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THE ASYMPTOTIC BEHAVIOR OF JENKINS-STREBEL RAYS

MASANORI AMANO

ABSTRACT. In this paper, we consider the asymptotic behavior of two Te-
ichmiiller geodesic rays determined by Jenkins-Strebel differentials, and we
obtain a generalization of a theorem by the author in On behavior of pairs
of Teichmdiller geodesic rays, 2014 . We also consider the infimum of the as-
ymptotic distance up to choice of base points of the rays along the geodesics.
We show that the infimum is represented by two quantities. One is the detour
metric between the end points of the rays on the Gardiner-Masur boundary of
the Teichmiiller space, and the other is the Teichmiiller distance between the
end points of the rays on the augmented Teichmiiller space.

1. INTRODUCTION

Let X be a Riemann surface of genus g with n punctures such that 3g—3+n > 0,
and let T(X) be the Teichmiiller space of X. Any Teichmiiller geodesic ray on
T(X) is determined by a holomorphic quadratic differential on a base point of the
ray. A geodesic ray is called a Jenkins-Strebel ray if it is given by a Jenkins-
Strebel differential. In [Amal4], we obtain a condition for two Jenkins-Strebel
rays to be asymptotic (Corollary 1.2 in [Amal4]). To obtain this condition, we use
Theorem 1.1 in [Amal4] which gives the explicit asymptotic value of the Teichmiiller
distance between two similar Jenkins-Strebel rays with the same end point in the
augmented Teichmiiller space. In this paper, we improve this theorem, and obtain
the asymptotic value of the distance between any two Jenkins-Strebel rays.

Let 7, v’ be Jenkins-Strebel rays on T'(X) from r(0) = [Y, f], '(0) = [Y”, f’] de-
termined by Jenkins-Strebel differentials ¢, ¢’ with unit norm on Y, Y’ respectively.
It is known (cf. [HSO07]) that the Jenkins-Strebel rays r, v have limits, say r(c0),
7’'(00), on the boundary of the augmented Teichmiiller space T(X ). Suppose that r,
r’ are similar, that is, there exist mutually disjoint simple closed curves 71, - -+ , V&
on X such that the set of homotopy classes of core curves of the annuli corre-
sponding to g, ¢’ are represented by f(v1),---, f(vk) on Y and f'(y1), -+, f'(7)
on Y’ respectively. We denote by m;, m/ the moduli of the annuli on Y, Y’ with
core curves homotopic to f(v;), f'(;) respectively. We can define the Teichmiiller
distance d( ) (r(c0), r’(c0)) between the end points r(00), r’(00).

Our main result is the following:
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Theorem 1.1. For any two Jenkins-Strebel rays r, r’,

U lim dpi (r(D).0'(0) =

L miom; /
max {5 1ogj:rr11’z_1_>.<’k {m—], m_;} s dip(x (r(00), 7 (00))

(if r, 7/ are similar),
+oo (otherwise).

Corollary 1.2. If r, r' are similar, the minimum value of equation (II) when we
shift the base points of v, v’ along the Tays is given by

max {%5 di(x(r(00), r’(oo))} ,

1 m’
where 6 = ~log max — 4+ -log max —.
2 Ti=lekmy o 20 U=l kmy
Remark. The quantity ¢ is known as the detour metric between end points of the
rays 7, r' in the Gardiner-Masur boundary of T'(X). We refer to [Wall2], and also

[Amald].

2. PRELIMINARIES

2.1. Teichmiiller spaces. Let X be an analytically finite Riemann surface which
has genus g and n punctures; briefly, we say it is of type (g,n). We assume that
39—3+n > 0. Let T(X) be the Teichmailler space of X. Tt is the set of equivalence
classes of pairs of a Riemann surface Y and a quasiconformal mapping f: X — Y.
Two pairs (Y, f) and (Y”, f') are equivalent if there is a conformal mapping h : Y —
Y’ such that ho f is homotopic to f’. We denote by [Y, f] the equivalence class of a
pair (Y, f). The Teichmiiller distance dp(x) is a complete distance on T'(X) which
is defined by the following. For any [Y, f], [Y”, f'] in T(X), drx)([Y, f, [Y', f']) =
% loginf K (h), where the infimum ranges over all quasiconformal mappings h: Y —
Y’ such that h o f is homotopic to f’, and K(h) is the maximal quasiconformal
dilatation of h.

