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ON NET MAPS: EXAMPLES AND NONEXISTENCE RESULTS

EDGAR A. SAENZ

ABSTRACT. A Thurston map is called nearly FEuclidean if its local degree at
each critical point is 2 and it has exactly four postcritical points. Nearly
Euclidean Thurston (NET) maps are simple generalizations of rational Lattes
maps. We investigate when such a map has the property that the associated
pullback map on Teichmiiller space is constant. We also show that no Thurston
map of degree 2 has constant pullback map.

1. INTRODUCTION

Let S? be a topological 2-sphere with a fixed orientation. We use P! to denote
the Riemann sphere. In this paper, all maps S? — S2 will be orientation preserving.
Let f: 5% — S2 be a branched cover, and let Q¢ be the set of its critical points.
We define the postcritical set of f to be

Pf = U fon(Qf).
n>0
If Py is finite, we call f a Thurston map. Two Thurston maps f and g are
called equivalent iff there exist homeomorphisms ho : (5%, Pf) — (S% P,) and
hy : (8%, Ps) — (5%, P,) for which hgo f = go hy and ho is isotopic, rel Py, to hy.
In this case, if ¢ is a rational map we also say that f is realized by g¢.

Suppose f: S? — 52 is a Thurston map. The orbifold Oy = (5%, v}) associated
to f is the topological orbifold with underlying space S? and whose weight function
ve(z) at z is given by vy(z) = lem{n € ZT: there exists a positive integer m such
that f°™ has degree n at some y € S? with f°™(y) = x}. Let T; be the Teichmiiller
space of O¢. We may regard the space T as the space of complex structures on Oy,
up to the equivalence of isotopy fixing Py. A complex structure on Oy pulls back
under f to a complex structure on (S%, f~!(vy)), and this extends to a complex
structure on Oy. In this way we obtain a map Xy : Ty — T;. We will refer to Xy
as the pullback map induced by f.

In [5], Douady and Hubbard, following Thurston, provide necessary and sufficient
conditions for a Thurston map to be equivalent to a rational map.

Theorem 1.1 (Thurston). A Thurston map f is equivalent to a rational map if
and only if ¥t has a fized point.

One would expect it to be rare (if it happens at all) for a Thurston map f to have
the pullback map X be constant. In the Buff-Epstein-Koch-Pilgrim paper [2], the
authors give an example where the pullback map Xy is constant and characterize
when X is constant. The example uses a result of McMullen (Proposition 5.1 in [2])
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to construct a Thurston map f with ¥; constant by having 3, factor through a
trivial Teichmiiller space. That result is formulated as follows.

Theorem 1.2 (McMullen). Let s : P* — P! and g : P! — P be rational maps with
critical value sets Vs and V. Let A C P'. Assume Vi C A and V,Ug(A) C s71(A).
Then

e f=gosisa Thurston map,

o VyUyg(Vy) € Py CVyUg(A), and

e the dimension of the image of ¥y : Teich(P!, P;) — Teich(P!, Py) is at
most |A| — 3.

We refer to the assumptions of this theorem as McMullen’s constant conditions.
We showed in [8] that not every Thurston map whose Teichmiiller map is constant
satisfies McMullen’s constant conditions. The Teichmiiller map associated to the
rational map f(z) = —v/22(z% + 2)/(22° + 1) is constant (see Appendix D of [8]).
The ramification portrait for this map f is:

.’E$—\3/§$
) 307

2 s 2,

where 2 = —1/2 +/3i/2, y = —1/2 — /3i/2, and z = 1. However, f cannot
be written as the composition of two maps of degree greater than one because
deg(f) = 4 and the local degree of f at every critical point is 3.

Other examples of Thurston maps whose induced maps on Teichmiiller space are
constant and that do not satisfy McMullen’s constant conditions can be found in
the class of topological branched coverings called Nearly Euclidean Thurston maps
(NET maps). A Thurston map f : S? — S? is a NET map if its local degree at
each of its critical points is 2 and it has exactly four postcritical points.

Any NET map f admits what we call a NET map presentation. That is, given
a NET map f, we can associate to f a quintuple (A1, ®, R, hgr, h) where Ay is a
lattice in R? (see Section 3). This combinatorial data allows us to algorithmically
compute the number of essential components in the preimage of an essential simple
closed curve contained in S?\ Py. The following theorem can be found in [4].

Theorem 1.3. Let Ay = Z2, and let § be an essential simple closed curve in S?\ Py
with slope p/q with respect to the canonical basis of Ay. Let A = (q,p) € Ay. Since
p and q are relatively prime, there exists p € Ao such that A and p form a basis for
As. Let ¢1,c9,c3,c4 be the coset numbers for H = pl_l(Pf) C Aa/2A relative to A
and p. Then, the number of essential components in f~1(8) is c3 — ca.

