € Fy, we have C~1e%¢ < Ce%.-1¢ by
(C®). Thus, we have that (N, ®r,—1) is symmetric. The corollary now follows
from Theorem O

(1.7) < dimg (Ly () < dimpy (£ (@) .
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1.2. Plan of the paper. The results stated in Theorems [[I] and are de-
duced from general results of the thermodynamic formalism for group-extended
Markov systems developed by Stadlbauer ([Stal3]) and by the author ([JaelllJael2]
Jael4D), see also [Jael4al). These results are given in Section[dl The general results
stated in Proposition L8 which are used to derive (Bh]) of Theorems [Tl and [[2]
are new in the context of group-extended Markov systems. To obtain the strict
inequality in (BH) of Theorems [L1] and and the results involving the divergence
of the Poincaré series of the normal subgroup, we make use of a characterisation of
recurrent potentials from [Jael2).

In Proposition [3.13 we develop a multifractal formalism for the multifractal decom-
position of the radial limit set parametrised by a normal subgroup. We make use
of an induced graph directed Markov system (Definition B.9]) which is generated by
infinitely many maps if the normal subgroup is of infinite index. A similar argu-
ment as in [KMS12] allows us to relate the limit set of the induced graph directed
Markov system to the level sets F (a, ®,4) (see Proposition B.I3]). We then use the
methods from [JK11] to establish the multifractal formalism.

For a graph directed Markov system ® consisting of similarities, the results stated in
Theorem [T (@), @), (3a) and (BL) are contained in [Jael4a]. In the present paper,
we have generalised the results essentially in two ways: First, Theorem [[I] applies
to arbitrary conformal graph directed Markov systems, and second, Theorem
allows us to investigate intersections of the radial limit set parametrised by a normal
subgroup with level sets of a multifractal decomposition with respect to a Hoélder
continuous potential. Moreover, the result stated in Theorem [LT] (L)) is new even
if ® consists of similarities.

The outline of this paper is as follows. In Section 2l we collect the necessary prelim-
inaries on the symbolic thermodynamic formalism for Markov shifts. In Section B]
we give the definition of conformal graph directed Markov systems associated with
free groups and their radial limit sets, and we develop a multifractal formalism in
this context. In Section [] we give results on amenability and recurrence for group-
extended Markov systems, from which we deduce our main results in Section

2. THERMODYNAMIC FORMALISM FOR MARKOV SHIFTS

Throughout, the state space of the thermodynamic formalism will be a Markov
shift 3 given by

3= {7' = (T177'2’...) S INI a(TZ‘,TH_l) =1forallie N},

where I denotes a finite or countable alphabet, the matrix A = (a(i, j)) € {0,1}"*/
is the incidence matriz and the left shift map o : X — X is given by o (71, 72,...) :=
(12,73,...), for each 7 € ¥. We denote by

Yri={wel": a(wj,wit+1)=1,1<i<n-1}

the set of A-admissible words of length n € N. The set of A-admissible words of
arbitrary length is given by ¥* := (J, .y X". We define the word length function
|| ¥*UX — NU {0}, where for w € 3* we set |w| to be the unique n € N such
that w € £™ and for w € ¥ we set |w| := co. For each w € ¥* U¥ and n € N with
1 <n < |wl|, we define wy, := (w1,...,wy,). For 7,7/ € X, we let 7 A7’ := 7);, where
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l:= sup{n eEN:7, = Tlln}. For n € Ny and w € X", the cylinder set [w] is given
by [w]:={reX: 7, =w}.

If ¥ is the Markov shift with alphabet I whose incidence matrix consists entirely
of 1s, then we have that ¥ = IN and ¥ = I™, for all n € N. Then we set I* := X*.
For w,w’ € I* we denote by ww’ € I* the concatenation of w and w’, which is
defined by ww’ := (wl, e W]y Wy e ’wllw’l) for w,w’ € I'*. Note that I'* forms
a semigroup with respect to the concatenation operation. The semigroup I* is
the free semigroup generated by I and satisfies the universal property that, for
each semigroup S and for every map u : I — S, there exists a unique semigroup
homomorphism @ : I* — S such that u (i) = u (3), for all ¢ € I.

We equip I with the product topology of the discrete topology on I. The Markov
shift ¥ C IV is equipped with the subspace topology. A countable basis of this
topology on X is given by the cylinder sets {[w] : w € ¥*}. We will make use of the
following metrics generating the product topology on 3. For a > 0 fixed, we define
the metric d, : ¥ x ¥ — R on X given by

dy (1,7") = e_a‘TATlL for all 7,7 € X.

For a function ¢ : ¥ — R and n € Ny we use the notation S, : ¥ — R to denote
the ergodic sum of ¢ with respect to o, in other words, S,p = Z?;()l poot.

We say that a function ¢ : ¥ — R is a-Hdélder continuous, for some a > 0, if

Va () := sup {Va,n ()} < oo,
n>1
where for each n € N we let
le (1) — @ ()]

Vo ()= sup { 2L =21

The function ¢ is Hélder continuous if there exists o > 0 such that ¢ is a-Hoélder
continuous.

:T,T’EZ,|T/\T’|>71}.

The following fact is well known.

Fact 2.1 (]MUO3, Lemma 2.3.1]). If ¢ : ¥ — R is Hélder continuous, then there
ezists a constant Cy, > 0 such that, for all w € ¥* and 7,7’ € [w], we have

|Siw (1) = S ()] < Co.

We will make use of the following notion of pressure introduced in [JKL14, Defini-
tion 1.1].

Definition 2.2 (Induced topological pressure). For ¢, A : ¥ — R with A > 0, and
C C ¥* we define for n > 0 the A-induced pressure of ¢ (with respect to C) by

1
Pa (p,C) := limsup — log g eJw?,
( ) T—o0 T wec
T—n<Sy,ALT

which takes values in R U {zoo}. In here, we set Sy, 1= sup, ¢ Sjw|® (7)-
Remark. Tt was shown in [JKLI4, Theorem 2.4] that the definition of Pa (¢,C) is

in fact independent of the choice of n > 0. For this reason we do not refer to n > 0
in the definition of the induced pressure.
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Notation. If A and/or C is left out in the notation of induced pressure, then we
tacitly assume that A =1 and/or C = X*. That is, P (¢) := P1 (¢, Z*).