2.2. Holomorphic quadratic differentials. A holomorphic quadratic differential
q on X is a tensor of the form q(z)dz? where ¢(z) is a holomorphic function of a
local coordinate z on X. For any g # 0, a zero of g or a puncture of X is called
a critical point of g. Then, ¢ has finitely many critical points. We allow ¢ to have
poles of order 1 at punctures of X. Then, the L'-norm ||q|| = [ |¢| is finite, where
lg] = |q(2)|dzdy. If ||g|| = 1, we call ¢ of unit norm.

Let pg be a non-critical point of ¢ and U be a small neighborhood of py which
does not contain any other critical points of q. For any point p in U, we can define

z(p)

a new local coordinate ((p) = [ (7o) q(2)2dz on X where z is a local coordinate

z
on U. The coordinate ( is called a g-coordinate. By g-coordinates, we see that
g = d¢?, and in a common neighborhood of two g-coordinates (i, (s, the equation
(o = +(3+constant holds.

Suppose that py is a critical point of ¢, and its order is n > —1. In a small
neighborhood of py which does not contain any other critical points of ¢, there
exists a local coordinate z on X such that z(py) = 0 and ¢ = 2"dz2. For instance,

we refer to [Str84]. For any non-critical point in the neighborhood of py, there
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exists a g-coordinate (. By d(? = z"d 2. the transformation ¢ = %z “* holds.

Forany k =0,--- ,n+1, the set { 2 S arg z < 2Tr(kﬂ)} on the z-plane is mapped
to the half-plane {O <arg( <7} or {7r <arg( < 27r} on the (-plane. We can see
the trajectory flow in the neighborhood of py as the n + 2 copies of the half-plane
with the gluing along each horizontal edge of the planes (Figure [).

¢-plane

n=20 n=-—1

FIGURE 1. The trajectory flow in the neighborhood of py in the
case of n =1,0,—1

A horizontal trajectory of ¢ is a maximal smooth arc z = «(t) on X which satisfies

q(y())( de( )) > (0. By definition, horizontal trajectories of ¢ do not contain critical
points of ¢. All horizontal trajectories of ¢ are Euclidean horizontal arcs in g-
coordinates; moreover, by the form of transformations of g-coordinates, “horizontal
directions” are preserved. A saddle connection of ¢ is a horizontal trajectory which
joins critical points of g. We denote by I'; the set of all critical points of ¢ and all
saddle connections of ¢. Any component of X —1I'; is classified to the following two
cases.

e Annulus: It is an annulus which is swept out by simple closed horizontal
trajectories of g. These are free homotopic to each other. We call the simple
closed horizontal trajectories the core curves of the annulus.

e Minimal domain: This domain is generated by infinitely many recurrent
horizontal trajectories which are dense in the domain.

Since g has finitely many critical points, the number of components of X —I'; is
finite. If X —I'y has only annuli, we call ¢ a Jenkins-Strebel differential.

2.3. Teichmiiller geodesic rays. For any holomorphic quadratic differential ¢ #
0 on X, a quasiconformal mapping f : X — Y whose Beltrami coefficient is of the
K(f)-1 g

ROOTT Tl is called the Teichmiiller mapping. For any quasiconformal

mapping g : X — Y, there exists a Teichmiiller mapping f : X — Y which is
homotopic to g. Furthermore, the Teichmiiller mapping satisfies K(f) < K(g)

where the equality holds if and only if f = g.

form pp = —
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Remark. More generally, If X and Y have the same genus and punctures, for any
orientation preserving homeomorphism g : X — Y, there exists a Teichmiiller
mapping f : X — Y which is homotopic to g (Theorem 1 in §1.5 of Chapter II of
[ADbi&0]).

Let f: X — Y be a Teichmiiller mapping and let ¢ be the associated unit norm
holomorphic quadratic differential on X. In this situation, there exists a unit norm
holomorphic quadratic differential ¢ on Y such that f maps each zero of order n of ¢
to a zero of order n of ¢, and is represented by wo foz1(2) = K(f) 2z +iK(f)zy
where z = = + iy and w are ¢ and @p-coordinates respectively. Such ¢ is uniquely
determined. For more details of this discussion, we refer the reader to [IT92)].

