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GEOMETRIC CONSTRUCTION OF QUASICONFORMAL
MAPPINGS IN THE HEISENBERG GROUP

ROBIN TIMSIT

ABSTRACT. In this paper, we are interested in the construction of quasicon-
formal mappings between domains of the Heisenberg group H that minimize
a mean distortion functional. We propose to construct such mappings by con-
sidering a corresponding problem between domains of Poincaré half-plane H
and then, lifting every of its solutions to H. The first map we construct is
a quasiconformal map between two cylinders. We explain the method used
to find it and prove its uniqueness up to rotations. Then, we give geometric
conditions which ensure that a minimizer (in H) comes as a lift of a minimizer
between domains of H. Finally, as a non-trivial example of the generalization,
we manage to reconstruct the map from [Ann. Acad. Sci. Fenn. Math. 38
(2013), pp. 149-180] between two spherical annuli and prove its uniqueness as
a minimizer.

INTRODUCTION AND STATEMENT OF RESULTS

The theory of quasiconformal mappings in the complex plane is known to be a
powerful tool to study deformations of complex structures. In spherical CR geom-
etry, an adapted theory of quasiconformal mappings has been developed [KRS5,
KR95| and used to define a distance in an analogue of Teichmiiller space [Wan06].
In the case of spherical CR geometry, extremal quasiconformal mappings are still
to be understood. Recently, some progress has been made in the area. A method
using modulus of curve families has been developed [BEP13] in order to understand
when a quasiconformal map has minimal mean distortion. In particular, the au-
thors gave a condition, once we have a candidate for minimizing a mean distortion,
to verify if it is indeed a minimizer. Minimizing a mean distortion functional is
different from the classical Grotzsch problem which concerns minimizers for max-
imal distortion. However, the modulus of curve families method can be used to
find lower bounds for maximal distortion and so, it can also be used to minimize
maximal distortion (see [Tan96] for this type of argument in CR geometry). Here,
we are interested in a new method to construct candidates for minimizing a mean
distortion functional. For other uses of modulus of curve families in CR geome-
try, we may quote [Min94Kim14] who studied quasiconformal conjugacy classes of
CR-diffeomorphisms of the 3-dimensional sphere.

In order to state our results, let us set notation and recall preliminary facts
about the theory of quasiconformal mappings in the Heisenberg group. First, the
Heisenberg group H is the set C x R with the group law: if (z,t), (2/,t') € C x R,
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then
(z,t) % (2, ') = (2 + 2/, t + 1/ +23(27")).
On H, we have two left-invariant (complex) vector fields

0 _0 - 0 .0
Z = £+1Z§ and Z—5—22§.
If we set T' = %, one may verify that
i[Z,Z] = 2T.

The other commutator relations give zero. Denoting the distribution span(Z) by
V, V is a CR structure on H. It is known that the one point compactification of the
Heisenberg group with this CR structure is CR-diffeomorphic to the 3-dimensional
sphere endowed with its standard CR structure. Thus, the Heisenberg group is a
local model of spherical CR geometry. Recall that a spherical CR-manifold is a
(G, X)-manifold for G = PU(2,1) and X the 3-dimensional sphere.

A theory of quasiconformal mappings on the Heisenberg group was developped
by Koranyi and Reimann. In what follows, we recall a few facts about it. For details,
refer to [KR8HKRIS|. The Heisenberg group is endowed with a left-invariant metric

1

du(p,q) = |lp~" * qllm,

1
where ||(z,t)||m := (|z|* +¢?)* is the Heisenberg norm. By analogy with the clas-
sical case, a homeomorphism f : Q — Q' between domains of H is called quasi-
conformal if

max du(f(p), f(q)

L du(p,q)=r
Hip. f):=tmsw = & — ). F@)

du (p,q)=r

is uniformly bounded. We say that f is K-quasiconformal if ||H (., )|z~ < K. As
in the case of the complex plane, we have equivalent analytic definitions of qua-
siconformality. A sufficiently regular (C? is enough) quasiconformal map between
domains of H has to be a contact map for the contact structure induced by the
form w = dt — izdz + izdz, meaning that f*w = Aw for a nowhere vanishing real
function A\. Moreover, denoting f = (f1, fo) with f; the complex part of the map
and f5 the real one, then, if f is an orientation-preserving quasiconformal map, it
satisfies a system of PDEs quite similar to a Beltrami equation. Indeed, in that
case, there is a complex valued function p € L* (called a Beltrami coefficient) with
llgellLee < 1 such that

Zfy=pZfy and Z (fa +ilf1]?) = pZ (f2 + il f1]?) a-e.
We then define the distortion function of the map f by
_ Llp)l _ |Zf@)] +1ZA(0)

C =) 2R )] - ZA0)
for p € 2 where it makes sense and the maximal distortion of f by

, PEQ

K(p, f)

Ky :=esssupK(p, f).
peEN

It is known that a conformal (i.e., 1-quasiconformal) map f : Q@ — Q' is the
restriction to  of the action of an element of SU(2,1) (see [KR85] p. 337] for the
smooth case and [Cap97, p. 869] for the general one).
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Here, we are interested in the following minimization problem: consider a set of
quasiconformal mappings F C {f : Q@ — Q' g.c.}. We are looking for a quasicon-
formal map fo € F such that

(1) / K oPpb(p)AL*p) = min / K(p, £)?0}(p)dZ3(p)

for a density po depending on the geometry of the domain Q and where dL? is the
Lebesgue measure on R®. If fy € F satisfies (1), we say that fy minimizes the mean
distortion on F for the density pg.

We propose here a geometric way to construct such minimizers in specific cases.
The construction relies on the projection

Im: H\({0} xR) — H
(2,1) — 4 i]2]?

This projection comes from the CR identification between the Heisenberg group and
the boundary of Siegel domain F = {(z,w) € C? | S(w) > |2|?} (that itself comes
from the identification of standard CR structures of the one-point compactification
of the Heisenberg group and the 3-dimensional sphere). The boundary of Siegel
domain is identified with C x R by (z,w) — (z,R(w)). Moreover, IE\{z =
0} is also diffeomorphic to a trivial circle bundle over the upper half-plane H by

(z,w) — <%,w) So, identifying 0E\{z = 0} with H\ ({0} x R), it gives a

diffeomorphism

vl H\ ({0} xR) — St x H
(,t) — (ot +ilsl)

and the projection II, is simply the second component of that diffeomorphism.
The (topological) identification of H\{z = 0} with a trivial circle bundle over
the hyperbolic plane isn’t new. For example, Kordnyi and Reimann in [KR&T]
introduced coordinates

(a,a, ) —> (acos? (a)e', a®sin(«))

so that (up to rotation and conjugation), (a®, ) correspond to polar coordinates
in H.
Throughout the paper, we will study the following two problems:
(1) When can a minimizer of a mean distortion between domains of H be lifted
by II into a quasiconformal map between domains of H?
(2) When does a minimizer of a mean distortion in H necessarily come as a lift
of a quasiconformal map between domains of H?

The idea is the following. Under appropriate geometric conditions on domains €2
and Q" and on the density pg, we can define a corresponding minimization problem
between two domains U and V' of Poincaré half-plane. If we have a solution to the
problem on H, g : U — V such that there is a quasiconformal map f = (f1, f2) :
Q —  verifying (f2 +1i[f1|*) (2,t) = g (t +i|z[*), then f will be a solution to
the problem on the Heisenberg group (Proposition and Corollary [[LT3]). We
study more precisely an example between two cylinders. In that case, we manage to
construct explicitly a unique (up to rotations) solution of the minimization problem
on H by lifting every solution of the corresponding problem on the half-plane,
leading to Propositions and 24l Proposition states that, in the case of the
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cylinder, there is only one solution of the corresponding problem in H that can
be lifted by II into a quasiconformal map between cylinders and Proposition 241
ensures that those lifts minimize a mean distortion functional. Then, Theorem
states that a minimizer of the mean distortion functional considered between
cylinders is inevitably the lift of a minimizer of the corresponding problem in H.
After that, we generalize the result obtained between cylinders to some domains
of the Heisenberg group. Namely, under appropriate conditions on €, € and the
density pg, a minimizer f has to be a lift by II of a minimizer for the corresponding
problem in H (Theorem BI]]). It reduces the problem of finding such a minimizer,
to the resolution of an ordinary differential equation with boundary conditions
(Proposition B.7]).

We suppose, in the whole paper, that every quasiconformal map considered is
C? and orientation-preserving and every curve is C', which gives a more restrictive
class of maps than what was considered in, e.g., [BEP15].

The paper is organized as follow. In Section [II we present some theoretical
background about moduli of curve families and state the problem we consider in the
Heisenberg group and its corresponding one in the half-plane. Section 2] deals with
construction and uniqueness (up to rotations) of a minimizer of a mean distortion
functional between cylinders. We then generalize the construction in Section Bl and
explain when it is the only way to find such minimizers; as an application, we
reconstruct the extremal quasiconformal map between two spherical annuli found
in [BEP13] and prove its uniqueness as a minimizer of a mean distortion functional.

1. MINIMIZATION PROBLEM CONSIDERED IN H
AND ITS CORRESPONDING ONE IN H

Modulus of a curve family. By analogy with the complex case, in order to
understand extremal properties of a quasiconformal map between two domains of
the Heisenberg group, we look at its behavior on a well chosen family of rectifiable
curves (with respect to dgr) that foliates the domain. We restrict the study here to
C' curves and C? orientation-preserving quasiconformal mappings, but most of the
results of this section were proved in a general case. First of all, rectifiable curves
are horizontal.

Definition 1.1 (Horizontal curves). A C! curve « :]a, b[— H is called horizontal
if its tangents are in the contact distribution D = ker(w). This condition is given
explicitly by the following. Let v(s) = (y1(s),72(s)), s €]a,b[ be a curve in H.
Then, v is horizontal if and only if

Aa(s) = =25 (7, (s)¥1(s)) for all s €]a, b].
We can then define the modulus of a family of horizontal curves.
Definition 1.2 (Modulus of a family of horizontal curves). Let I" be a family of
horizontal curves in a domain  of H. We denote adm (I") the set of measurable
Borel functions p : © — [0, +00] such that f7 pdl = fab p(v(s))|¥1(s)|ds > 1 for

all curves v € I'. We call densities the elements of adm(I'). The modulus of the
family T" is then defined by

M(T):= inf AL (p).
0= _int | o))

We say that a density p is extremal if it verifies M (I') = [, po(p)*dL3(p).