We will make use of the following mixing properties for a Markov shift ¥ with
alphabet 1.

3 is drreducible if, for all 7, j € I, there exists w € ¥* such that iwj € X*.
3 is topologically mizing if, for all i,7 € I, there exists ng € N with the
property that, for all n > ng, there exists w € X" such that iwj € ¥*.

3 is finitely irreducible if there exists a finite set F' C X* with the property
that, for all 7,57 € I, there exists w € F' such that iwj € X*.

Y is finitely primitive if there exists [ € N and a finite set F' C X! with the
property that, for all 4, j € I, there exists w € F such that iwj € ¥*.

Remark. Note that X is finitely primitive if and only if ¥ is topologically mixing
and if ¥ satisfies the big images and preimages property (see [Sar03]).

The following fact is taken from [JKLI4l Section 2]. (The characterisation of in-
duced pressure via the exponent of convergence of the Poincaré series is proved in
[JKLI4l Theorem 2.4 and Remark 2.7], for the other properties, see [JKL14, Co-
rollary 2.10 and Remark 2.11].)

Fact 2.3. Let X be finitely irreducible, C C ¥* and let p, A : ¥ - R with A > ¢ >0
for some ¢ > 0. Then we have

Pa(p,C) =inf{u e R:P(p—uA,C) <0} =inf {u eR: ZeSW(“’_"A) < oo} .
wel

If additionally card (I) < oo, then u+— P (o — ulA,C) defines a strictly decreasing,

continuous map on R with values in R. Moreover, we have that Pa (p,C) is the

unique u € R such that P (¢ —uA,C) = 0.

The following notion of a Gibbs measure is fundamental for the thermodynamic
formalism (cf. [Rue69)], [Bow75l).

Definition 2.4 (Gibbs measure). Let ¢ : 3 — R be continuous. We say that a
Borel probability measure p is a Gibbs measure for ¢ if there exists a constant
Cy > 0 such that

1 p([w]) .
(21) CH S m S CM’ forallwe X" and 7 € [(U] .

The following theorem is proved in [MUOQ3] Section 2].

Theorem 2.5 (Existence of Gibbs measures). Let ¥ be finitely irreducible and let
¢ : X — R be Holder continuous with P () < oco. Then there exists a unique
o-invariant Gibbs measure for ¢.

3. GRAPH DIRECTED MARKOV SYSTEMS ASSOCIATED WITH FREE GROUPS

In this section we first recall the definition of a conformal graph directed Markov
system (GDMS) introduced by Mauldin and Urbaiiski ([MUOQ3]). Then we give
the definition of a GDMS associated with a free group and the radial limit set
([Jael4al).
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3.1. Preliminaries.

Definition 3.1 (Graph directed Markov system, [MUQ3]). A graph directed Markov
system (GDMS) ® = (V,(Xy), ey » B, i t, (¢e) e » A) consists of a finite vertex set
V, a family of non-empty compact metric spaces (X,), .y, a countable edge set
E, maps i,t : E — V, a family of injective contractions ¢. : X;) — Xj() with
Lipschitz constants bounded by some 0 < s < 1, and an edge incidence matrix
A€ {0,137 which has the property that a (e, f) = 1 implies ¢ (¢) = i (f), for all
e, f € E. The coding map of ® is given by
Tt Lo — @ X,, such that ﬂ b, (Xt(T")) = {me (1)}, for each 7 € Xg,
veV neN

where @Uev X, denotes the disjoint union of the sets X, and X denotes the
Markov shift with alphabet set E and incidence matrix A. The limit set of ® is
defined by J (®) := m¢ (X). Further, we set

J* (D) = U 7o (S N EFY).
FCE,card(F)<oo

Definition 3.2 (Conformal GDMS, [MU03]). The GDMS @ = (V, (Xy),cy »
(Pe)ecr A) is called conformal if the following conditions are satisfied.

E,it,

(a) For v € V, the phase space X, is a compact connected subset of the Eu-
clidean space (R, | -|), for some D > 1, such that X, is equal to the

closure of its interior, that is, X, = Int(X,).
(b) (Open set condition (OSC)). For all a,b € E with a # b, we have that

o (Int(Xt(a))) N oy (Int(Xt(b))) = .

(c) For each vertex v € V there exists an open connected set W, D X, such
that the map ¢, extends to a C' conformal diffeomorphism of W, into
Wi(e), for every e € E with t (e) = v.

(d) (Cone property). There exist I > 0 and 0 < v < 7/2 such that, for each
v €V and z € X, C RP there exists an open cone Con(z,v,1) C Int(X,)
with vertex x, central angle of measure v and altitude .

(e) There are two constants L > 1 and « > 0 such that for each e € E and
%,y € Xy(e) we have

)| = 6@l < L daf 16, @y — =]

where | - | refers to the operator norm of a bounded linear operator on
(R -1)-
Lemma 3.3 ([MU03| Lemma 4.2.2]). If ® is a conformal GDMS, then for all
w € X% and for all x,y € Wy, we have
L
(3.1) log 161, (2)| ~ log 6L, (y)I| < 1=

Definition 3.4. For a GDMS & satisfying (@) and (@) of Definition B.2] the geo-
metric potential ¢ : g — R~ of ® is given by

¢ (1) :==1og ¢, (me (o (7)))], for all T € Sg.
The following fact follows from [MUOQ3] Proposition 4.2.7, Lemma 3.1.3] and
Lemma 33

=yl
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Fact 3.5. Suppose that a GDMS & satisfies @) and @ of Definition and
that the inequality BI)) in Lemma B3l holds. Then the geometric potential { of

® is Hélder continuous. In particular,  is Holder continuous if ® is a conformal
GDMS.