Let p = [Y, f], let ¢ # 0 be a unit norm holomorphic quadratic differential on
Y, and z any ¢-coordinate. The mapping 7 : R>g — T'(X) is called a Teichmiiller
geodesic ray from p determined by q if for any ¢ > 0, we assign a point [Y;, g; o f]
in T(X) to r(t) where g; is a Teichmiiller mapping on Y which is of the form
2=z +iy — z = etz +iety, and Y; is a Riemann surface which is determined
by the coordinates z;. We assume that g9 = i¢dy and Yy = Y. By properties of
Teichmiiller mappings, we have dp(x)(r(s),r(t)) = |s — t| for any s,£ > 0. If ¢ is
Jenkins-Strebel, we call r a Jenkins-Strebel ray.

Let r, v’ be any two Jenkins-Strebel rays on T(X) from r(0) = [Y, f], 7/(0) =
[Y”, f'] determined by Jenkins-Strebel differentials ¢, ¢’ with unit norm on Y, Y’
respectively. The rays r, v’ are similar if there exist mutually disjoint simple closed
curves 7i,---,7% on X such that the set of homotopy classes of core curves of
the annuli corresponding to ¢, ¢’ are represented by f(y1),--,f(y) on Y and

F'(v), -+, f' () on Y respectively.

2.4. Augmented Teichmiiller spaces. We refer to [Abi77] for augmented Te-
ichmdiller spaces; see also [[T92] and [HS07]. Let R be a connected Hausdorff space
which satisfies the following conditions:

e Any p € R has a neighborhood which is homeomorphic to the unit disk
D = {|z] < 1} or the set {(z1,22) € C?| |21] < 1,|22| < 1,21 - 22 = 0}. (In
the latter case, p is called a node of R.)

e Let py, -+ ,pr be nodes of R. We denote by Ry,---, R, the connected
components of R—{p1,--- ,pg}. Foranyi=1,--- ,r, each R; is a Riemann
surface of type (g;,n;) which satisfies 2g;, —2+mn; >0, n=>_\_, n; — 2k,
andg=> . g —r+k+1

We call R the Riemann surface of type (g,n) with nodes.

The augmented Teichmiiller space T(X ) is the set of equivalence classes of pairs
of a Riemann surface of type (g,n) with or without nodes R and a deformation
f : X = R. The deformation f is a continuous mapping such that some disjoint
loops on X are contracted to nodes of R, and is homeomorphic except to these
loops. Two pairs (R, f) and (R, f') are equivalent if there is a conformal mapping
h : R — R’ such that h o f is homotopic to f’, where the conformal mapping
means that each restricted mapping of a component of R — {nodes of R} onto
a component of R' — {nodes of R’} is conformal. Obviously, T'(X) is included in
T(X). A topology of T(X) is induced by the following. Let [R, f] in 7'(X). For any
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compact neighborhood V' of the set of nodesAof R and any € > 0, a neighborhood
Uy, of [R, f] is defined by the set of [S, g] in T'(X) such that there is a deformation
h: S — R which is (1+ ¢)-quasiconformal on h=(R — V) such that f is homotopic
to hog.

2.5. The end points of Jenkins-Strebel rays. We consider the end points of
Jenkins-Strebel rays. In the following discussion, we use the detailed description in
§4.1 of [HSOT]. Let r be a Jenkins-Strebel ray on T'(X) from r(0) = [Y, f] determined
by a Jenkins-Strebel differential ¢ with unit norm on Y. All components of ¥ —T';
are represented by rectangles C1,--- ,C} with identifications of vertical edges of
them in g-coordinates. Let mq,--- ,my be the moduli of C1,--- , Cy respectively.
We cut off each rectangle in the half height, and the resulting half rectangle C]l- is
mapped conformally to the annulus A;(0) = {e™™™ < |z| < 1} forany j =1,--- ,k
and [ = 1,2. Then, we can assume that the original surface Y is constructed by

{Aé- (0)}22112 . With gluing mappings which are determined naturally. Let r(t) =
[Y%, g¢ o f] be the representation of r for any ¢ > 0. The Teichmiiller mapping g,
is represented by z = rei? s r¢”'¢? on each AL(0). We set AL(t) = {e=e*mim <
|z2| < 1} forany j =1,--- Jk, 1 = 1,2, and t > 0, then Y} is constructed by them
as in the case of £ = 0. In this representation, we can set Aé-(oo) as the unit disk
D = {|z| < 1} for any j = 1,--- ,k and I = 1,2. We obtain the Riemann surface

with nodes Y by {Aé(oo)}éill2  With the similar gluing mappings as in the case
of t > 0. The deformation g, : Y — Yo is obtained by z = re? — h;(r)e
on Al(co) where hj : [e7™i™, 1) — [0,1) is an arbitrary monotonously increasing
diffeomorphism for any j = 1,--- ,k and [ = 1,2. The homotopy class of g is
independent of the choices of h; for any j =1,--- , k.