GEOMETRIC CONSTRUCTION OF QUASICONFORMAL MAPPINGS 103

When an extremal density exists, it is essentially unique (Proposition 3.4 in
[BEPIS, p. 143]).

Lemma 1.3. If p; and ps are both an extremal density for a family T' of horizontal
curves in a domain 0 of H, then p1 = p2 a.e. in ).

There is a link between quasiconformality and modulus of a family of horizontal
curves. Indeed, we have the following.

Proposition 1.4. Let f : Q — Q' be a quasiconformal map between domains of
H. Then, for every family of horizontal curves T in Q and every p € adm (T'), one
has

(2) / K(p, £)2p(0) dL* (p).

This result is a direct consequence of an essential notion we will need. Fixing a
density p and a C' quasiconformal map f :  — €/, one may define a push-forward
by f of the density p (see, e.g., [BEP13]).

Definition/Proposition 1.5 (Push-forward density). Let f = (f1, f2) : @ —
Q' be a quasiconformal mapping between two domains of H, let T' be a family of
horizontal curves in  and p € adm(I"). Then,

’:#_o -1 dm ).
= Zn—zn o el

/ p’4dL3:/K(.,f)2p4dL3.
Q Q

Proof. A simple application of the chain rule and the fact that every v € T’ is
horizontal lead to the following. For every curve v = (vy1,72) :Ja,b[— Q, v € T,
one has

(f109)(s) = ZF1(1())1(s) + Zf1(3(3))F: (s) for every s la, b

This leads to the important inequality: for every s €]a, b],

@ ZA6) - ZAe) < U200 < 7 ) e
So, if v € T', using inequality (B and the fact that p € adm(I"), we find
b

b
/] — #o s ° s)|ds s))|y1(s)|ds .
[ = [ gt e e s 2 [ G2 1

For the second part, this is simply an application of the following change of variable
formula for quasiconformal mappings (Theorem 16 in [BFP13, p. 175]). For every
non-negative measurable function u : ' — R, we have

/ (wo £)(p)|T(p, L3 (p) = / u(q)dL3(q),
Q

’

Moreover,

where J(p, f) = (|1Z f1(p)]* — |Z 1 (p)\Q)Q. So, using this formula and the definition
of p’, we have

'dL3 — 4(|Zfl|2 |Zf1 K 24dL3
fyre = fo (1251 - Z1)" 2=
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Just applying the previous proves Proposition [[4l Now, in order to find a
minimizer of a mean distortion in a class of quasiconformal maps, a first place
to look would be for maps realizing equality in inequality (2 and then, use the
following (obvious) proposition.

Proposition 1.6. Let Q, Q' be domains of H, let F be a subset of the set of all
orientation-preserving quasiconformal maps from Q to ', and let Ty be a family of
horizontal curves in Q with p € adm(Ty). Suppose that fo € F satisfies

M(fo(To)) = /Q K(., fo)?phdL?

and that there is a larger family T D Ty of horizontal curves in Q2 with p € adm(T")
and verifying

M(fo(To)) < M(f(I'))

for every f € F. Then, fo minimizes the mean distortion in F for the density p.

Proof. Proposition [[.4] ensures that for every f € F we have

M(f(T)) < /Q N TR

Moreover, for every f € F,

| KRR = M(o(T) < (D))
So, for every f € F,
/ K(., fo)?p*dL? < / K(., f)?p*dL3.
Q Q
O

Theorem 1 in [BFP13| p. 153] gives a sufficient condition on a map to ensure
that it minimizes the mean distortion in a subset of quasiconformal maps between
bounded domains of H for a nice density.

Theorem 1.7. Let Q and Q' be bounded domains of H. Let vy :]a,b[x A — £ be
a diffeomorphism that foliates 2, where Ja,b[C R with a > 0 and A is a domain of
R2, such that v(-,\) is a horizontal curve verifying |1(s,\)| # 0 for all A\ € A and
dL3(y(s,N)) = |¥1(s, A)|*dsdu()) for a measure du on A.
Then,
1

F1 (v~ ()
is an extremal density for the family To := {v(-,A) | A € A}.

Moreover, if F is a subset of the set of all quasiconformal maps from Q on Q
and fo € F is such that:

1) s (V(8) 253 < 0 for all s €], b],
2) for all X\ € A, K(v(s,\), fo) does not depend on s,
3) there is T D T'g such that py € adm(I") and M(fo(Tp)) < M(f(T)) for all
ferF.

Then fo minimizes the mean distortion in F for the extremal density pg.

pO(p) = (b—a)
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Statement of the corresponding problem in H. The previous theorem gives
a way, once we have a candidate, to check if that candidate minimizes a mean
distortion functional. But, finding such a candidate may be quite challenging.
Here, we explain how to construct such mappings in specific cases. As said in the
introduction, the construction relies on the identification of H\{z = 0} with S x H
where S! is the unit circle of C and H is the Poincaré half-plane, identification given
by the diffeomorphism ¥~! defined in the introduction whose inverse is the map

U: SIxH — H\ ({0} x R)
(e’ w) — (\/%(w)ew,%(w)) .
It gives new coordinates on H\ ({0} x R) and a simple computation gives the
following expression of vector fields Z and Z:

» ie—
Z = 2i/S(w)e 9, — ———0y,
21/ (w)
4 ; e
Z = -2i\/S(w)e" 0y + ——=0,
) ok
where 9, = %, Oz = % and 9y = %.
In the following, we consider Q and @ domains in H\({0} x R) such that

y-l (Q) = St x Q and ¥U~! (ﬁ’) = St x Q@ with Q, ' domains of H. We
will look at lifts by IT of curves in the half-plane.

Lemma 1.8. Let vy :Ja,b[— H be a C* curve. Then, the only horizontal curves

on H\({0} xR), 5 = (y1,72) such that II(¥) =~ are the curves (\/E‘y('y)e”, 3?(7))
_RH®)

23(9)
Proof. Saying that v + i|y1|? = v gives 72 = R(7) and |y1| = /S (7). So, we only
have to check that (\/%(’y)e”, %(7)) is horizontal if and only if 7 = — L which

23(v)’
is a simple application of the definition of a horizontal curve. O

where T =

Remark 1.9. Notice that lifting a curve gives a one-parameter family of curves in
H, which are obtained by rotating one lift around the vertical axis. Moreover, for
a family of curves in H, I', we define

I'={7| 17 er}
and call T the lifted family of T.

Before going further, let’s recall how the modulus of a curve family is defined
in C. Let I" be a family of curves 7 :Ja,b|— Q in a domain € of C. We denote
again adm(I") the set of measurable Borel functions p : £ — [0, 00] such that

S, pdl = fab p(7(5))]7(s)|ds > 1. The modulus of the family T is
M) = inf / 2dr?,
@) p€adm(T) /o g

where dL? is the Lebesgue measure of R?. With that in mind, we can define the
pull-back by IT of a density.
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Definition/Proposition 1.10 (Pull-back density). Let Q be a domain in H and
Q=U(S x Q). Let T be a curve family in @ and denote T its lifted family in Q.
If p € adm(I"), define p for every (z,t) € Q by

Bz, 1) 1= | ZT1(z,8)|p(T1(2, 1)) = 2|2l p(t + il ).
Then p € adm(I'). We call the density p the pull-back by II of p.

Proof. Let ¥ = (71,72) € I. By definition, there is v € T such that s +ilm|? =
Since 7 is horizontal, ¥ = 2i7;4;. Using the definition of p, we find

b b
ﬁmm/dM@wwWM@m=/pmmwwsz
O

Notation 1.11.

o Let I' be a curve family in a domain Q of H and p € adm (I"). Then, II*p
refers to the pull-back by II of p. Moreover, one can define the same notion
of push-forward density in C by setting g.p = m o g~ ! for any

quasiconformal map g : @ — Q' C C. In that case, the push-forward
density satisfies

[ @orazt = [ pr(.gaz,
o Q
where K., g) is the quasiconformal distortion function of g.
e Let I' be a family of horizontal curves in a domain Q of H, 5 € adm (f),

and let f : Q— Q' CHbea quasiconformal map. Then, the push-forward
by f of pis denoted by f.p.

The following proposition and corollary explain the link between some mini-
mization problems in the Heisenberg group and corresponding problems in the
half-plane.

Pr0p0s1t10n 1.12. Let Q and €V be domains of H. Denote Q) := V(S x Q) and
% V(S x Q). Let T be a curve family in Q and let T be its lifted family in
Q. pr € adm(T") and g : Q — Q' is a quasiconformal map such that there is a
quasiconformal map f : Q — Q with Il o f=goll, then

II*(g.p) = f(II"p).
Before going through the proof, we give a corollary of this.

Corollary 1.13. Let g : Q — Q' and f : Q — O be as in the Previous propo-
sition. Let T' be a curve family in Q with continuous extremal density py and
I := g(T') with continuous extremal density p(,. Suppose the following:

1) M(T) = [5(IT*po)*dL? where T is the lifted family of T,
2) M(T = [ (II*py)*dL3 where I’ is the lifted family of T".
Then,

Mmm:ém%Waw%m

= / K(..9)podL?.
Q

if and only if
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Proof of Proposition [L12. By definition, g.p = m og~! and so

p

(0.) = 20 (G gy oo™ )

Moreover, since f is contact, one has (see [KR85| p. 335])
Z(Wo f) = Z(f2+ilfi]) = 2if1 Zf1 and Z(I o f) = Z(fo + il fi]) = 2if1 Z f1.

Thus, since II is a CR-function, using the chain rule we have

Zh| = 1ZH] = 2|f|(|Z<H Nl =1z f)))
= 2|f (1Zg o] = [Z(g o))
— i1 ((0u]~ 1oag) 01D,
Now, computing f, (IT*p), we find
par) = ZHES) oy
- 2flof—1<monof—1>

P -1
z0(—FrF oy oH)
121 <|8wg — 0wy

Proof of Corollary [LT3l Notice that I'" = g(I') = g(I(T")) = II(f(T)) and TV =
f(T):
e f(T)

rroue

Now, assume first that M(I") = [, K(.,g)pgdL?. Then, g.po and pf, are both
extremal for IV. By a result similar to Lemma [[.3] for the complex plane, and
continuity of g.po and pf), g«po = pp in . So

[l po =" gupo = I" pjy

in Q. Thus, we have
M) = M(T) = /~/(f*H*po)4dL3 = [ KCaEarptaz
Conversely, assume that M (f( f fQ, (f«IT* pg)*dL3. Then, we have

JRUVARTAS M(f’> ~ [ arg.ptaz’
Q/ Q/
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By Lemma [I.3] and continuity of densities, we deduce that II*g.po = II*pj in Q.
Using the formula given for pull-back densities, one easily finds that g.po = pj.
This leads to

M) = M(g(T)) = / K(..g)sdL?.
O

Lemma 1.14. Let g : 2 — Q' be a map between domains of H. Denote Q =
V(S x Q) and Q' = U(S* x Q). Assume that there is a contact map f:Q — Q'
such that 1o f = goIl. Then, for every (z,t) in £,

K((z,1), f) = K(Il(2,1), 9).
This means that f is K-quasiconformal if and only if g is K-quasiconformal.
Proof. Just using
Z(Mo f)=2if,Zfi and Z(lof)=2if,Zf
together with the fact that IT is CR, leads to

201 = 21| _ 1owsl — 10wd] |,
1ZAHl+1Zf] 10wyl + 0wyl

which is exactly the statement of the lemma. (Il

So, if we are looking for a quasiconformal map on the Heisenberg group that
minimizes a mean distortion for a nice density, a first step would be to look for
solutions of the corresponding problem in H that can be lifted by II into contact
transformations. This is what we will do in the next section for cylinders.