The following result is taken from [MUQ3, Theorem 4.2.13], where finitely primit-
ivity can be replaced by finitely irreducibility (see also [RU0OS|, Theorem 3.7]). The
last equality in Theorem follows from Fact 23] with ¢ := 0 and A := —(, since
the geometric potential ¢ of ® satisfies ¢ < log (s) < 0, where s denotes the uniform
bound for the Lipschitz constants of the generators of ® (see Definition [B.1]).
Theorem 3.6 (Generalised Bowen’s formula). Let ® be a conformal GDMS with
a finitely irreducible incidence matriz A and geometric potential ¢ : g — R™. We
then have that
dimy (J (®)) = dimpy (J* (®)) =inf{u € R: P (u¢) <0} =inf {ucR: Y "¢ < oo}.
wesy
Remark 3.7. The generalised Bowen’s formula also holds if the GDMS & satisfies
@) (d) of Definition B2 and the inequality (1)) stated in Lemma[3:3l To prove this,
we distinguish two cases. In the case D > 2, it follows from [MUOQ3| Proposition
4.2.1] that, if ® satisfies @) and (@) of Definition [32] then ® automatically satisfies
@®) with « = 1. If D =1, then a closer inspection of the proof of [MUQ03, Theorem
4.2.13] shows that Definition @) is in fact only used to deduce (BI]) of Lemma
(cf. [MU96, Lemma 2.2]).

3.2. Radial limit sets. Graph directed Markov systems associated with free
groups and their radial limit sets have been introduced in [Jael4a, Definition 2.10].

Definition 3.8 (GDMS associated with a free group, (uniformly) radial limit set).
We denote by Fy = (g1,...,94) the free group on d > 2 generators. Let

I'={g1,97" -, 90,97} and S:={rel":m#75}.
Let N be a non-trivial normal subgroup of Fy. The symbolic radial limit set of N

and the symbolic uniformly radial limit set of N (with respect to Fg = (g1,...,94))
are given by

Ay (N):={7r € X:3h€Fy, such that 7, - --- - 7, €AN for infinitely many n € N}
and

Aur (N) :={r € ¥:3H C F, finite, such that 74 ----- T, € HN for all n € N} .

A GDMS ¢ = (V, (Xo)pev s B85t (9e) e ,A) is associated with Fy = (g1,...,94),
d>2ifV = {gl,gl_l,...,gd,ggl}, E={(ww) eVivtwl} it: E—=V
are given by i (v,w) = v and ¢ (v, w) = w and the incidence matrix A € {0,1}"*"
satisfies a (e, f) = 1 if and only if t(e) = i (f), for all e, f € E. We will tacitly

apply the canonical bijection between the spaces

2@ = {((’1}1,’[)2) s (’UQ,?);;) y )E(V X V)N LU 7& ’U;rll}
and
Y= {(vl,vg,...)EVN S U;_ll} )
We call mg (A; (N)) and 7 (Ayr (N)) the radial limit set of N with respect to ®
and the uniformly radial limit set of N with respect to ®.
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3.3. The induced GDMS. In order to investigate the radial limit set of a normal
subgroup N of Fy with respect to a GDMS @ associated with Fj;, we introduce an

induced GDMS ® whose edge set consists of first return loops in the Cayley graph
of Fd/N

Definition 3.9. Let ® = (V, (Xo)pev s B, 1,1, ((be)eeE,A) denote a conformal
GDMS associated with Fy, d > 2, and let N denote a non-trivial normal subgroup
of Fy. The N-induced GDMS of ® is given by

b= <v, (Koo BE (6) A) |
where the edge set E is given by
E = {wesy vi(wi) - i (wpw) EN and i (wy) - -+ i(wg)gN for 1 <k < |wl},
and the maps i,7 : E — V are given by i (w) := i(w;) and # (w) =t (w]e), for
cach w € E. Further, the incidence matrix A € {0, 1}EXE is given by a (w,w’) :=
a (w|w|,w’1) and the contractions (q;w)weE are defined by ¢, = Puy 020 Puyys
for each w € E.

Notation 3.10. For the N-induced GDMS @, there are canonical embeddings Z}) —
Y3 and X < Xy, which we will both denote by ¢. It will always be clear which
map is in use.

Definition 3.11. For a function f : X¢ — R, the induced version f 12X — Ris
given by f (7) := S|,z f(¢ (7)), for each 7 = (71,72, ...) € L.

The proof of the following lemma is straightforward and therefore omitted.

Lemma 3.12. Let ® denote a conformal GDMS associated with Fy, d > 2. Let N
denote a non-trivial normal subgroup of Fy, and let ® denote the N -induced GDMS
of ®. Then we have the following.

(1) The incidence matriz A of ® is finitely irreducible.

(2) For the coding maps g @ X5 — J (&)) and T : Yo — J(P), we have
74 (T) = ma (0 (7)) for each T € ¥

(3) The geometric potential ¢ : ¥z — R of ® is the induced version of the
geometric potential ¢ : X — R of ®. }

(4) Let f : Xo — R be Holder continuous. Then the induced version f :
Yg — R is Holder continuous and there exists a constant Cy > 0 such that
SL(L;,)f — Cf <Sqf < SL(@)f, for all & € EE’.

The next proposition provides a version of Bowen’s formula for the Hausdorff di-
mension of the radial limit set of a normal subgroup N of Fy with respect to a
conformal GDMS @ associated with Fy. This extends [Jaelll Proposition 6.2.8]
and [Jaeldal Proposition 1.3]. Moreover, we establish a multifractal formalism in
this context.

Proposition 3.13. Let ® denote a conformal GDMS associated with Fy, d > 2,
and let N denote a non-trivial normal subgroup of Fy. Let ¥ : ¥ — R be Holder
continuous and let t denote the free energy function of (N, ®,1). Then we have
the following.
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(1) dimp (7 (Aur (N))) = dimy (e (Ar (N))) = 0.

(2) dimpy (7 (A ( )ﬁ]—'(a@w)))gma {=ty (—a),0}, for each a € R.

(3) dimy (7e (Aw (N) N F (a, @,¢))) = dimy (7T<I>(A (N)NF (a, @, 9))) =
—ty (—a) > 0, for each o € —Int (Itn (R)).