Proposition 2.1 (cf. [HSO7]). The Jenkins-Strebel ray r(t) = [Yz, g+ o f] on T(X)
converges to a point 1(00) = [Yeo, goo © f] in T(X) as t — oo.

Suppose that r, " are similar Jenkins-Strebel rays on 7'(X) from r(0) = [Y, f],
r'(0) = [Y’, f'] determined by Jenkins-Strebel differentials ¢, ¢’ with unit norm
on Y, Y’ respectively. Let ~y1,---,7, be as in the definition of “similar” in §2.3l
There is a homeomorphism « : X — f~1(I';) = X — f/~1(I'y/) which is homotopic
to the identity such that the mapping f’ o @ o f~! maps the core curves of the
annuli corresponding to f(v;) to the core curves of the annuli corresponding to
f/(’yj) for any j =1,--- ak~ We set T(OO) = [Yoovgoo © f}’ TI(OO) = [Yo/ovgéo o f/]
and let {Yoo a}a=1,. A, {YO’OJ\})\:L... A be the components of Yo, — {nodes of Y},
Y., — {nodes of Y/ } respectively, such that (g’ o f') oo (geo 0 f) 7 (Yoo n) = YL, 5
for any A=1,---,A. We define the Teichmiiller distance between r(c0), r’'(c0) by

dij 5y (r(00), r'(o0)) = \nax % log inf K'(hy),
where the infimum ranges over all quasiconformal mappings hy : Yoo x — YO’O) 5 such
that hy is homotopic to (g’ o f’) o @0 (geo © f)~t. This definition means that the
distance between end points of Jenkins-Strebel rays is the maximum of the distance
between the corresponding points of the Teichmiiller space of each component of
the end points of the rays.
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3. PROOF OF THEOREM 1.1

We recall our main theorem.

Theorem 1.1. For any two Jenkins-Strebel rays r, ',
(@ Jm drx)(r(t),r'(t))

1 m/. ma
_ max{§10gjjﬁl%¥,k{m_;’ﬁz—}’dT(X)(T(OO)’T/(OO))}

(if r, 7’ are similar)
+00 (otherwise).
We use the following lemma.

Lemma 3.1. Let R, R’ be Riemann surfaces with nodes and let f : R — R’ be a K -
quasiconformal mapping. This means that f is a homeomorphism, each restricted
mapping of f which maps a component of R — {nodes of R} onto a component of
R’ — {nodes of R'} is a quasiconformal mapping, and the mazimum of mazimal
dilatations of such mappings is K. Then, for any sufficiently small € > 0, there
exists a (K + o(1))-quasiconformal mapping g. : R — R’ such that g is conformal
on a neighborhood of the set of nodes of R, and is homotopic to f.

The lemma is proved in the paper of [EM10] (Lemma 3.12, p. 206), however, we
give a new proof of the latter part of their proof.

Proof of Lemma BIl Let p be the Beltrami coefficient of f. For any € > 0, we
consider a new Beltrami coefficient

o (0< 2| <e),
He= u (otherwise)

on R, where z is each local coordinate near nodes of R and the domain {|z| < ¢}
represents a neighborhood of nodes z = 0. Then, there exist a Riemann surface
with nodes R. and a K-quasiconformal mapping f. : R — R. such that f. is
conformal on the neighborhood of nodes of R. For sufficiently small e, we confirm
that there exists a (1 4+ o(1))-quasiconformal mapping between R. and R’. The
mapping fo f=!: R. — R is K-quasiconformal in a small neighborhood of nodes
of R. and is conformal on the outside of the neighborhood. We use local coordinates
such that nodes of R, and R’ correspond to 0, and f o f=1(0) = 0. Let py,--- ,p
be all nodes of R.. For any j = 1,--- ,k, we take the pair of small disks le, Nj2
about p; in R. where f o f-! is K-quasiconformal in le U NJ-Q. We regard each
of the disks le, sz as {|z] < 6}. For any j = 1,--- ,k and [ = 1,2, the image
fOfs_l(N}) in R is mapped to the disk {|z| < 6} by a conformal mapping f]{E such
that f!_(0) = 0 and f} _(6) = 8. We denote simply by F. := f}_o fo fo'. The
family of K-quasiconformal mappings {F.} is normal, then we can assume that
F. converges to a K-quasiconformal mapping Fj uniformly on any compact set of
{|]z] < d} as € — 0. However, any point of {0 < |z| < ¢} is a holomorphic point of
F. for sufficiently small €, then Fp is holomorphic in {0 < |z| < §}. Since Fy fixes
0 and ¢, we can see that Fj is an automorphism on {|z| < ¢} and then it is the
identity.