2. CONSTRUCTION AND UNIQUENESS OF
AN EXTREMAL QUASICONFORMALMAP BETWEEN CYLINDERS

2.1. Construction of the map. In this section, we construct explicitly a mini-
mizer of a mean distortion functional in a class of quasiconformal maps between
cylinders. Our objective is to prove Proposition 2.4

As said, we are looking for a quasiconformal map between cylinders defined as
a lift by II of a quasiconformal map between projections of cylinders. For r, R > 0,
we denote C) g the cylinder

Cor={(zt)eH|0<t<r&|z| < VR}.

Here we are interested in finding a quasiconformal map f : C,p — Cgyp with
% > 1 that minimizes a mean distortion functional within the set F of all
orientation-preserving quasiconformal mappings from C,; to Cg p that extend

homeomorphically to the boundary and map
e the disc {(z,t) € H | |z| < vb & t = 0} to the disc {(2,t) € H | |2|
V' & t =0},
e the disc {(z,t) € H | |2| < Vb & t = a} to the disc {(2,t) € H | |2] <
VY &t =ad'},
e and the cylinder {(z,t) € H | |2| = Vb & 0 < t < a} to the cylinder
{(z,t) €H | |2 = Vb & 0 <t <a}.

IN
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Consider the rectangles
Ry ={weC|0<Rw)<a, 0<I(w)< b}
and
Ryy={weC|0<Rw)<d, 0<I(w)<b}.
Then II(C, ,\{# = 0}) = Ry and II(Cy iy \{z = 0}) = Ry r. On the cylinder,
Ca.b, there is a natural foliation by horizontal curves given by
To = {7.(s) = (ze‘ﬁ,s) 10< |2/ < Vb & 0<s<a)
which are the horizontal lifts by II of curves
vy(s) =s+iyfor 0 <y <b
on Ry (see Figure[]).

FiGURrE 1. Cylinder foliated by curves in fo (foliation given by
rotations around the vertical axis of drawn curves and the vertical
axis itself).

To state the minimization problem we are dealing with, we need to find the
modulus and extremal density of I'y.
Lemma 2.1. The curve family fo has modulus

~ 167b3
M(Ty) 308

0 p—
and its extremal density is po(z,t) = %

Proof. If p € adm(T'y), by definition we have

/~z it = [ (s =1
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for all 0 < |z| < v/b. So,
(4) / PG (s)ds > 22|
0

for all 0 < |z| < Vb. But,

2 \/E
/A)'4dL3
Cab cyhndrlcﬂ coordinates 0 0

27
substitution w1th Jacobian 1 /) /0
/277/
0

a 1 4
/ ﬁ4(§7‘67"9 (S))ds ) / p ’Yre’B )
0 Holder 1ncquahty a 0
16r

p r, 0, t)rdtdrdd

N

S
=

— 505+5) rdsdrdd

S

c\o\»

ot (Yyeio (8)) rdsdrds.

(=)

Moreover,

4

> 3
inequality (4) a

for all 0 < 7 < vb and 0 < 6 < 27. Thus, we get

Vb 3
/ FdL? > 32—: / rodr = 16”;)
Cu a 0 3a

for all 5 € adm(T'). Consequently,

~ 167b>
M(T
(To) 2 3a3
Moreover, set
2|z|
t — '
polz,t) =~

Then jo € adm(I'y) and

167b3
~4 173
podL” = .
/ca,b 0 3a?

Let us set I'o = {7, | 0 < y < b} where 7, :]0,a[— Ry is defined by
vy (8) = s +iy. It is known since the work of Grétzsch that I'y has modulus g and
extremal density po(w) = % Let G be the set of all quasiconformal mappings from
Rup to Ry p that map homeomorphically the vertical and horizontal boundary
components of R, ; on the corresponding ones of R, ;. Here, and in the following,
rectangles are considered as subsets of C and so, boundaries are considered in C.
The following is well known (a short proof is given in the appendix).

O

Lemma 2.2. Any minimizer of the mean distortion in G for the density po is a
map fo(x +1iy) = %x + ip(y) where ¢ : [0,b] — [0,b'] 4s a diffeomorphism such
that ©(0) =0, ¢(b) =V, and ¢ > %’
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Notice also that pg = IT*py and

mem:A (IT" ) *d L,

where pf)(w) = 2 is extremal for f,(I'o) = I'{ and I'j is the family of horizontal lines
in Ry p (which is true for every ¢ defined as in the previous lemma). Moreover,
every f, defined as in the previous lemma satisfies

memzé K(. f,)03dL?.

Then, according to Corollary [[L.T3] if we find a quasiconformal map f € F that maps
the vertical axis homeomorphically on the vertical axis and such that Ilo f = f, oIl
for a function ¢ defined as previously, then f will satisfy

fwﬁmzézaﬂ%u?

Proposition 2.3. There is only one function ¢ : [0,b] — [0,b'] with ¢(0) = 0,
o) =V, and ¢ > %, such that f, can be lifted into a quasiconformal map f :
Cop — Cyu . That function is defined for every x € [0,b] by

(I)fb/—x
I A P

a’

and the lifts are compositions with rotations around the vertical axis of

fO : Ca,b — Ca’,b’

(z,1) —> (—\/b_/ze’;ﬁ(lzlb?)t a't).

7 a
(1-2m)l=l+ar

Proof. To prove this, it will be more convenient to compute in usual cylindrical
coordinates on H = R?, meaning (r,60,t) — (re’?,t). In those coordinates, the
contact form writes as

w = dt + 2r2dé.

So, we are looking for four functions R, O, T, ¢ such that
/
T +iR*(r,0,t) = “t +ip(r?) and  dT + 2R%*dO = A(dt + 2r2d6)
a

for a nowhere vanishing function A. Moreover, for all r,¢, O(r,.,t) is 27-periodic
modulo 27. Since T+ iR?(r,0,t) = %t +ip(r?), we get

/

T(r,0,t) = T(t) = %t and  R%(r,0,t) = R2(r) = p(r?).

The idea is to use the system of PDEs that the functions R, ©, and T must verify in
order to find an ordinary differential equation that ¢ must verify. In the following,
we denote by an index r (resp., 0, resp., t) the partial derivative of a function
according to r (resp., 8, resp., t).

Since T, =Ty = 0, T3(t) = %, and dT + 2R?dO = \(dt + 2r2df), we get that

a’r2

O,(r,0,t)=0 and Ogy(r,0,t) = W + 2r204(r, 0,1).
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Moreover, from O, = 0, we deduce that

67"79 = @r,t =0.
So, differentiating ©g(r, 0,t) = a‘;/(’;z) +2r204(r, 0, t) with respect to r gives
R N
20,(r,0,t) = LA AT Plr 2> 2‘9(7” )
a ©*(r?)
and we deduce
()

Oy(r,0,t) = O = —".
9(T7 ’ ) G(T) a902(7°2)
From the fact that ©,. 9 = 0, putting x = 72, ¢ must verify the differential equation
A (a2 _,
@\ )~

whose solutions are the functions

x
w@) =D
For such functions, we have ©y(r,0,t) = %D. So, for (R,0,T) to be a home-

omorphism, we must have D = %. Moreover, we want that ¢(b) = b', so C' =

b—l, (1 — Z#’;) Consequently,

with C,; D € R.

b x
p(z) = (=)ot

a’b a

a’

for all z € [0,b] (one may check that (1 - %) x4+ % > 0if z €[0,b]). Moreover,

it is easy to see that

=

o |8

Replacing ¢ by its value, we find
@9 (7”', 0, t) ].,
O.(r,0,t) = 0,

1 a’
@t("",e,t) = % — 2ab/.
And so
0mo,t) = 0++(1- ) itawithacr
r,0, = 2\ "y a with o ,
b/
R(r,0,t) = Vo :
Ja-gg)re s
a/
T(r 0.t = —t
(T7 7) a’

which gives in usual coordinates
Falet) \/Femze"‘ib(l_%)t a/t
al?, = s
-k 2
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The mappings fa are quasiconformal with distortion function

N 1
K((2,t), fa) = (1+ (2 — 1) |22)?

ab’\ 2
Ky, = (%) :
Moreover, they map the vertical axis homeomorphically to the vertical axis, so
according to what we said before the proposition, they satisfy

M(fa(fo))z/c K(., f2)*padL.

It remains to show that they minimize the mean distortion in F for the density
po- For that, we will use Proposition and so, we need to find a larger family
of horizontal curves I' O ' for which po € adm(I') and M (f,(I'0)) < M(f(T)) for
every f € F.

Let T be the set of all horizontal curves in C,.p joining the discs C,, N {t = 0}
and Cy, N {t = a}. Then, we will see (first part of Lemma [Z.6)) that py € adm(T).
Moreover, by definition of F, for every f € F, f (f) is the family of all horizontal
curves in Cy p joining the two discs Cyp py N {t = 0} and Cypr iy N {t = a'}. So, for
every f € F, fa(To) C f(I') and thus we have M(fo(Lo)) < M(f(L)) for every
f € F. Applying Proposition is enough to prove the following.

and maximal distortion

Proposition 2.4. Every composition by a rotation around the t-axis of the map

for Cop — Co vy

(z,8) —> < blze%b(li%)t a/t>

’ 70 a
(1-2)l=P+2

is a minimizer of the mean distortion in F for the density pg.

2.2. Uniqueness up to rotations of the map. Here, we are dealing with finding
every minimizer of the mean distortion in F for the density py. We will show that
such minimizers must be constructed as we did in the previous section. Thus, the
section is dedicated to the proof of the following.