Proof. Let ® denote the N-induced GDMS of ®. First, we relate the limit set
of ® to the radial limit set of N with respect to ®. Using Lemma @, it is
straightforward to verify that

(3.2)

J* (@) C 76 (Aur (N)) C 70 (Ar (N)) € J (@) U U b, (13 (7)) .
neEXL, ,TEX ;M (T)EX

Note that the right-hand side of ([3.2) is a countable union of Lipschitz continuous
images of J (&)) Since Lipschitz continuous maps do not increase Hausdorff di-

mension and since Hausdorff dimension is stable under countable unions, we obtain
that
(3.3)

dimyy <J* (cp)) < dimpy (s (Aur (V) < dimp (s (Ar (V) < dimp (J (cp)) .

The GDMS & satisfies the conditions (@) (d) in Definition Further, since
{(bw NS E*} is a subfamily of {¢w w € Xk } it follows that ® satisfies (s30)
of Lemma [3.3] Moreover, by Lemma, (@), the incidence matrix of @ is finitely
irreducible. Hence, by Remark 3.7 the generalised Bowen’s formula in Theorem
and [B3) give that

(3.4)

dimg (7g (Ayr (N))) = dimp (7 (A, (N))) = inf{5 ER: Y e#SaC < oo}.
JJeZg

For each &€ X% there is n €N such that ¢ () € XF. Write ¢ (0) = ((v1, w1) , (v2, w2)

.y (Un,wy)). By mapping each element ((vi,w1), (ve,ws2),...,(Un,wy)) to
(v1v2...vn), we obtain a (2d — 1)-to-one map from X3 onto N \ {id}. Hence,
by Lemma ), we see that

(3.5) inf{ﬂ eR: Z efSaC < oo} = inf{ﬂ eR: Z et < oo} =nN.
GeDy weN\{id}
Combining (34) and (B3 finishes the proof of ().

For the remaining part of the proof, we define for each @ € R the symbolic level
sets
S(‘rl ..... Tk)¢

F'(a):=97=(T1,T2,...) €Xg : lim ——*— = and sup{|¢ (7) |} < o0
(0) = {7 = (A1, 7. ) e fim S sup {1 (7) [} < oo }

- s _ = = . (7'1, T’“)w
Fla):= {7— = (f1,T2,...) € Yg: kILOO S(_r1 Tk)C a},
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Furthermore, we define £ : R — R U {oo} which is for each 8 € R given by
7(8) ::inf{ueR:P(Bz/?—kuf) < o}.
By Fact 23] we have that for each 3 € R,
t(B) = inf{u eR: Z efSaituSal o oo}.
HEDY
Following the proof of ([B1]), we see that, for each § € R, we have
(3.6) t(B) =tn (B).

To prove the upper bound for the Hausdorff dimension in (2), first observe that, sim-
ilarly as in 2)), the set 7o (A (N) N F (o, D, 1)) is contained in a countable union

of Lipschitz continuous images of 75 (]—' (a)). Then by a standard covering argu-
ment (see e.g. [JK11l Theorem 1.2]) we have dimp (]:' (a)) < max {—t* (—«),0},
which, in light of (86, finishes the proof of (2I).
To prove ([@]), we first verify that for each a € R,

(3.7) . (;E* (a)) C A (N) O F (0, ®,1)).

Clearly, we have that ¢ (]i'* (a)) C Ay (IV), so it remains to show that ¢ (.7:"* (a)) C

F (o, ®,1). The proof follows [KMSI2, Proposition 4.3]. Let 7 € F* (@) be given
and set 7 := ¢ (7). Then there exists [ € N such that |« (7;)| < I, for each ¢ € N. For
each n > [, let

k(n) = max{k eN: ﬁ)(m) < n}

Then there exists r (n) <[ such that n = Zfﬁ;) |t (73)| + 7 (n). For f e {¢,9¥} we
set

Mp:=max{S,f:weX",1<r<I} and my=min{S,f:wei",1<r<I}.
Since ¢ and 1 are Holder continuous, we have by Lemma [3.12] ) and Fact 2] that
SGretief T =20 < Sy m) [ < St [+ My + C

which then gives
Sty ‘Fk(m)w + my — 20y < Sir ) ¥ < S(Fy 7~'k(n))w + My + Cy
S(ﬁ ..... ;k(n))C + M. + Cg a S(n,..,,rn)C o S(ﬁ ..... 7~_k(">)C +me — 2C'<

F (e, @,1)). The proof of [B7) is complete. By Lemma @) we conclude that
T (.7:"* (a)) C 7o (Auyr (N) N F (o, @,1)). Combining with the upper bound in (2]
and ([B.4), the proof will be completed, if we have shown that

dim g (77@ (.7}* (a))) = —t* (—a) > 0, for each a € — Int (9% (R).
A straightforward modification of [JK11l, Proof of Theorem 1.2] shows that

dimp (% (ﬁ* (a))) = dimy (% (ﬁ (a))) = —* (—a)
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for each o € — Int (9% (R). The crucial step of this modification is to show that the
function ¢ satisfies the exhaustion principle, that is, t (8) = sup,,cy tn (8), where ¢,
is for each n € N and 8 € R given by

tn (B) == inf{u eR: Z Z eBSsutusal o oo}.

KEN (@1,....0n)€BE te(@i)| <n,1<i<k

This exhaustion principle can be verified similarly as in [JKI1, Example 1.6, The-
orem 1.7] by using that Xg is finitely irreducible (cf. [MUQO3, Theorem 2.1.5]).
Finally, to prove that —t* (—a) > 0, we observe that —t* (—a) > —t (—a) > 0
for all n sufficiently large, which follows from the well-known facts that —t* is a
non-negative, strictly concave and real-analytic function on 0%, (R) ([PW97]) and
that a € — Int (0%, (R) ([Roc70, Theorem 24.5)), for n sufficiently large. The proof

is complete. O

Recall that the GDMS d is called regular ([MUQ3, Section 4, p.78]) if there exists
u € R such that P(u() =0.

Lemma 3.14. Let ® denote a conformal GDMS associated with Fy, d > 2, and
let N denote a non-trivial normal subgroup of Fy. Let ¢ : ¥ — R be Holder
continuous and let B € R. Then (N, ®,v) is of divergence type in (8 if and only if
there exists u € R such that P(ﬂl[) + uf) = 0. Moreover, if N is finitely generated,
then (N, ®,4) is of divergence type in (.