Now, we rescale {|z| < d} to D, and assume that {F.} as mappings of D onto
itself. We set a conformal mapping ¢(z) := (z—i)/(z+14) of H = {z € C | Imz > 0}
onto . We consider mappings f. := ¢! o F. o ¢ of H onto itself.
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Lemma 3.2. We have

lim sup 22& D — fel@) _

=0 23 fe(x) — fe(w — 1)

where the supremum ranges over all x,t € R such that t # 0.

Proof of Lemma B2l We notice that % is positive, and its reciprocal is

the case of —t. Then, it suffices to show that ¢ > 0. Let

21 —R2 23— 24
(21522723324) = '
21 — k3 k2 — 24

be a cross ratio for any z1, 22, 23, 24 € C. We write ¢(z) = e, ¢(x—+t) = '@ 1) and
p(x—t) = e’ =% where 0 < # < 27 and ¢, 1) > 0. Since all Mobius transformations
preserve cross ratios,

fe(z + 1) — fe(x)
fe(@) = fe(z = 1)

—(fe(2), fo(z + 1), fo (2 = 1), 00)

= —(F. ong()Fqu(w—i—t) F.o¢(x—1t),1)
_ | F(eO9) — Fe(e)  Fe(eO) — 1
2 | Fo(eff) — F.(ef(0—4)) ' F.(ei(0+9)) —

We set 2z = e®¥. By log F.(e%) = i(arg F.(e) + 2n7), we have

darg F.(ev) 402
dy FE(Z) ’

Since F.(z) and sz( 2) converge to z and 1 uniformly on JID respectively, then

darg F.(e") ‘
sup | ———— -1 = sup|z —F.(z
O§y<p27r dy P dz E( )
dF.
< sup(‘%—l’—l—k—Fg(zﬂ)%O

as € — 0. For any 0 < E < 1, we take sufficiently small £ such that

d iy
‘ arg I (e )_1‘<E
dy
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holds for any 0 < y < 2w. Now, we calculate and estimate each term of (2)).
arg F(¢/0+9)) — ang F. ()
n

2

0+¢ darg F.(e'Y)
fG dy dy

2
(1+E)p

|FL(e'0F9)) — FL(e)] = 2si

= 2sin

< 2sin

(1+ E)(arg ¢(x +t) — arg ¢(x))
2

—+t T
(14 B) [7 deow) gy
2
dé(y)

x+t o
(1 +E)f i;(y) dy

x

2

(1+E) [ 2dy

2
= 2sin{(1 + E)(arctan(z + t) — arctanz)},

= 2sin

= 2sin

= 2sin

= 2sin

and similarly,
|F(e9F9)) — FL(e')| > 2sin{(1 — E)(arctan(z + t) — arctanz)}.

For any 0 < o < m/2,

sin{(1 + E)a} 1 sin acos(Fa) £ cos asin(Ea) 1
sin o sin o
in(E
= cos(Ea):tcosaM—l’
sin «
in(E
< |cos(Ea) — 1]+ LH.( o)
sin «
sin(Fa)|| «
R R
| cos(Ba) I+ Ea sin a

< Eoz—l—gEgﬂ'E—M)

as E — 0. This means that we can write sin{(1 £ E)a} = (1 + O(F))sina.
Therefore,