Theorem 2.5. Suppose that f € F minimizes the mean distortion in F for the
density po. Then, there is o € R such that f = fq.

The proof is decomposed in three steps. The first two are a reformulation of the
beginning of [BEP15] in the setting of cylinders. In the third one, we prove that,
for a minimizer of the mean distortion considered, f, Il o f does not depend on
arg(z), so Il o f induces a quasiconformal map ¢ : R, — R4/ which will be in
fact a minimizer of the mean distortion in G for the density po.

We start by giving a characterisation lemma for curves to be in I'y.

Lemma 2.6. Let I' be the set of all horizontal curves joining the two boundary
discs of Cqap and take an element v of I'. Then,

/50dz > 1.
.

Moreover, we get equality if and only if v € To.
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Proof. If v € 1~“, take a parametrization of v between 0 and a,
1 [ .
[t = 2 [ 2
2! aJo
1 [/%ld 9
= - — ] d
2|l i) as
> 2 [ aolas
= aly Y2
1

Equality happens if and only if |y, |2

L) =~
v(s) = (26 222,((8))7 meaning 7 € I'o. -

is constant. In that case, one may check that

Let T’y be the curve family
T = {5.(s) = (ze*iﬁf,s) 10 < |2 < V&Y.

Notice that f € ]-" minimizes the mean distortion in F for the density po if and only
if M(T)) = Jeo., f)2ptdL3. Indeed, since f, minimizes the mean distortion in
F for the densfoy po, any other minimizer f satisfies

/ K( PR = [ K( sz,
Ca,b Ca,b
Moreover, we have

M(Fu(To)) = M(Th) = /C K(., Ja)?Rdr®.

So, f € F satisﬁes Joo , KPRl = [o )2p4d L3 if and only if M (T})
= Cus K(., f)?padL3. Then we prove the followmg

Proposition 2.7. If f is as in Theorem 2.5, then f(fo) = f{,, meaning that for
every 0 < |z| < Vb and s €]0,al,

e = (5% 6.0,

where (. is a homeomorphism from ]0,a[ to |0,a’[. Moreover, f maps the vertical
axis on the vertical axis.

Proof. The fact that f minimizes the mean distortion in F for the extremal density
po ensures that f.pp is an extremal density of the family I'y. But,

2|z|
/

%(zvt) =

is also an extremal density of the family f{) Then, by Lemma [[.3] since f,py and
Py are continuous,

fipo = %
Let § € I'j. According to the previous lemma, we get

/ i = / fuodl = / £.70(6(5))[61 (5)ds.
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Moreover, since f~1(§) € ', we have, using the fact that |Z(f~1)1| + |Z(f~1)1| =
1

_ _1 . .
ZhTZ ° f~! and inequality (3),

1 g/ Fodl
F=1(5)

SOI(F 1)1 0 8(s))lds
)

IN

N1 (1Z(F (8N +Z(F7)1(8(s))]) ds

5))d1(s)|ds

Aamq*w<
/d%u<<
[

1.

Using the previous lemma, it means that f=1(§) € L. So,
Co v \{z =0} C f(Cop\{z =0}).
Since f is a homeomorphism,
f(CapnN{z=0}) C Cory N{z=0}.

Moreover, using that f € F, it implies f(0,0) = (0,0) and f(0,a) = (0,a’). So, f
maps the vertical axis to itself and f(Tg) = I'y, because T'y and T’y are foliations of
Cop\{z =0} and Cy p\{z = 0}, respectively. O

s _ _8z(s)
Now that we know that f (ze 2Iz\"’,s) = <z e 21517 (,(s )>, we want to find

the functions (,.

Proposition 2.8. For every 0 < |z| < Vb and s €]0,a|, we have

’ /

Ry S . —i—as Q)
f(ze 2\2\2,5) = <Z/6 2al2 2,—s>

a

for a complex number 0 < |2'| < V.

Before giving a proof, we need the following result: Proposition 2.12 in [BEP15]
p. 133]. If f is a map as in Theorem [Z7] then for every curve v € Ty,

(5) [(Frenl = (2L = 1ZA)I) 5l
This property is called the minimal stretching property.

Proof. In order to prove this, we consider two vector fields on H\{z = 0}

1z J— 1z —
Wi=——2/7 d Wi=—7
IE IEE

Then, Wi (s) = 41(5) Zy(s) and Wo,(5) = 71(5)Z(s) for every v € T'y. Thus,

WAH®) + WA = ZA0) + 71 ZA0)] = [(fro)].
So, using (Bl), we have

WHG) + WA = (1ZH()] = 1ZH()]) 1l
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Since |Zfi(v)] = |Zfr(0)] = 7 (WA (N)] = [WFi()]), we get that
Wi+ Wil =W fi| = [Wfil.
From this and the fact that f is a contact transform, we also deduce
[W(IIo f) + W(IIo f)| = [W(Ilo f)| = [W(ILo f)| = 2| f1| (IW fi] = [W fi]) .
Finally, by definition of W and W, we find

(6) W(Ilo f)| — [W(iLo f)| = %f@ﬁl—ﬁﬁy
Now, we know that

Fhoo f = po__ _ 24l 1

' Zh—[Zh w® a [W(lle ) - [W(lo )|

and, by continuity and Lemma [[.3]

~ 2|f1
faoof=rhos =201

Thus,

J— a’
(W(llo ) = [W(llo f)| = —
Moreover, Proposition 2.7 leads to (ILo f 0 v.)(s) = (.(s) + i|2|? for every curve

7= € f0- So, %Cz(s) = %(HO fo:)(s). But,

Lo fom)| = 12010 f)(:)en + Z(o )70
= [W(IIo f)(y:) + W(IIo f)(7:)]
= [W(Io f)(v:)| — [W(ITo f)(v.)]
Thus, (,(s) = %s for every 0 < |z| < V/b. O

In particular, we proved that fa(z,t) = %'t. Now, we are in a position to show
that fo + 4| f1|? does not depend on arg(z).

Proof of Theorem 28 As shown previously, it is more convenient to think in cylin-
drical coordinates. In those coordinates, the curves «, are the curves s — (1,0 —
5, 8) for 0 < r < Vb and 6 € R and we write the map f as (R,0,T) (meaning
that (f1, f2) = (Re'®,T)). Since f maps Iy to I'), then

d s

—R(T,e — W,S)

=0.
ds

Thus,
s

ol
As it is true for every r, 6, we have

Ro(r,0,t) = 2r?R,(r,0,t) for every (r,6,t) €]0, Vb[xRx]0, a|.
Differentiating with respect to r, we also find,

R, o(r,0,t) = 4rRy(r,0,t) + 27‘2Rr,t(r, 0,t)

Ro(r,0 — s):2r2Rt(r,9—ﬁ,s).
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for every (r,0,t) €]0, vVb[xRx]0,a[. Since (R, 0, T) is a contact map with T,.(r, 0, t)
=0, then

©,(r,0,t) =0.
Moreover, there is a nowhere vanishing function A such that for every (r,0,t) €
10, VB[ xRx]0, a[, we have

L 2R (1,0,6)0,(r,0,1) = A(r,0,) and 2R2(r,0,1)O0(r, 0,t) = 2r2\(r, 0, 1).
a

This leads to, for every (r,0,t) €]0,vVb[xRx]0, al,

a'r?

aR%(r,0,t)

Now, since O, = 0, differentiating the previous equation with respect to r, we get
for every (r,0,t) €]0,Vb[xRx]0, al,

a 2r 2r2R,.(r,0,t)
0=4r0.(r,0,t) + — - L .
rOun 8,0+ 3 (Rz(r,e,t) R3(r,0.1) )
Then, for every (r,6,t) €]0, Vb[xRx]0,al,,
a (rR(r,0,t) 1
20y(r,0,t) = — - .
(00 =5 ( R3(r,0,1) R?(r,e,t))
Replacing in ([@): for every (r,8,t) €]0,vVb[xRx]0, al,
a'r3R.(r,0,t)
aR3(r,0,t)
Differentiating the expression of ©; with respect to 6, replacing Ry(r,0,t) by
2r2Ry(r,0,t) and R, ¢(r,0,t) by 4rRi(r,0,t) +2r2R, (r,0,t), we find that for every
(r,0,t) €]0, Vb[xRx]0,al,
a'r® (4R(r,0,t) + rRy . (r,0,t) _ 3rRy(r, 0, 1) Ry(r,0,t)
R3(r,0,t) R4(r,6,1)
Differentiating the expression of Oy with respect to ¢, we have for every (r,0,t) €
10, VB[ xRx]0, af,

(7) Oy(r,0,t) = 2r20,(r,0,t) +

Op(r,0,t) =

©p(r,0,t) =

'r? (rRy,(r,0,t)  3rR.(r,0,t)R:(r,0,t
@tg(?“,e,t)zﬂ Tt (Tv 7)_ r (T, 7) t(?", a)
’ a R3(r,0,t) R(r,0,t)
Since we assumed all our maps to be C?, by use of the Schwarz theorem about com-
mutativity of partial derivatives, we conclude that for every (r, 6,t) €]0, vVb[xRx]0, al,
4Rt(’f'97 t) -
R3(r,0,t)
This leads to
Rt(Tv 9, t) = R@(Tv 9, t) =0
for every (r,6,t) €]0,vVb[xRx]0,a[. Then, f must be constructed as a lift of a
quasiconformal map ¢ between rectangles. Now, it remains to show that ¢ is a
minimizer of the mean distortion in G for the density pq.
First, notice that

MGE) = [ KCAPRAL and o =11
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Moreover, if I'y = H(f(fo)), then by Proposition [Z7], T is the family of straight
horizontal lines in the rectangle R,/ ;, which has as extremal density pj = % and

its lifted family is by definition fg which has as extremal density IT*p;. We can
then apply Corollary [[LT3] to state that

9(To)) = /R K(.g)p2dL2,

Finally, let I" be the set of all curves in R, ; connecting the two vertical boundary
edges. Then, py € adm(T") and for every h € G, since g(I'g) C h(I'), M(g(T'y)) <
M(h(T)). So, by a result similar to Proposition [[L@ for quasiconformal maps in the
complex plane, g minimizes the mean distortion in G for the density po. Thus, by
Lemma [2.2] and Proposition 23] f is one of the f,. O

To sum up, in Section [2] we proved the following.
Theorem 2.9. The map
ﬁ) : Ca,b — Ca/, ’

H0-5h)e
(2,t) — | PR 4y
(1—T)|Z|2+—/

manimizes the mean distortion in F for the density po and is the unique such
minimizer up to composition with a rotation around the vertical axis.