Proof. Suppose that (N, ®,1) is of divergence type in 8. Then we have 73(51/; +
ty (B) 5) > 0. Further, by Fact 23] we have that ty (8) = inf{u eR: 77(6121 +

uf) < 0}, because X is finitely irreducible by Lemma (). Using again that
Y is finitely irreducible, it follows from [MUQ3, Theorem 2.1.5] that the map

U — 73(61; + uf) € RU {oo} is the monotone limit of a sequence of continuous
functions. Consequently, the map u — P(ﬂi}—l—uf ) is lower semi-continuous, which
then implies that P (8¢ + tx (8) ¢) < 0. Hence, we have P (8¢ + tx (8) () = 0.

To prove the converse, suppose that P(BQZJ +tn (B) 5) = 0. Since Xj is finitely

irreducible, there exists a Gibbs measure p for the potential ﬁ1/~)—|—t ~N (B) Q: supported

on X3 by Theorem Hence, we have that ) > ocsn i ([@]) = co. Since
kil

'P(&ZJ +tn (B) 5) =0, it follows from the Gibbs property of p 2I) that (N, P, )
is of divergence type in .

To finish the proof, suppose that N is finitely generated. Then the edge set of P is
finite, and hence, ® is regular. In particular, we have that (N, ®, ) is of divergence
type in 8. The proof is complete. |

4. GROUP-EXTENDED MARKOV SYSTEMS

Throughout this section, let I denote a finite or countable alphabet and let I*
denote the free semigroup generated by I. Let G denote a countable group G and
let ¥ : I* — G denote a semigroup homomorphism. The skew product dynamical
system 0 X ¥ : ¥ x G — X x G, which is given by

(6 xU)(r,9):=(c(7),9%¥ (11)), forall (r,9) € X x G,
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is called a group-extended Markov system (see also [Jaeldal Section 4]). Note that
(3 X G,0 % ¥) is conjugated to the Markov shift with state space

{((7.9:0) € I x @) (7)) € Wi € Ngo¥ () = gis

Let m : ¥ x G — X denote the canonical projection.

We will make use of the following notions of symmetry for group-extended Markov
systems.

Definition 4.1. Let (X x G, 0 x ¥) denote an irreducible group-extended Markov
system. We say that ¢ is asymptotically symmetric with respect to U ([Jaeldal
Definition 3.14]) if there exist ng € N and sequences (c,) € (R*) and (N,,) € NN
)1/" =1 and lim, n"'N,, = 0, such that for each ¢ € G and for all

E ¥ < ¢, E eSw®.

weXPNT—1(g) weX*NU—1(g=1):in—N,<|w|<n+N,

with lim, (¢,
n Z no,

If (¢,,) can be chosen to be bounded, then ¢ is called symmetric with respect to W.
Moreover, ¢ is symmetric on average with respect to ¥ ([Jael2, Definition 1.4]) if

n 7kp73(<p T (id)ns*) )

sup lim sup wEBrP Y (g)
e—kpP(p, = 1(id)NS* S
geG n—oo Zk PP(e, (id) )Z exkrN¥—1(g— )e v

where p :=ged {n € N: 3w € X" N ¥~ (id) such that w,w; € ¥?}.

< 00,

Remark 4.2. Throughout this section, we make use of the induced pressure
P (¢, U~ (id) N $*) (see DefinitionZ2), where X is finitely primitive, (¥ x G, 0 V)
is an irreducible group-extended Markov system and ¢ : ¥ — R is Holder continu-
ous. A straightforward generalisation of the proof of [Jaelll Remark 5.1.6] shows
that P (¢, ¥~! (id) N X*) coincides with the Gurevi¢ pressure of pomy with respect
0 (X x G,0 % ¥) (see [Sar99]).

4.1. Amenability. Let us first recall the definition of the important property of
groups which was introduced by von Neumann [Neu29] under the German name
messbar. By Day ([Day49]), groups with this property were renamed amenable
groups.

Definition 4.3. A discrete group G is amenable if there exists a finitely additive
probability measure v on the power set of G, such that v (A) = v (g (A)), for all
geGand ACG.

The following result is taken from [Jael4bl Corollary 1.6]. (See also [Jaelll, Theorem
5.3.11] and [Jael4al, Corollary 4.22 and Remark 4.23], where the case of a finite
alphabet was considered.) Stadlbauer proved a similar result for weakly symmetric
potentials ([Stal3, Theorem 4.1]).

Theorem 4.4 (|Jaeldb, Corollary 1.6]). Let ¥ be finitely primitive and let (X x G,
o x W) be an irreducible group-extended Markov system. Suppose that ¢ : ¥ — R
is Holder continuous with P (p) < oo and that ¢ is asymptotically symmetric with
respect to W. If G is amenable, then P (p, U1 (id) NX*) = P ().

The next theorem provides a converse of the previous theorem and is due to
Stadlbauer.
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Theorem 4.5 ([Stal3l Theorem 5.4]). Let ¥ be finitely primitive and let (¥ x G,
o x W) be an irreducible group-extended Markov system. Let ¢ : 3 — R be Holder
continuous. If P (¢, ¥~ (id) N X*) =P (p) < oo, then G is amenable.

4.2. Recurrence and lower bounds for pressure. Let ¥ be finitely primitive
and let (X x G, 0 x ¥) denote an irreducible group-extended Markov system. Let
¢ : ¥ — R be Holder continuous with P (ap, v-1(id) N E*) < oo . The potential
pom: XX G— Ris called recurrent if

Z 0P (¥ ([)Nz") Z %P = 0.

neN weRTNT—1(id)

Remark. Tt follows from Remark that this definition of a recurrent potential
coincides with Sarig’s definition of a recurrent potential ([Sar01l Definition 1]).

In order to give lower bounds on P (¢, ¥~! (id) N X*), we need the following theo-
rem.

Theorem 4.6 ([Jael2, Corollary 1.2, Remark 1.6]). Let X be finitely primitive and
let (X x G,0 x W) be an irreducible group-extended Markov system. Let ¢ : ¥ — R
be Holder continuous with P (gp, U1 (id)n E*) < 0o. If pomy is recurrent, then G
is amenable.

For a recurrent potential, we can characterise when P (¢, ¥~ (id) N £*) and P (¢)
coincide.