2sin{(1 £ F)(arctan(x + t) — arctanz)}
= 2(1+ O(FE)) sin(arctan(z + t) — arctan x).
We conclude that
|F(e!0+9)) — F_(e)| < 2(1 + O(E)) sin(arctan(z + t) — arctan x)
and
|F.(e0+9)) — F.(e)| > 2(1 + O(E)) sin(arctan(z 4 t) — arctan x).
Also, we have similar estimates for

|FL(e?) — F.(eO=%)|, |Fo(e!@=¥)) — 1], and |F.(e(OF%)) — 1.
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Finally, we can see that

fs($+t) B fE(x)
fe(@) = fe(x —1)

sin(arctan(z + t) — arctan z) sin(% — arctan(z — t))

1+ O0O(F 2
<@+0 ))sin(arctan:r — arctan(x — t)) sin(§ — arctan(z +t))
t 1
1+ (z+t)2V1+22 \/1+(z—t)2
— (14 O(E)) Y Vit
Vit (@—t)2vI+22 \/1+(a+t)?
=1+ O0(E).
The lower estimate is similar. |

Lemma implies that the mapping f]{E o foflis (1+o(1))-quasisymmetric
on the circle ON} = {|z| = 48} for sufficiently small . We apply Lemma 4.1 in
[Gup14]. Then, there exists a mapping 7} : N} — {|z| < 0} which is (1 4 o(1))-
quasiconformal, 0’ _|gnt = [} o fo f7 ! gnt, and 1)’ _ is the identity in a sufficiently
small neighborhood of 0. The mapping (f}_)~'on’ . : NI — fofZ1(N})is (1+0(1))-
quasiconformal and is conformal in a sufficiently small neighborhood of 0 such that
( ]%5)71 0775 s|8Nl. = fof571|8Nl, and ( ]l‘a)iloné' 5(0) = 0. We consider the mappmg

. .eloN} ; . .
he of R, onto R’ which is ( ]1.75)*1 0775‘,5 in N]l. forany j=1,--- ,kand [ =1,2, and
is fof-lonR.— Ué::IIQ & le-. This mapping is (1 + o(1))-quasiconformal and is
clearly homotopic to f o f-! by an appropriate homotopy on each disk le. that is
theidentity on the boundary. Therefore, we conclude that the composition h. o f.
is our desired mapping g.. (Il

Proof of Theorem [LIl If r, ' are not similar, the result is already known; see
[[va01], [LM10], and also [Amal4].

Let 7, v be similar Jenkins-Strebel rays on T'(X) from r(0) = [Y, f], '(0) =
[Y', f'] determined by Jenkins-Strebel differentials ¢, ¢’ with unit norm on Y,
Y’ respectively. By definition, there exist mutually disjoint simple closed curves
Y1, 57, on X such that the set of homotopy classes of core curves of the annuli
corresponding to ¢, ¢’ are represented by f(y1), -+, f(yx) on Y and f'(y1), -+ ,f (vx)
on Y’ respectively. Moreover, there is a homeomorphism « : X — f~}(T,) —
X — f"=1(T'y/) which is homotopic to the identity such that the mapping f oo f~!
maps the core curves of the annuli corresponding to f(v;) to the core curves of the
annuli corresponding to f'(v;) for any j = 1,--- , k. We denote by m;, m’; the mod-
uli of the annuli on Y, Y’ with core curves homotopic to f(v;), f’(7;) respectively.
For any t > 0, we set r(t) = [Yi, gt 0 f], v/ (t) = [Y{, 9, o f'] where ¢g; : Y = Y}, g; :
Y’ — Y/ are Teichmiiller mappings. Let 7(00) = [V, goo © f1, 7/ (00) = [YL, g5 0 f']
be the end points of 7, 7’ in the augmented Teichmiiller space T(X ) respectively.
Let {Yoox}a=1,-.a, {Yioa}a=1,.,a be the components of Yo, — {nodes of Y},
Y, — {nodes of Y/ } respectively, such that (g, o f') oo (geo 0 f) 7 (Yoo n) = Y2, 5
forany A\=1,---,A.