3. GENERALIZED CONSTRUCTION

3.1. Notation and the “pull-back density condition”. In this section, we
want to determine conditions in order to generalize the construction we made before
to domains in H that are not conformally equivalent to cylinders but whose projec-
tions on the half-plane are biholomorphic to rectangles. So, let us take two bounded
domains of H, €, and €, with two biholomorphic maps ¢ : R, — 24 and
P Rer pp — Qg that extend homeomorphically to boundaries (boundaries taken
in C). Q4 and Qg p may also be defined as quadrilaterals in the sense of Ahlfors
(see [ALIGO]).

Notation 3.1.

e We denote I'y (resp., I'y) the family of horizontal lines in R, p, (resp., Ra/ p),
then T'y := ¢(I'y) and Ty, := (I7).

e We also denote pg = % (resp., pp = %) the extremal density of I'g (resp.,
I'y). Then, pp = ¢upo € adm(Ty) and py = Yupy € adm(Ty) are the
push-forward densities. Since ¢ and 1 are holomorphic, p, (resp., py) is
extremal for I'y (resp., I'y).

e Consider R, and Ry as |0,a[x]0,b] and ]0,a’[x]0,b'[ and still write
¢ :]0,a[x]0,b[— Qup and ¥ :]0,a’[x } b/ [— Qg for the holomorphic
maps. Then, for every s € [0,a], 00 := ¢({s} x [0,b]) and for every
s €[0,a'], 0, :=¢({s} x [O,b’]).

e We denote Gy, the set of quasiconformal maps from €}, to €,/ that
extend homeomorphically to boundaries and map 9§ to 99 and 99, to
o0,
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Remark 3.2. Notice that since quasiconformal maps (in C) are orientation-preserving,
G can also be described as the set of quasiconformal maps from R, to R, p that
extend homeomorphically to closures and map the vertical boundary components
onto their corresponding ones. In other words, Giq.qa = G.

Recall from Lemma that every minimizer of the mean distortion in G for the
density pg is of the form

/

folz +iy) = %w +ip(y)

for a function ¢ : [0,b] — [0,b'] with ¢(0) = 0, ¢(b) =" and ¢ > %' Now, since
the modulus of a curve family is a conformal invariant, every minimizer of the mean
distortion in G4  for the density pg is one of the

9o :¢0f¢o¢_1.
In order to state the results of the section, we need to introduce more notation.

Notation 3.3.

° Qa’b = U(ST x Q) and ﬁa/’b/ = U(ST x Qg ). These are the right
domains to consider since, as in cylinders, we don’t want potential pieces
of the vertical axis to be on the topological boundaries.

. f¢ (resp., f¢) is the lifted family of I'y (resp., I'y).

e Extending II to a function from H to HU {&(w) = 0}, we write for every
s € [0,a], 8 = II71(84,) and for every s € [0,a’], O, = I~ 1(AL).

e The set of quasiconformal maps from ﬁa,b to ﬁalﬁb/ that extend homeomor-
phically to boundaries and map 8?20 to 856 and 85,1 to 85;, is denoted
Fs.p- Notice that Fiq,q is the set F from Section 2

Notice that it could happen that 92, lies inside ﬁmb for s € {0,a} and not in
the topological boundary of ;.
In the whole section, we will assume that IT*p, (resp., II*py) is extremal for T'

(resp., f¢) This is a quite important condition for both existence and uniqueness
results of Section[Bl We wish to give a better understanding of this condition. First,
let us give an example of a holomorphic map ¢ for which II*py4 isn’t extremal for

the family f¢.
Example 3.4. The example is quite simple. We know that in a rectangle R,

horizontal lines satisfy the above property, but vertical ones don’t. Indeed, let A
be the family of curves

0z(s)=x+isfor0<ax<aand 0<s<b.

It is well known that the modulus of the family A is § with extremal density o = %.

Now, let A be the lifted family of A. One may verify that A is the family of curves
5~(z7t)(s) = (sz,t) for [z =1,0 <t <aand 0 < s < Vb.

With a calculus quite similar to the one done in the proof of Lemma 21 we find
the modulus of A to be
~, _ 167a

(&)= 27b
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with extremal density

- 2
U(Zat):m

which is not the pull-back by II of 0. Now, we may send the rectangle Ry , to the

rectangle R, by the composition of a rotation of angle 5 and a translation by a

which is a holomorphic map sending horizontal lines to vertical ones.

The following gives an interpretation of the pull-back density condition in our
setting (R’ refers to the complex derivative of any holomorphic function h).

Proposition 3.5. If 5 |¢ I 18 a function of the imaginary part only, then
ME) = [ (rpg)art
Qa,b

Conversely, if M( F¢ fQ IT*pg)*d L3, then J(?QJ) is a function of the imaginary
part only.

Proof. Let 740 € f¢. By definition,
tea(s) = (V@ 2D, R(6(s,2)))

with 7(s,2) = — Og Wdt for every s,z (here, the index ¢ refers to the partial
derivative with respect to the first variable). Then, computing, we have for every
S,

¢’ (s, )|
2¢/S(o(s,2))
where 7, 4,1 is the first coordinate of the curve v, o. Thus, if p € adm(f@, then,
for every x, we have

Hm,a,l(s)l =

)

: el
/Op('}/x,a(s))Z %(¢(S,m))d > 1.

But, by substitution, we have the following:

27 b a
®) /ﬁ p4dL3_%/o /0 /0 p4(%f7a(5))‘¢/(5,l’)|2dsdxda.

Moreover, using Holder inequality, we have for every z, «,

’ s G s 4 " 5))|¢' (s, 2)|?ds
(/ pmals)) 5 %@(S’x))d) < ([ #Oealoplo'ts.Pas)
/( ¢/ (s )] ) 0s
0 \2v/S(6(5,2))

3

wle

So that

(9) 1 < /Oap4(7r,a(s))|¢/(s’x)|2d8 /Oa (%) -
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Now, assume first that %M()_;J) is a function of z only. Then by assumption there is a
real valued function h such that
S(p(s,x)))?
) = 062
¢/ (s, @)

Thus, using (@), we have for every z,

for every s, z.

[ pnatoplorts o pas = 22

Using (8), it leads to,

~ 1
M(r¢)>i3” h(z)dz.
a” Jo
Now, by definition,
1y, — 171
P alg (¢ o)

So, again by substitution,

/ﬁ (I pg) " AL® = /%// a4|¢, )3) ddxda:f—; Obh(x)dx.

a,b

Thus,
M(Ty) = / (IT* pg ) *d L2

a,b

Conversely, assume that M ( F¢ fQ I1*py)*dL3. Then, using ([8) and (@),
we find for every p € adm(F¢),

b
d
/~ ptdL? > 167r/ ]
o (fo ) ds)

(S((saF
Now, let p € adm(f¢) be defined for every x, s, a by

= ([ /(52 ds) |¢/ (s, )| "%
el </ 2(3(¢(s,2)))7 (3(o(s,2)))5

b
d
/~ p4dL3:16ﬂ'/ ]
Qap (f() (W’/ s,x) SzdS)

z)))3
Since, 1I* py is extremal, we have II*pg4 = p. This leads to

ol

Then,

2
3

s nlE 1 [ e,
(S(e(s,2)))z ado (S(o(s x)))?
for every s,x. So, gl‘?;;)l) does not depend on s. O

To end the discussion on the pull-back density condition, one can show that (by
the previous proposition) it is equivalent to the condition given on the foliation in
Theorem [[7]

In the following, we will answer (in this setting) the questions asked in the
Introduction. First, we will give conditions on the function ¢ so that g, lifts to a
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quasiconformal map between flayb\{z =0} and Qa@b/\{z = 0}. To be more precise,
we will prove that g, can be lifted to a quasiconformal map between ﬁmb\{z =
0} and ﬁa/yb/\{z = 0} if and only if ¢ satisfies an ordinary differential equation.
Moreover, we will see that when such a ¢ can be found and if lifts of g, can be
extended to maps in Fg 4, then those lifts minimize the mean distortion in Fy
for the density II*pg. After that, we will explain that if we can find a minimizer of
the mean distortion functional by that process, then we actually found all of them.
Finally, we give two examples.

3.2. Conditions for existence of a lift. As stated, here we wish to find con-
ditions on ¢ so that g, can be lifted by II into a quasiconformal map between
()a,b\{z = 0} and Qa@b/\{z = 0}. To do so, we make a change of coordinates in
H more adapted to the problem. New coordinates are then given by the following
two maps:

Wy: 10,a[x]0,b[xR — Qap\{z =0}
(0.0 — (VS0 2)e, R(6(s,2)))

y: 10,d'[x]0, 0 [xR — Qo \{z =0}
(2,00 — (VSW)e, R (s,2)))

so that
MoW,(s,z,0)=0¢(s,x) and ILoWy(s,x,0)=1(s,x),

where it makes sense. Moreover, a map (S, X, 0) :]0, a[x]0,b[xR —]0, a’[x]0, b'[xR
induces a well-defined map (g1, g2) : Qap\{z = 0} — Qo »\{z = 0} if and only if
S, X are 2m-periodic (in the third variable) and © is 2m-periodic modulo 27 (also
in the third variable). Then, one may verify that a map (S, X, ©) defines a contact
map from §a7b\{z =0} to ﬁaz,b/\{z = 0} if and only if there is a nowhere vanishing
function A such that,

= A (R(6)ds — S(6:)dz + 23(¢)d6)

Here again, we denote the partial derivative with respect to s (resp., z, resp., 6) by
an index s (resp., «, resp., #). Finally, a map (S, X, ©) defines a lift of a g, if the
diagram

10, a[x]0,b{xR ZXN0, a/[x]0, o' [xR

Ho‘Ild,J/ JHO\PTP

Sla b Sza/ b’
’ 9o ’
iS COmmul al i\/e.

Lemma 3.6. Let (S, X,0) :]0,a[x]0,b[xR —]0,a’'[x]0,b'[xR. The previous dia-
gram is commutative if and only if we have
!