Proposition 4.7 ([Jael2, Proposition 1.5, Remark 1.6]). Let X be finitely primitive
and let (¥ x G,0 x ) be an irreducible group-extended Markov system. Let ¢ :
Y — R be Hélder continuous with P (ap, v-1(id)n Z*) < o0. If pomy is recurrent,
then we have that P (¢, ¥ ! (id) N X*) = P (p) if and only if ¢ is symmetric on
average with respect to .

Remark. By combining Theorem [.6] Theorem .4l and Proposition [£.7], we see that,
if ¢ oy is recurrent and if ¢ is asymptotically symmetric with respect to ¥, then
@ is symmetric on average with respect to W.

The next result gives a lower bound on P (, ¥~ (id) N X*). A similar result to
the first assertion is given in the author’s thesis ([Jaelll, Theorem 5.3.11]). The
second assertion makes use of Theorem [L.6] and is inspired by [Jael4a, Lemma 5.1],
where a locally constant potential ¢ is considered.

Proposition 4.8. Let ¥ be finitely primitive and let (¥ X G,0 x¥) be an ir-
reducible group-extended Markov system. For each Holder continuous potential

v : X — R the following holds.
(1) If ¢ is asymptotically symmetric with respect to ¥, then
2P (¢, U1 (id) N T*) > P (2¢) .
(2) If ¢ is symmetric with respect to ¥ and P (2¢) < 0o, then we have that
2P (¢, U1 (id) N S*) = P (2¢) if and only if 2P (p) = P (2¢) .
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Proof. We first prove ([Il). Since ¥ is finitely primitive and (X x G, 0 x ¥) is irredu-
cible, there exists a finite set B C ¥~ (id) N X* such that, for all wy,ws € B* there
is v (w1, ws) € B with w1y (w1, ws) we € X*. Define the map I' : £* x ¥* — ¥* given
by T' (w1, ws) := w17y (w1, ws) wa, where v (w1,ws) € B. Note that the restriction of
I to ™ x ¥* (resp. ¥* x ™) is at most card (B)-to-one, for each n € N. Setting
Cp :=min{S,p:v € B} > —oo and using the bounded distortion property of ¢
with constant C,, > 0 (see Fact .1]), we have that S, ¢ + S.,¢ —3C, + Cp <
S (wy we) @, for all wy,we € ¥*. Consequently, setting [ := max {|y|:~v € B}, we
obtain for every sequence (N,,) € NY¥ and n € N,

card (B) e3¢» O Z e
weS*NU—1(id):2n—N,, <|w|<2n+ N, +1
(Y e ) o5a%).

9€G wi1eXNT—1(g) w2 €X*NU—1(g—1):n—N,,<|wz2|<n+N,
Using that ¢ is asymptotically symmetric with respect to ¥ with ny € N and
sequences (c,) € RN and (N,,) € NY as in Definition &1}, it follows from the previous
inequality that for all n > ny,

card (B) e3¢ ~Ce¢, Z et
weX*NT~1(id):2n— N, <|w|<2n+N,, +1

(4.1) ZZ( S eswlq;)( 3 esw2¢>

9€G w1 €EmNT~1(g) w2EX"NT~1(g)
> E ( E eQSwl“") = E 25w,
geG w1€E"ﬁ\P*1(g) wexn

Using that lim,,(c,)*/™ = 1 it follows from (&I that

. 1
lim sup — log E eJw®
n
e wES* MU -1 (id):2n— N, <|w|<2n+N,, +1

1
> limsup — log Z 5P =P (29).

n—oo wenn

Finally, using that lim,, n~'N,, = 0, one verifies that

1
2P (¢, U~ {id} N £*) > limsup — log g eSe?
noo0 T s w1 (id):2n— No <|w| <204 N 41

which finishes the proof of ().

We now turn to the proof of ([2)). First, note that by passing to the potential
© — P(2¢) /2, we may assume without loss of generality that P (2¢) = 0. It
remains to show that P (o, ¥~! (id) N X*) = 0 if and only if P (p) = 0. Since
P e, ¥~ (id)NT*) > P(2¢)/2 = 0 by (@), we deduce that P(p) = 0 im-
plies P (gp, U1 (id)n E*) = 0. Now, for the opposite implication, suppose that
P (¢, ¥~ (id) N $*) = 0. Since X is finitely primitive and P (2¢) = 0 there exists
a unique o-invariant Gibbs measure p for 2¢ by Theorem By (2.1) there exists
a constant C}, > 0 such that for all n € N we have

Z eQS‘““"ngl Z u([w]):C;1>0.

wexn wexn
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Since ¢ is symmetric with respect to ¥ and by (1), there exists no € N and C > 0,
such that for all n > ng € N,

(4.2) > S > C Y e >0, > 0.

weX*N¥—1(id):2n—N,, <|w|<2n+N, +1 wex™

Since lim,, n~'N,, = 0, there exists a sequence (n) € NY tending to infinity, such
that the sets {an — Nppy--52n, + Ny, + l}keN are pairwise disjoint. Hence, by

([#2), we have that
Z Z e%e? = oo,
neNweTrN¥—1(id)
Since P (p, ¥~! (id) N X*) = 0, we have thus shown that ¢ o 7 is a recurrent.

Hence, Theorem [£.6] gives that G is amenable. Finally, it follows from Theorem [£4]
that 0 = P (p, ¥~ (id) N X*) = P (), which finishes the proof of (). O

Corollary 4.9. Let X be finitely primitive and let (X X G, 0 x U) be an irreducible
group-eztended Markov system. Let ¢ : ¥ — R be Hélder continuous with P (2¢) <
oo and suppose that ¢ is symmetric with respect to V. If G is non-amenable, then
2P (¢, U7 (id) N %) > P (2¢).