First, we consider the upper estimate. Let hy : Yo » — YO’Q  be the Teichmiiller
mapping which is homotopic to (g o f')oao(gss o f) !, and we set the mapping h :
Yoo = Y, constructed by {hx}a=1,...a. We set K = exp(2d;y,(r(c0),r'(0))) =
maxy=1,... A K (hy). The Riemann surfaces with nodes Y, Y., are represented by
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the unions of closed unit disks {Al (00)} ::11 e {A’l( )} b2 & respectlvely Let

J = h|Az ~) be the restriction to Al( ) of h for any j = 1 Jkand [ = 1,2
then there is A such that hé» is equal to hy| Al (00)* We choose any sufficiently small
¢ > 0 and apply Lemma B.J] to the mapping h : Y, — Y. . Hence, for any
j=1---,kand |l = 1,2, we assume that hé- is (K + o(1))-quasiconformal such
that it is conformal in a small neighborhood of 0 in Aé—(oo) and is homotopic to
(ghs 0 f') oo (goo o f)~t. In this small neighborhood in Al( ), b} is represented
by a power series, i.e., we can write hé( z) = c z+ c 22 = cé»z + 1/)5(2) where
cé. #£0, —m < arg c} <7, —mw < arg c? <, and wé( z) is holomorphic. Now, in the
small neighborhood in each Aé (c0), we can use the idea of the proof of Theorem 1.1
in [Amal4]. One follows the proof of Theorem 1.1 in [Amal4| verbatim. For any

j=1,---k weset M; = :—j, and for any t > 0, ,(t) = e—eumj’f7 5;.@) = e—ehm'ﬂ’
then ¢’ (t) = §;(t)Mi. We only consider the case of M; > 1, so we fix such j. Again,
we use £ < 1 instead of o(1). We take X; as

log 87//,
Xj < M < 0.
log M;
x;
We take sufficiently large ¢ such that an inequality 6;(¢)™i < |c§|(5j(t)MJ‘ " holds,

X
and set Aj(t) = 6;()™ . Also, we assume that a domain such that hé can
be represented by the power series contains {|z| < 2A;(t)}. We construct F}’t :
AL(t) — h(AL(t)) — {|z] < 8}(t)} by the following:

Pl(2)  (6;(t) <zl <A,() (i),

Fliz) =14 Q' (2) (A;(t) <2l <28,() (i),
hi(z)  (2084(t) <z < 1) (i)
(i) In 0;(t) < |2 < Aj(t), we set
oM log || 1-M;

X +logA (1) —Tog 5 (1)

1y
PLz)= A0

Y

which satisfies P},(z) = 6;(t)* 71 -z on |z| = &;(t), P},(2) = chz on |z] = Aj(2).

The mapping P + 18 a quasiconformal mapping because it is conjugate to a one-to-
one affine mapping by log z. The maximal dilatation of P},t is

log cé o, log c;

— g LS |+ Y

K(P,) = 2(M, 7 ~1)log5;(t) 2 ’ oM, 7 —1)log5;(t) 2
gt log ¢, « log ct o |’
——————t S+l - |t F
2(M; 7 —1)log 5;(t) 2(M; 7 —1)log §;(t)
where o; = — 117]3{?]_ . We see that
—M;
M, — M
I
K(Pj,t) — ﬁ < MJ +€/

as t — oo.
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(ii) In A;(t) < |2] < 2A;(t), we set

5(2) = 52+ 6,0 (12D)¥5(2),
where da; (1) 1 [Aj(t),24;(t)] — [0,1] is defined by

Then Q% ,(2) = bz on |z| = A;(t), Q% ,(2) = hli(2) on |z| = 2A;(t). We consider
the partlal derlvatlves of Q!

A%
1 1 1
8262[’71&: 2A(t)252 Ewé(z)
J
1 L1 dip!
0:Qiu =i+ g5 7 P i) +oawlleD—] %9,

These are continuous in A;(t) < |z| < 2A;(t). There is C > 0 such that [¢(z)| <
CA;(t)? for sufficiently large t. We see that

1

[t (2)| _OA()
24(t)

T () T 2

N

1
2

l\)l»—t

1 _
zZ-

mz wﬁ(z)’ = %wé(z)

I

z

and then [9:Q" | — 0, |8.Q%,] — |cj| # 0 as t — oo. Hence, for sufficiently
large ¢, JacQ}, = 10.Q",|* — |9:Q%,|> > 0, and we conclude that @}, is a lo-
cal C*'-diffeomorphism. We denote by D the closed set whose fundamental group
is m (D) = Z and its boundary components are Qét({\z| = A;0)}) = {lw]| =

f18; (1)} and QF,({l2] = 24;(1)}) = Ai({|2] = 24;(1)}). Since Qf, is a lo-
cal C'-diffeomorphism, we have Q' ({A;(t) < |z\ < 2A,(t)}) = D. Further-
more, by the compactness of {A;(t) < |z| < 2A,(t)}, Qj’t is proper. Then we

can regard the mapping Qé.’t {A;(t) < |2] < 2A,(t)} = D as a covering. Let
Q%1 s m({As(t) < |2 < 2A;(t)}) = m1(D) be the group homomorphism induced
by Q.. We see that Q} . (mi({A;(t) < |z| < 24;(t)})) = Z <7 (D) because

b (z) = ciz on |z| = Aj(t). Then, the covering Q' is regular, and its cov-
ering transformation group is Z/Z = 1. Therefore, we conclude that Qé-ﬁt is a