S(s,z,0)=5(s) = %s and  X(s,z,0) = X(x) = o(x)

for every (s,x,0) €]0,a[x]0,b[xR. In other words, (s,x) — (S(s), X (x)) agrees
with fo.
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Proof. The diagram is commutative if and only if
(990 ollo \If¢)(8, €, 0) = (H o \I’¢)(S(S, T, 9)3 X(Sa €, 9)7 9(‘9’ Z, 9))
for every (s, z,0) €]0,a[x]0,b[xR, leading to

(5.3)(50.0) = (07 0.9, 0 0)(5.2) = Fyls.2) = (L))
for every (s, z,0) €]0,a[x]0,b[xR. O

To sum up, a map (S, X, 0) :]0,a[x]0,b[xR —]0, a’[x]0, ¥ [xR induces a con-
tact lift of g, if and only if, (s,x) — (S(s), X (x)) agrees with f,, © is 2w-periodic
modulo 27 in the third variable, and the functions S, X, and © satisfy the contact
condition ([I0). Now, we are able to state conditions for the existence of a contact
lift; then quasiconformality of the lift comes from Lemma [[.T4]

Proposition 3.7. Suppose that (S, X, ©) is a contact transform from 0, a[x]0, b[xR
t0 10, a'[x]0, ' [xR such that

goolloW, =1ITo W, o0 (S, X,0).
Then, first, for every (s,x,0) €]0,a[x]0,b[xR,

/
S(s,z,0) = %s and X (s,x,0) = p(x).

Moreover, @, ¥, and ¢ satisfy for every (s, x,0) €]0,a[x]0, b[xR
I

o | (Zse@)] S0, 0))
(11) —o(x) - 5 =1
s (3 (0 (L5 0())))

Conversely, if those conditions are satisfied, then (S, X,0) : (s,2,0) — (%L, p(x),
0+ h(s,x)) with

(12) 2h,(s,7) = \;(( (( )))) p— el )
R(ou(s,a) o R (0 (55:00))
S(o(s, w)) a S (Lsp()
a contact transform satisfying g, oo Wy =1Ilo Wy, 0 (5, X, O).

(13) 2hs(s,x)

Proof. The proof is similar to the one of 2.3, we take information from the map
(S, X, 0) to be contact in order to find the three partial derivatives of ©. According
to the previous lemma, we know that S(s,z,0) = %s and X (s, z,0) = ¢(x) for every
(s,z,0) €]0,a[x]0,b[xR. Now, the contact condition gives the following PDEs:

a/

(14) E%(ws(svx)) 2%(¢(37X )es = )‘%(¢s)v
(15) S(9hs (5, X))o = 23(4(9,X))0 = A3(s),
(16) S(¥(S, X S(9),

for a nowhere vanishing function A. From (16
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Replacing in ([4)) and ([I3) and dividing by 3(¢(S, X)) > 0, we deduce

a' R(Ys(S, X)) _ R(es)
(17) 2 SWEX) T T 5 %

S(¥s(5, X)) . _ S(¢s)
(18) S(0(S, X)) ¥ 29 S(¢)

Differentiating (I7) with respect to x, (I8) with respect to s, and using Cauchy-
Riemann equations for ¢ and ¢, we find

Cd (S(s(8, X)) | (R((S, X))\ _ (@)
1 a¢<sW@X»+<sW@X»)>+%“ S0) "

)
‘<%@$+C§ﬁ>>@“

d  (SWes(8,X) (S XN Lo S(0)
(20) asﬂ( ( e ) ) 20, = () Os0

3(dss) _ (300’
=2 — Op.
*(%@) (w> ’
Thus, replacing the value of 20, from ([[J) in @0), and using |h|?> = (R(hs))? +
(3(hs))? for any holomorphic function, we find

@, WSXP R, 97 g, — S0
a” (S5, X)) S(e) (3(9))? 3(9)
Now, differentiating () and ([I8)) both with respect to 6, we also have

_ R(¢s) __S(9s)
9379 = m@gﬂ and @%9 = —2%(¢)@

So, replacing those in (21]), we finally have
, 2
¢ | (Zse@)| S0,y
Oy = —

a pvix / 2 (< a’ 2"
|9/ (s,2)[2 (S (¢ (45, 0(2))))

The term on the right side does not depend on 6. So

0=0p, =059 =0,4.

(21) — O + Oy0.

!

Thus, Oy is constant. So, for © to follow the periodicity condition, ®y must be
everywhere equal to 1, which ends the first part of the proof.
For the second part, it is a simple verification that a map (.5, X, ©) defined by

(s,2,0) — (%s,cp(;v),@ + h(s,z)) with

%@4%&ﬂﬂﬂ(@_%w$w»
@ (Zs,0@)) 7 S(o(s.0))

(s, 2) = R(ps(s,2) o' R (ws (%s,so(x)))

3(0(s,2) @ (¢ (Ls,p(x))

2hw(sa I) =

&
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and ¢ satisfying (L)) is a contact transform satisfying g,oIloW¥, = IToW¥,0(S, X, ©).
Moreover, such a function h exists: using the fact that ¢ satisfies ([IJ), one may
verify that

9 iy S0:(5,2)
s \ S (v (%’s,g@(m))) @) S(9(s, x))

R (ws (%s, w(x)))

_ 0 [ R(gs(s,2)) o
9z \ S(o(s,2))  a S(¢¥(Ls, o(x)))
and so, the system of equations for i has a solution by the Poincaré lemma. ([l

Finally, let us take a map (s, z,6) — (%s,gp(m),@ + h(s,z)) with ¢ satisfying
@@, ¢(0) =0, ) =V, ¢ > % and h satisfying (I2) and (I3). Then, it induces
a quasiconformal lift of g,, g : Qa\{z = 0} — Qar»\{z = 0}. Assume moreover
that g can be extended continuously to a map in Fy . Then, Corollary [[.T3]ensures
that

Mmmnzé K (. g)2(I py)*dL?.

Now, let T be the family of all horizontal curves in ﬁa,b connecting 8()0 and 8(2,1.
Then, IT*py € adm(T") (see Lemmal[3.T4). Moreover, by definition of Fy 4, for every
fe ]:(;sﬂp, g(l“¢) C f(F) so that

M(g(Ty)) < M(f(D))

for every f € Fy.4. Thus, using Proposition [[L6] g minimizes the mean distortion
in Fg 4 for the density II*p4. So, we just showed the following.

Theorem 3.8. Let g, : Qqp — Qo be a minimizer of the mean distortion in
Gy for the density py with ¢ satisfying (LI)). Then, there is a quasiconformal lift
of 9o, 9 : flayb\{z =0} — (Nla/y\{z = 0}. If g can be extended continuously to a
map in Fg.p, then g minimizes the mean distortion in Fg 4 for the density I1*pg.

To end this section, we give a general theorem for lifting quasiconformal map-
pings from H. It produces a new way to lift quasiconformal mappings from the
plane to the Heisenberg group different from [CT95,[BHIT06]. The formulation
of the theorem (to be precise the link between the formula rﬂé‘éﬁ =1 and the
preservation of the hyperbolic area form) is heavily inspired by a work in progress
by Cano and Platis (see [ACIDPT16]). In their work, the authors create a setting
in which the lifting theorem fits. The proof they give is therefore more concep-
tual than the one we give here (in the appendix) which relies on the same kind of
computations as the proof of Proposition 3.7}

Theorem 3.9. Let g : @ — Q be a C’2-q1iasiconf0rmal map between simply
connected domains of H. Let Q@ =1171(Q) and Q' =117 1(Q).

o If g is a symplectomorphism with respect to the hyperbolic area form of H

(i.e., for every w € H, (é‘z‘;a%))Q = (g(iu))Q where Jacg is the Jacobian

determinant of g), then there is a quasiconformal map f : Q — ' such
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that Il o f = goIl. Moreover, f is of the form:
(2,6) — (2(acg(t +ilz[2) 4TI Rg(t +i]2]%)) )

where h : @ — R is given by the following equations, for every w € Q:

o, 1 1 R,
810( ) 13(w)  2S(g(w)) Ow (w),
Oh 1 1 OR(g)

%(w) - 43(w)  28(g(w)) 0w (w).
e Conversely, if g can be lifted by II into a quasiconformal map between Q

and ', then g is a symplectomorphism with respect to the hyperbolic area
form of H and f has the form given previously.

Remark 3.10. Proposition [3.7is a version of Theorem in the case
9:9¢:¢0f¢0¢71~

In particular, using holomorphicity of ¢ and %, and Jac f, = %gb, condition (IIJ) is

equivalent to

Yaclg)(0(s,2) _ ol W) 1
Slap@(s. o)~ a0 ) PFEWFe(s ) (3(6(s,2)))2

so that condition (Il is equivalent to g, being symplectic with respect to the
hyperbolic area form.

3.3. Geometric conditions for uniqueness of the construction. In this sec-
tion, we will prove that when there is a minimizer of the mean distortion in Gy
for the density p, that can be lifted into a quasiconformal map in Fy ., then every
minimizer of the mean distortion in Fy 4 for the density I1I*py4 is constructed by
that process. The section is dedicated to the proof of the following theorem, which
may be understood as a converse of Proposition in the case of domains 2 and
€ biholomorphic to rectangles plus boundary conditions.

Theorem 3.11. Let f : ﬁa,b — (NZG/J,/ be a quasiconformal map in Fg . such
that fII*py = IT*py. Suppose that I1*py (resp., I*py,) is extremal for T'y (resp.,
Ty). Then, f is a lift of a minimizer of the mean distortion in Gy, for the density
ps. Namely, there is a quasiconformal map g € Gy such that Ilo f = goll and
GxPgp = Py

Remark 3.12. It could be tempting to phrase the previous theorem using modulus
of a curve family as: if IT* pg (resp., IT*py,) is extremal for I'y, (resp., I'y), then every
quasiconformal map f € Fy  such that

M(f(Ty)) = /Q K (. f)2(IT" ) dL?

is a lift of a g,,.
But this is not what Theorem B.1T] states. In fact, it concerns maps f € Fyp
satisfying

M(Ty) = /Q K (. f)2(IT" ps ) dL?.

Nevertheless, we can still phrase Theorem BITusing moduli of curve families—only
not with f(I'y).
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Let T be the family of all horizontal curves in ﬁa’b connecting 8?20 and 8(~2a.
Then, II*py € adm( ) (see Lemma BI4) and so it is extremal for I'. In the same
way, I py € adm(I‘ ) is also extremal where I is the family of all horizontal curves
in Qg b/ onnectmg 890 and 89 . Now, by definition of Fy 4, for every f € Fy 4,

F(T) =T". So,
fIl*pg = ¥p, <= M(f / K(., f)2(IT* pg)*dL>.
ab

So, Theorem [3.11]is equivalent to the following theorem.

Theorem 3.13. Let I' be the family of all horizontal curves in Q b connecting
8(20 and 3Qa, and let T’ be the Sfamily of all horizontal curves in Qa/ b’ connectmg

8(2' and 8Qa . Assume that II*py (resp., II*py,) is extremal for r (resp., F’). Let
f € Fpp be a quasiconformal map satisfying

= [ KCpHarpgtaz

Then, f is a lift of one of the g,.