Proof. Suppose for a contradiction that the claim is false. Then, by Proposition
@ and @), we have 2P (¢, ¥~ (id) N T*) = P (2¢) = 2P (¢). By Theorem
we conclude that G is amenable, which is a contradiction. |

5. PROOF OF THE MAIN RESULTS

For a conformal GDMS & associated with Fy = (g1,...,94), d > 2, set [ :=
{gl,gfl,...,gd,gcjl} and ¥ := {T eIN:Vie Nt # Ti:_ll}. One immediately
verifies that the Markov shift ¥ is finitely primitive. For a non-trivial normal
subgroup N of Fy, let U : I* — Fy/N denote the canonical semigroup homo-
morphism given by ¥y (g) := Ng, for each g € I. Using that d > 2 and that N is a
non-trivial normal subgroup of Fj, we see that the group-extended Markov system
ox¥yN : Ex(Fi/N) — £ x(F4/N) is irreducible. We consider N\ {id} as a subset
of ¥*. To apply the results of Section [, we will frequently make use of the fact
that
N\ {id} = T (id) n ==

The geometric potential ¢ of ® is Hélder continuous by Fact Since the Lipschitz
constants of ® are bounded away from one, we have that sup, ¢y ¢ (1) < 0. Since
card (I) < oo we have the following by Fact

Fact 5.1. Let ¢ : ¥ — R be Holder continuous and let ty : R — R denote
the free energy function of (N,®,1). For each 8 € R, we have that ty (8) =
P_c (By, N\ {id}), the function u — P (B +ul, N \ {id}) is strictly decreasing
with values in R and P (B¢ +tn (B) ¢, N\ {id}) =0.

Lemma 5.2. We have 6y > 0.
Proof. Since 0 : ¥ — {0} is asymptotically symmetric with respect to ¥, we have

2P (0, N\ {id}) > P (0) =log(2d — 1) > 0
by Proposition [£8 (). Hence, we have o5 = tn (0) > 0 by Fact 511 O



50 JOHANNES JAERISCH

We will repeatedly make use of the following fact about the convex conjugate of a
convex function. For the proof we refer to [Roc70, Theorem 23.5].

Fact 5.3. Let f : R — R be a convex function and let f* : R — R U {oo} denote
the convex conjugate of f.

(1) Let BeR. If a« € Of (B), then f* () = af — f(B).
(2) of (R) c{x e R: f*(x) < oo} C Of (R).

The following results about the free energy function are crucial to derive Theorems

[T and 21

Proposition 5.4. Let ® denote a conformal GDMS associated with Fy, d > 2,
and let N denote a non-trivial normal subgroup of Fy. Let ¢ : ¥ — R be Hélder
continuous and let ty : R = R and t : R — R denote the free energy functions of
(N, ®,¢) and (Fy, ®,1) respectively. Then we have the following.

(1) (a) We have tn (8) <t(B) and —ti (—a) < —t* (—«) for all 5, € R.
(b) Iftn (B) =t(B) for some B € R, then Fy/N is amenable.
(c) If =ty (—a) = —t* (—a) for some a € —0t (R), then Fyq/N is amen-
able.
(d) Int (Oty (R)) C Int (0t (R)).
(2) Suppose that (N, ®, ) is asymptotically symmetric.
(a) If Fq/N is amenable, then ty (8) = t(B8) and —ty (—a) = —t* (—a)
for all B, € R.
(b) We have 2ty () > t(28) and —th (—a) > —t* (—a) /2 for all B, o €
R.
(¢) If (N, ®,%) is symmetric and Fy/N is non-amenable, then we have
2ty (B) > t(28) and —ty (—a) > —t* (—a) /2, for every 8 € R and
a € -0ty (R).
(d) Int (Oty (R)) = Int (9t (R)).
(3) Let B € R and suppose that (N, ®,) is of divergence type in [3.
(a) Then Fy/N is amenable.
(b) tn (8) =t (B) if and only if (N, ®,v)) is symmetric on average in 3.
(c) Ifoz € —0t(B) and —ty (—a) = —t* (—a), then (N, ®,v) is symmetric
on average in 3.
(d) If (N, ®@,v) is symmetric on average in 3, then —t§ (—a) = —t* (—a)
for each oo € —0tn(B).

Proof. The first assertion in (Ia) follows from Fact [B.1] since we have
P By +t(8) ¢, N\{id}) <P (B¢ +1(8)¢) =0, for B €R.

By the definition of the convex conjugate, we then have for o € R,
—ty (—a) = inf {t < inf {t = —t*(—
w (—a) = inf {ty (8) + fa} < inf {t(5) + fo} (—a),

which proves the second assertion in (Tal). To prove (L)), suppose that ¢ (3) =t (3)
for some S € R. Then by Fact B we have that P (8¢ +ty (8) ¢, N\ {id}) =
P (B +t(8)¢) = 0. Applying Theorem to the Holder continuous potential
B+tn (B) ¢ : ¥ — R and the group-extended Markov system (X x (Fy/N),0 x Uy)
gives that F,;/N is amenable. For the proof of (Id), let o« € —9¢ (8) for some § € R.
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By Fact 53] (), the first inequality in (Ial) and the definition of the convex conjug-
ate, we have

—t* (—a) = t(8) + fa >ty (B) + fa > ~t}y (—a).
Consequently, if —t% (—a) = —t* (—a), then we have tx (8) = ¢(8) and amenability
of Fy/N follows from (IB). To prove (), let o € Int (dtn (R)). By Fact @)
we have t}; (a) < co. By (@) we have t* (a) <t} (a) < co. By Fact 53] (2) again,

we conclude that a € 9t (R). Since « is an interior point of dty (R), we have thus
shown that Int (Oty (R)) C Int (0t (R)).

Now suppose that (N, @, 1)) is asymptotically symmetric, that is, 59 +u( is asymp-
totically symmetric with respect to ¥, for all 3,u € R. To prove (Zal), suppose
that F;/N is amenable. By applying Theorem 4] to the Holder continuous po-
tential Sy +t (8) ¢ and the group-extended Markov system (X x (Fy/N),0 x Uy),
we obtain by Fact Bl that P (8¢ +t(8) ¢, N\ {id}) = P (B +t(B8)¢) = 0 for
B € R. Consequently, we have ty (8) = t(8) for all 3 € R by Fact 1] and
thus, —t% (—a) = —t* (—«) for all @ € R. To prove (2h) let 5 € R. Applying
Proposition 8 () to the asymptotically symmetric Holder continuous potential
B+ (t(28) /2) ¢ gives that

(5.1) 2P (B + (£(28) /2) (, N\ {id}) = P (284 +1(28) () = 0.
Hence, we have ty (8) >t (28) /2 by Fact E.1l and we obtain for a € R,

~tic(~a) = inf {tn (8) + fa} > inf {¢(25) + 26a} /2= —¢" (~a) /2,

which finishes the proof of (). To prove ([2d) suppose that (N, ®, 1)) is symmetric
and that F;/N is non-amenable. Then the inequality in (51)) is strict by Corollary
Hence, tn (8) > ¢ (28) /2 for every 8 € R. Moreover, if o € =0ty (8) for some
B € R, then by using Fact B3] ({I) we deduce that

—ty (—a) =t (B) + Ba > (£ (28) 4+ 260) /2 > —t* (—a) /2.