C'-diffeomorphism. By the partial derivatives of Q! ,, for sufficiently large ¢, it is

Jst
a quasiconformal mapping and satisfies K ( j’t) — 1 ast— oc.

(iii) In 2A;(t) < [2| < 1, we see that F},(z) = hl(z) and K(h}) < K.

By the above discussions, for sufficiently large ¢, we obtain a quasiconformal
mapping F ]47t such that

X.'I
~ M;

< max{M; K}+¢

M — M
K(F! ) = K(P'), K(Q.,), K(h i B g O¥)
( j,t)_max{ ( j,t)’ ( j,t)’ ( j)} — Inax 1 9 ( _])

as t — oo.
In the cases of M; <1, M; =1, we also have

1
: l /
thm K(ijt) < max {—j,K} +e
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and

lim K(F},)=K

t—o0

by similar arguments.
Thus, for sufficiently large ¢, we can construct the quasiconformal mapping F; :

Y: = Y/ by gluing {F Jlt}§=1112 - We obtain the inequality

m’ .
lim K(Ft)<max{ max {—J,m—f},K}—i—a’.
t—00 J=1k | My m)

Next, we confirm that F; is homotopic to (g o f') o (g¢ o f)~!. In any case, each
L is homotopic 0 (g} o ') o a o (g o f)! in {2;(t) < |#| < 1}. Fach Q!
satisfies K(Q%,) — 1 as t — oo and the domain {A;(t) < |z| < 24;(t)} has the
constant modulus for any ¢. Finally, each P},t produces a twist of angle arg cé» in
{0;(t) < |z| < Aj(t)} and satisfies | arg c; 4 arg ¢j| < 2m. Therefore, for sufficiently
large t, the mapping F} is homotopic to (g,o f')oao(g;o f)~!. Since a is homotopic
to the identity on X, we are done. We conclude that

=1,---,k m;om;

. , 1 m; m; ,
i sup d ey (r(6)1'(8) < max§ 5 log. max 7 dy o (r(50),1'(00)) .
o0 J

For the lower estimate, we can use the following inequality.

Proposition 3.3 ([Amald]). We have
. / 1 m;- m;
lim inf dr(x) (r(t),7'(£)) 2 5 log max 3=, = 0.

Furthermore, we use the following fact.

Proposition 3.4 ([Mas75]). We have
liminf drx) (r(£),7(6) = dip ) (r(00),7(00)):
Combining the two inequalities above, we obtain the inequality
} ey (1(00), r’(oo»}.

O

1 ml, ms
.. / > - J J
lim Inf dr) (r(8), (1)) 2 max { o8, I, {mj =

Corollary 1.2. If r, r' are similar, the minimum value of equation [II) when we
shift the base points of v, v’ along the Tays is given by

max {%5 A x) (r(00), r’(oo))} ,

1 i
where § = 3 logj:nll%)ik m_j + 3 logj:max

Proof of Corollary [L2l. We see that

mj
/"
J

[N
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The values 6 and () (1(00), r’(c0)) are invariant when we shift the base points
of the rays r, r’. Hence, by Theorem [T.1]

i ) (0,0 -+ ) 2 e { 3.3 (o). (o) |

for any a € R. The equality holds if

max —
j=1,- .k mj
log -
m;

max ——
J=1, .k M

Indeed, we calculate that

Therefore, we conclude that

hm dT( "(t+ )
eQO‘m;- mj /
= max log max]C m; ’62(’—”7,;- ,dT(X)(r(OO),T(OO))
—mad L (L ML 5 ) dg e (r(59),7(50)
=max (3 (5108 0%y 3108, 208 | (10000 (e
1
:max{ié,df X) (oo)7r’(oo))} 0
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