The proof of Theorem [3.11] follows the same steps as the one of Theorem
Again the main thing we have to prove is that a quasiconformal map f = (f1, f2)
as in the previous theorem has the property: (fa2 +i|f1|?)(z,t) does not depend on
arg(z). Let us set a quasiconformal map f : ﬁmb — ﬁa/y with the hypothesis
of the theorem. The first objective is to show that a map f € Fy, such that
f«Il*py = IT*py, must be defined by a map (S, X, ©) that sends a curve

R(¢s(s, 7))
23(¢(s,2))

For that, we will follow essentially what we did in Section 2.2. First, a curve
F(#) = (s(t),z(t),0(t)) in ]0,a[x]0,b[xXR (resp., in ]0,a’[x]0,b'[xR) is said to be
horizontal if W4 ((t)) is horizontal in Qp (resp., ¥, (¥(¢)) is horizontal in Qg 4r).

(s,z,a+ 7(s,x)) with 75(s,z) = —

on a curve

Lemma 3.14. Let I be the family of all horizontal curves
F(t) = (s(t), z(t),0(t)) such that s(0) =0 and s(a) = d’.

Then, for every 5 € T,

/ II*pgdl > 1.
Wy (7)

Moreover, we have equality if and only if Uy(7) € f¢.
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Proof. Let 7 be a curve in I and v = U4(¥). Then, we have the following:

/H*p¢dl / 2|y (8)][9:(2) da
¥ 0

|
al¢' (¢~ (T o7)(1))|

L @ey
- / F @ o)

[, -
E/o [5(t) + iz (t)|dt
1 [,

3 [ sar

1.

We have equality here if and only if © = 0. One may then verify that a curve
(s(t), o, 0(t)) is horizontal if and only if its image by Wy is an element of I'y. O

Y

Now, we may prove the following the same way that we proved Proposition 2.7
Proposition 3.15. In our setting we have
f(Tg) =Ty
Moreover, f maps (potential pieces of) the vertical axis to itself.

Thus, according to this proposition, we can restrict our attention to ﬁmb\{z =
0} and Q4 ' \{# = 0}, meaning that f induces a well-defined map (S, X,0) :
10, a[x]0, b[xR —]0, a’[x]0, ¥'[XR that sends a curve

oo = (5,2,04 7(s,2) with #(s, ) = — D)
on a curve

g(rlyo/)(s) = (C(z,0)(8), 2", & +0({(z,0)(5), ")) with 0(s,z) = —

It remains to show that .

C(m,a)(s) = ES
Proposition 3.16. The map (S, X,0) sends a curve Yz.qa)(s) = (5,2, + 7(s,x))
with 7(s,x) = —%?;72?3 on a curve g(m/’a/)(s) = (%s,x’,a' + ’U(%S,Qf/)) with
R(s (5,2))

0(8,%) = =330 (sa)) -

Proof. Again, the proof is very similar to the one of Proposition We consider
the following two complex vector fields:

iz¢/ (¢~ (¢ +i[2[*)) 7
— Z d U:=
PIER - PIER
Then, using the same method as in Proposition 2.8 one may check that

wate f)| - 7o py| = LC DN 171 1z77).

2|

_— i (¢ (¢ +il=*)

Now, since

fibo o f = py o f with py =1I"py = "¢, po and py = " py, = 1"
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we have
e a([U(Io f)] = [ULo f)])  d[¢/(ToTlo f)]

This leads to

_ a/ _
U(ITo f)| = [U(ITe f)| = —[¢'(~" o TTo f)].
Now, let Yz.0)(s) = (s,z,a + 7(s,2)) with 7(s,z) = —% and Y(z,q)(5)
= V4 (Y(z,a)(5)). Then we have,
Lo foY(w,a)(s) = ¥(((z,a)(s), ).

Thus,

(@ forga) ()

But we also have

(e forem) o

= [ (G0 (8), 2|z, (8-

= |U(H © f)(’}/(m,oc)(s))l - |ﬁ(H © f)(’)/(z,a)(s))l

o o f o))

a/

= E|¢/(<(w,a) (S)a I/)‘
50, ((z,a)(5) = %/s which ends the proof. 0

Finally, a rather long but elementary calculus (done in the appendix) shows the
following.

Proposition 3.17. The map (S, X,0) satisfies Xg = 0.

Combining Propositions and 317 together with Corollary [LI3] is enough
to prove Theorem [BI1l Before giving examples, we sum up the results gotten in
Section Bl In the following theorem, we denote by T the family of all horizontal
curves in §~2a7b connecting 3()0 and 6(~2a.

Theorem 3.18. If II*py is extremal for fd) and I1* py, is extremal for fw, then we
have the dichotomy:

1) If there is a minimizer g of the mean distortion in Gy, for the density pg
that can be lifted into a quasiconformal map f € Fy ., then f minimizes the mean
distortion in Fy . for the density II*py,. Moreover, every minimizer of the mean
distortion in Fg  for the density I1*py is a lift of a minimizer of the mean distortion
in Gy.p for the density pg.

2) If none of the minimizers of the mean distortion in Gy ., for the density pg
can be lifted into a quasiconformal map in Fg .y, then, for every f € Fy .y,

M(f(F) < /Q K (. f)2(IT"py) 'L,

Proof. We only have one thing left to prove here: in the first case, every minimizer
of the mean distortion in Fg, for the density II*pg is a lift of a minimizer of
the mean distortion in Gy, for the density pg. We will show that in that case, a
minimizer f must satisfy f.Il*pg = II*py. Then, the result will follow by Theorem
BII So, pick f € Fy, as a minimizer of the mean distortion and denote by f
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the minimizer of the mean distortion coming from the hypothesis. Then, it is clear
that fo(I'y) = I'y,. Moreover, Corollary [ T3] ensures that

M(folTy)) = /Q K (., fo)?(IT o) 'dL?.

So,
M(T,) = / K (. fo)? (I po)*dL® = / K (. £)(IF ) dL?,
Qab Qap

which means that f.II*p4 is extremal for fw. Since II*py, and f,II*py are contin-
uous, they are equal by Lemma [[.3] a

We now wish to give two examples of the construction. The first one is between
spherical annuli on the Heisenberg group and comes from [BFP13|, [BEP15] where
extremality and uniqueness were proved. Here, it is constructed using the holo-
morphic map z — e*. Applying Proposition [3.7] and Theorem BIIl we are able
to reconstruct the map and prove its uniqueness. The second example uses the
translation z — z + 1.

Example 3.19. Let us consider two half-annuli in H:
Ag={weH| 1< |w| <a®} and Ay :={wecH]|1<|w| <a®*}
for k <1 and a > 1. Then,
A, = ¢(]0,21n(a)[x]0,w]) and A.x = (|0, 2k1n(a)[x]0, (),
where ¢(s,2) = (s, z) = €T, Then,
' (s, 2)*> 1
S(é(s, ) sin®(x)

is a function of x only. Moreover, we denote

o

A, = MI-1(A4,) ={(z,t) e H| 1 < ||(2,t)|lz < a}
and .
Age =T (Ap) = {(z,) e H | 1 < ||(z,1)[|m < a"}
the spherical annuli in H. The set Fy4, here is the set of quasiconformal maps
f A, — Agr that extend homeomorphically on {(z,t) e H |1 < ||(2,t)||u < a},
sending {[|(z,¢)[[m = 1} on {||(z,?)la = 1} and {[|(z,?)|lm = a} on {[|(z,t)[n =
a*}. Finally, the family of curves considered here is the family of radial curves

Viw,o) (8) = (\/ s sin ze! (™ 602“05), e’ cos :c)

which has modulus 72 In(a) =2 with extremal density

||
) =—— 1
po(2t) In(a)+/t? + |2|*
for A, and 721In(a*)~ with extremal density
polet) =
In(a®)\/t? + |2]*

for A, (see Figure ).
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FIGURE 2. Spherical annulus foliated by radial curves (foliation
given by rotations around the vertical axis of drawn curves and
the two pieces of the vertical axis itself).

According to Proposition B if a lift (S, X, ©) of g, exists, it must verify the
following:

S(S’ x? 0) = ks? X(s7 x’ 9) = (p(x)7
sin?(z) R
sin®(p(x))
Thus, solving the ordinary differential equation, we find for every =z,

¢(z) = cot (k™" cot(x) + D) where D € R.

Moreover, ¢(x) > k for every z. For ¢(z) = cot™ (k~! cot(x) + D), this is equiv-
alent to

k4 2D cot(x) + kD?* < 1 for every ,
which is possible if and only if D = 0. So,
p(z) = cot™" (k" cot(x))

for every = €]0,n[. In particular, notice that ¢ extends continuously in a homeo-
morphism from [0, 7] to [0, 7]. By Proposition [B.7] again, we know that we can find
the function © to make (S, X,©) define a quasiconformal map between spherical
annuli (minus pieces of the vertical axis):

O(s,x,0) =0 + h(s, ),

where h verifies
2hs(s,z) = 0 and 2h,(s,z) = o(x) — 1.
Thus, we find

h(s,x) = w + 6, with 6, € R.
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Using ¥4 one is invited to check that in usual coordinates, it gives (up to compo-
sition with a rotation around the t-axis) the map

fi ANz=0} — Nk\{z_o}
(20— (ﬂ( e |2) £+ ]2[2| =, t%>

Then, f extends in a homeomorphism in Fy . This is the map studied in [BFP13]
called the radial stretch map. By Theorem [B.8], f minimizes the mean distortion in
Fy for the density py. Finally, the first part of Theorem ensures that, up to
composition with vertical rotations, f is the only minimizer of the mean distortion
in Fp. for the density pg.

The radial stretch map appeared in various contexts, for instance, in [Min94],

[Ausi6).
Example 3.20. Let us consider a subset of a cylinder

Dypi={(zt) eH|0<t<r, 1<|z]><R+1}.

We are interested in the same minimization problem as in Section [2] but this time

between D, , and D, with a,(?big > 1. This means that we consider the foliation

of D, given by the subset of I‘O of curves that lie in D, (see Figure [3]).

FIGURE 3. D, foliated by a subset of fo (foliation given by ro-
tations around the vertical axis of drawn curves).