To prove (2d), it suffices to show that Ot (R) C Oty (R). Then Int (9ty (R)) =
Int (9t (R)) follows by combining with (Id). Let o € —9t (3) for some 3 € R. Then
by (h) and Fact @) we have

—ty (—a) > —t* (—a) /2 = (t(B) + Ba) /2 > —o0,

which shows that « € =9t (R) by Fact @.

To prove (@) let 5 € R and suppose that (N, ®, 1)) is of divergence type in [, that is,
(B +tn (B) ¢) omy is recurrent with respect to o x ¥ . Then amenability of Fy/N
follows from Theorem H6, which proves ([Ba). To prove (Bh), first observe that
(N, ®,1) is symmetric on average in [ if and only if 8¢ + ¢ (8)  is symmetric on
average with respect to ¥ . Now, the equivalence in (BL) follows from Proposition
A Mand Fact[5.11 To prove ([Bd), suppose that —t% (—a) = —t* (—«) for a € —9t(B).
As in the proof of (Id) we deduce that ty (8) = t(8), which then implies that
(N, ®,1) is symmetric on average in 3 by ([BL). In order to prove (Bd), suppose
that (N, ®,) is symmetric on average in 3 and let @ € —9tx(3). By (BL) we then
have tn (8) = (). Hence, we obtain by Fact 03] (1)) that

—th (—a) = tn(B) + Ba=t(B) + fa > —t* (—a).

Combining with (Ia)) finishes the proof of (Bd) and completes the proof of the
proposition. ([l
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We are now in the position to prove the main theorems.

Proof of Theorem[IIl. The first assertion follows from Proposition BI3] () and
Lemma [52] To apply Proposition 5.4 in what follows, recall that dy = ¢ty (0) and
0 = t(0), where ty : R — R and ¢t : R — R denote the free energy functions
of (N, ®,0) and (Fy, ®,0) respectively. To prove [2)), suppose that F;/N is non-
amenable. By ([a)) and ([h) of Proposition 5.4, we have dy < §. Combining with
(D, finishes the proof of (2.

For the proof of (@), suppose that (N, ®,0) is asymptotically symmetric. If Fy/N
is amenable, then we have dy = 0 by Proposition .4 (2a). Now suppose that
F;/N is non-amenable. Using Proposition [5.4] (2h) we obtain that dy > §/2, and
if (N, ®,0) is symmetric, then we have dy > 6/2 by Proposition 54 (2d). In light
of (@) the proof of (@) is complete.

To prove (), suppose that (N,®) is of divergence type, that is, (N,®,0) is of
divergence type in 0. Then the assertion in (al) follows from Proposition 5.4 (3al)
and the assertion in ([@h) follows from Proposition [5.4] (3] for 3 = 0. The proof is
complete. O

Proof of Theorem . The first assertion in () follows from Proposition [5.4] (Id)
and Proposition B.I3] [@). The second assertion in ([l follows from Proposition [5.4]
2d). To prove (@), suppose that F;/N is non-amenable and let a € (a—, ). Since
we have (a_,a;) = —Int (0t (R)), it follows from (Tal) and (Id) of Proposition (4]
that we have —t% (—a) < —t* (—a). Further, by Proposition @), we have
dimg (7e (F (o, @,7))) = —t* (—a) > 0. Consequently, we obtain by Proposition
BI3 @) that

dimgy (7e (Ay (N) N F (a, @,9))) < max {—ty (—a),0} < —t* (—a)
= dlmH (7T<I> (]: (OZ, (1)7 ¢))) ’
which gives the desired inequality in (2]).

Now suppose that (N, ®,1) is asymptotically symmetric and let o € (a—, ).
By Proposition 5.4 (2d), we have Int (0ty (R)) = Int (9t (R)). Hence, we have
dimpy (e (Ar (N) N F (o, @,9))) = —ty(—a) and dimpy (7 (F (o, D,¢)))
= —t* (—a) by Proposition BI3] [Bl). The assertion in (Ba) is then a consequence
of Proposition [5.4] (Za). The lower bound in (BB) is deduced from Proposition [5.4]
@h). Finally, if (N, ®,4) is symmetric, then the strict inequality in (3H]) follows
from Proposition 541 (2d).

Let us now turn to the proof of ). Let 8 € R and suppose that (N, ®,1)) is of
divergence type in 8. The assertion in (al) is proved in Proposition 4] (Ba). To
prove [@H), let o € —At(B) and suppose that dimyg (we (A, (N) N F (o, ®,4)))) =
dimy (7g (F (o, @,1))). By Proposition @) and (@B]) we then have that
0 < —t* (—a) =dimyg (7 (F (a, D,v))) = dimpy (7e (A (N) N F (e, D,0)))
< max{—ty (—a),0}.

Hence, we have —t%, (—a) = —t* (—a) and Proposition 5.4 (Bd) gives that (N, @, )
is symmetric on average in 8. Finally, to prove ({4d), let

o€ — (8tN (ﬂ) N Int (8tN (R))) .
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Suppose that (N, ®,) is symmetric on average in 5. Then we have —t%, (—a) =
—t* (—a) by Proposition B4 (3d)). Since —t* (—a) = dimpy (7o (F (o, ®,9))) and
—ty (—a) =dimy (7o (Ar (N) N F (o, D,4)))) by Proposition BI3 (3) and Propos-

ition [5.4] (Id)), the proof is complete. O
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