Those cylinders are simply lifts up by II of rectangles ¢(R, ) and ¢(Ry pr) for
¢(w) = w + i. According to Theorem B9 a lift of one of the g, exists only if
¢(Rap) and ¢(R,r 1) have the same (finite) hyperbolic area. Moreover, equation

() writes as

AR

P emrnr !
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whose solutions are functions defined for x by

ad z+1
— 2 _TT2 _withCeR.
o(x) T CrrCT1 with C €
From ¢(0) = 0, we deduce that
!
c=2%-1

So, for every x € [0, b,

)=2 L

[T (R pe

Then, assume that ¢(R, ) and ¢(R, 1) have the same hyperbolic area, meaning
that,
ab  a'tf
b+1 b +1

_ b (b+1)

Using % = ) We have then

(b) = a b B V(b+1) o
7 S (1-2)b+1 b+ 1) =V (b+1)+b+1

So, g, can be lifted to a contact map between D, ; and D, . Moreover, for every
s€[0,a], x € [1,b+ 1],

(5,2) a’ +,a’ x a’ +,a’ x
go(8,2) = —8+i—— =541
R L A

a (Lot
Replacing % by % in the imaginary part of g,, we find for every s € [0,qa],
x € [1,b],

(5, 2) a L '+ 1z a’ 4 v+ 1z
go(s,7) = —s+i m oy = ST - -
T a2 21 ST

which is exactly the restriction to [1,b+ 1] of the function found in Section 2] from
the rectangle [0, a] x [0, b+ 1] to the rectangle [0,a’] x [0,b" +1]. So g, can be lifted
into a quasiconformal map between D, and D,; and a lift is the restriction to
D, of one of the fa 1 Cap41 — Cor 41 from Proposition 231 Finally, Theorem
ensures that lifts of g, minimize the mean distortion in Fy4 4 for the density
IT*pg. So, Theorem gives the dichotomy:

o If ¢(R,p) and ¢(R, 1) have the same hyperbolic area, then restrictions of
fa : Capt1 — Cor 41 to Dy, minimize the mean distortion in Fy ¢ for
the density II*pys and they are the only such minimizers.

o If ¢(Rqp) and ¢(R, 1) don’t have the same hyperbolic area, then for every
quasiconformal map f € Fy 4,

M(f(T) < /D K(, )21 py)dL?,

where T is the family of horizontal curves in D, ; connecting the two bound-
ary annuli.
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APPENDIX
Here, we provide some proofs left aside in the paper.

Proof of Lemma 221 First, it is a simple verification that maps f, minimize the
mean distortion in G for the density pp. Moreover, since those maps satisfy

M(T)) = /R K(. f,)03dL?,

every minimizer must also satisfy it. So, with the same argument as in Proposition
271 if f € G minimizes the mean distortion functional, then f(T'g) = I'j. So for
every s, vy,

fls +iy) = Gy(s) +ip(y)
for functions ¢, and ¢. Moreover, using a similar argument as the one in Proposition
2.8 we find that

/
Cy(s) = 2 s for every S, y.
a

To sum up,
!

flz+iy) = %l‘ +ip(y) for every x + iy € Ry .

For such a function to be orientation-preserving, ¢ > 0 and, since f sends horizontal
boundary components on the corresponding ones, ¢(0) =0 and ©(b) = V. Finally,
the minimal stretching property in that case leads to |¢| > <. So f is one of the

Jo- 0

Proof of Theorem [B.9. Again, partial derivatives are denoted by an index.
For the first part, let & : Q@ — C be defined for every w € 2 by

bw) = —— — RO@) 4 s w)dw + Fw)dw

A3(w)  23(g(w))
Then, using the fact that g is a symplectic map, a calculus shows that (3 is closed,
hence exact by the Poincaré lemma. So (since 8 is a real 1-form) there is a real
valued function h : Q@ — R such that

hw =k and hg=k.

Now, it is a simple verification to check that the map f defined in the theorem is
a contact map and then, quasiconformality follows from Lemma [[.14
For the second part, let f : Q — € be a contact lift of g. Here, it will be easier
to compute in usual cylindrical coordinates (r,8,t) — (re?,t). f is then a map
(R,0,T) with
R(r,0,t) = /S(g(t +ir2)) and T(r,0,t) = R(g(t + ir?)).
The contact form w is in those coordinates
w = dt + 2r2de.
So, f is contact if and only if the following three PDEs are satisfied:
T, + 2R%O, =
T; + 2R2@t = )‘a
R*©p = 1),
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with A a nowhere vanishing function. Moreover, for every (r,6,t),
T (r,0,t) = 2ir (R(9))w(t +ir%) — (R(g))w(t +ir?))
and
Ty(r,0,t) = (R(9))w(t +ir®) + (R(9))w(t + ir?).
So, we find
i
S(g(t +ir?))

and deduce the following two:

Or(r,0,1) = ((R(9)w(t + ir?) — 9w (R(9)) (¢ + ir?))

O,9=0
and
Ot = SOE ((S(9)w + (3(9)w) (R(9))w — @(9)%)
+ 5157 (R9)mm — (R(9)w.a)

Moreover, we have

2
Y
S(g)

and so, differentiating with respect to r, we find

0, = r?Jacg ~ (R(9)w + (g%(g))ﬁ.

2(3(9))? 23(9)

From that, we deduce two things:

Oy = (R(9)w + (R(9))w) + 2r°6;

4 Jacg

(S(9)*

©p: =0and Og =7

So,
@979 =0.

135

Thus, Oy is constant with value 1 (if not so, (R, ©,T) would not be a homeomor-

phism). It leads to
Jacg 1

(3(9)?  (S(w))?

which ends the proof.

O

Proof of Proposition B.17 The proof is similar to the one of Theorem First,

by hypothesis, for every (s, z,0) €]0,a[x]0, b[xR,

/

d
S(s,x,0) = %s and gX(s,a:,a +7(s, %)) =0.

It leads to

R(6.) o

- X = 53)
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Now, since (S, X, ©) defines a contact map, there is a nowhere vanishing function
A such that

(23) _%(ws(st)) - %WS(S,X))XS +2%('¢}(st))@8 = )\%(Qﬁs),
(24) S(¥s(5, X)) Xe = 23(¥(5,X))0, = AS(es),
(25) =S (¥s(8, X)) Xp +23(4(5,X))0s = 2X3(¢)

Replacing A by its value in ([23) and (24)), and using ([22)), we have the following:

R, RE(S.X))
26 O = 5% T BWE.X)

SAS.X) . S(6) SWS.X) . (6
@D O = RuEx) T 2500) 235 X)) T 23(0) 0"

From now, to follow computations, as a rule, we decide to express all partial deriva-
tives of R(¢), R(¢), F(¢), and () with respect to s (we do it using Cauchy-
Riemann equations). Differentiating (28) and (27)) with respect to 6, we find

99,5

T oy, - & (MWeelSX)_BUSINUEK)) y,

23(¢) 0 23(¥(S. X)) 2(3(u(S. X)))?

Using Cauchy-Riemann equations, we have

R(6)) (S5, X)) | (R((S, X))
@) o0 = o+ (B e 0R) X
_ %(wss(S7X)) %(ws(st))%(djs(S?X
(29) o = (2%(5»0) T 2G5, X)) )X"X‘f
4 gy(qﬁs) §R ws,s(SaX)) o 9%(11)5(5,)())3(%(5,)())) (X9)2
23(9) \ 23(u(5. X)) 2(S(6(5, X)))
%(7/13(‘9,)()) %(st) C‘\y(d}s(sa X)) \g(ﬁbs)
23(0(5. X)) 1 93(9) 23(6(5, X)) 0 T 23(9) 7"
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Moreover, differentiating (22]) with respect to x gives

X:L’,O

R(¢s)
23(¢)

)>X9+

(¢«

&

R(¢s)

R(¢s,2)

2(3(¢))?

and so,

(30)

Then, differentiating (22) with respect to 6:

(31)

Now, we differentiate (26]) with respect to z

23(4(S, X))

leading to:

Differentiate ([27) with respect to s:

)x.

(¥s(S, X)))?
(¥ (S, X)))?

5|2

(
2(

%(d]s,s(sv X))
23(y(5, X))

(

SRS

95,95 =

25

,X))>XSX0

(¥a(S

S(1hs (5, X))

(¥(5,X)))?

2(
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and replace X, by its value from 22)), X, . by B0), X, ¢ by @), and O, ¢ by [28):

<whwxn @(@X )
S(W(S, X)) 2(3((5, :
)((%A&XD (%@Xﬁw%@XD
) \ 23(4(8, X)) 2(3(¢(8, X)))2
S(s(8, X)) ¢/ R(6s) S(¢s(S, X
23(0(5, X)) 28072 * T 25 ()NMS))”
3 (g (wwsxn (3(s(S >
) 28
P

(33) Oy, =

SHICH

3

(

g

: =

[N}

@ 3(6.) (

@ 23(6) \ 23(6(5. X

40 (RlS.X) _ X
BWEX) 2008 X)P
Ky, - (S

X
¢S)@09 _ a %( S) <%(ws,s(SaX)) (
23(0) \ 23(¥(5, X)) 2(3((5, X)))?

where |h’|? is the Jacobian determinant of h for any holomorphic function. Now,
since O, = ©, ; the previous two are equal. Thus, using the value of ©, ¢ found

in (29), we get

SRS 360 o\ S(ws(5.X))
39 8 = aWW%(S)D<X”?%@&>+____T&'

Replacing in (26]) we have

_d R(8s) [¥(S, X)P(S(9))? S(9s)
@ 0= I b o - 396 )
4 R0 SA(8.30))  af Ru(8.X)
23(9) 23(¥(S, X)) a 23(y(5, X))
By Proposition 3.5 we can write
VS PRE?

912(S(4 (S, X)))?

for a real valued function h :]0,b[x]0,b'[— R. We write ho the partial derivative
of h with respect to the second variable. Now, differentiate ([B4]) with respect to s:

a S(¢s,s)  (S(¢s)) S(0s)
e (o (5555 - %M@P>X9+%me”>
 (WeulS XD OWOINY y,

a \ 23(¢(S, X)) 2(3(¥(S,X)))?

) S8, X3 (5, X))

(C\‘f(wsx(s , X)

23((5, X)) 2(S(4(5, X)))? )&&
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and use formulas for X and X ¢:

o oo (e 20
o (S gl e
< i)~

Now, differentiating (B3] with respect to 6 leads to:

.
*%()( SOE) T 2SWE A )M
o R(6, 3(p.) R(p2) S(i4:(S, X))
HPESIOKARY (X“ 3500 ) T 35(0) 23(0(5, X)) *
0 (S(en(S, X)) | (Rs(S, X)))?
a ( 35 x) T 2<%(¢<S,X>>>2>X9'
Finally, using the fact that O, ¢ = O s and the definition of h, we find
WS P
GEE X)) =0
which leads to
X, = 0.
O
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