This result and Theorem 5.1 of [2] imply that the Teichmiiller map of a NET map
f is constant if and only if ¢o = ¢3 for every choice of A and p. In [4], J. Cannon
et al. use this constraint on cy and c3 to define the concept of a nonseparating
set (a set that never separates co from c3), then the authors use the definition of a
nonseparating set to provide an algebraic characterization of those NET maps whose
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induced maps on Teichmiiller space are constant. This characterization reduces to
the existence of a nonseparating set within the finite Abelian group As/2A;.

We are particularly interested in the existence of nonseparating sets contained in
finite Abelian groups. Our main result is focused on this purely algebraic problem.

Theorem 1.4 (Main Theorem). Let A be a finite Abelian group generated by two
elements such that AJ2A =2 7/27 & Z/2Z. If |A| = 4p’f1p§2 - pkn with p; prime,
pi > 13, and |k| = k1 +ka+ -+ k, > 1, then A does not contain a nonseparating
subset.

As a consequence of this, if n = p’flp§2 ---pFn where each p; is at least 13, then
there does not exist a NET map with degree n whose Teichmiiller map is constant.

This paper is organized as follows. Section 2 sets notation, reviews results, and
provides new algebraic properties related to nonseparating sets which will be needed
in the sequel. Section 3 introduces NET maps, reviews basic facts, and applies
the theory of Section 2 in the construction of two examples of NET maps whose
Teichmiiller maps are constant. One of these examples does not satisfy McMullen’s
constant conditions. In Section 4 we investigate when the induced pullback map
on Teichmiiller space of NET maps cannot be constant. In Section 5 we show that
no Thurston map of degree 2 has constant pullback map. The proof of Corollary
[£.3] in the case |Py¢| = 4, gives a new proof of Theorem ET1

2. COSET NUMBERS AND NONSEPARATING SETS

In this section, we first review the definitions and facts on coset numbers and
nonseparating sets. Then we prove the converse of Lemma [2.4] and a technical
lemma relevant in the proof of the main result.

Let A be a finite abelian group. Let H be a subset of A which is the disjoint
union of four pairs {£hi}, {£ha}, {£hs}, {£ha}. (It is possible that h; = —h;.)
Let B be a subgroup such that A/B is cyclic, and let @ € A so that a4+ B generates
A/B. Let n be the order of A/B. For each k € {1,2,3,4} there exists a unique
integer ¢ with 0 < ¢ < n/2 such that (ca + B) N {xhi} # 0. Let c1,c2,c3,¢4 be
these four integers ordered so that 0 < ¢; < ¢g < ¢3 < ¢4. These four numbers are
called coset numbers for H relative to B and the generator a + B of A/B.

Let A be a finite Abelian group. A subset H of A is called nonseparating if and
only if it satisfies the following conditions:

e H is a disjoint union of the form H = H; [[ Ho [[ H3 [ [ Ha, where each H;
has the form H; = {£h;}. (It is possible that h; = —h;.)

e Let B be a cyclic subgroup of A such that A/B is cyclic. Let c1,¢a,c¢3,c4
be the coset numbers for H relative to B and some generator of A/B. The

main condition is that co = c¢3 for every such choice of B and generator of
A/B.

Example 2.1. Let A =7/3Z ® Z/3Z. The subset H = A\ {(0,0)} is a nonsepa-
rating subset of A. In fact, let B be a cyclic subgroup of A so that A/B is cyclic.
Then B = A/B = Z/3Z. Given a generator a + B of A/B we have only three
cosets: B, a + B and 2a + B. It is obvious that B contains exactly one pair of
mutually inverse elements of order 3. So ¢c; =0 and ¢ =c3 =c4 = 1.

Example 2.2. Let k be an integer with k > 3. Let A = Z/2*7Z @ 7Z/27Z, and
let H = {+(1,0),+(2%72,0),+(2¥72,1),£(2*"! — 1,0)}. We show that H is a
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nonseparating subset of A. Let B be a cyclic subgroup of A such that A/B is
cyclic. Then either |B| = 2 or |B| = 2. First suppose that |B| = 2F. Then
A/B = Z/27. Given a generator a + B of A/B we have only two cosets: B and
a+ B. In this case to show that H does not separate ¢y from c3 it suffices to prove
that B does not contain exactly two elements of H. If (1,0) € B, then (2¥720)
and (2872 — 1,0) € B. The same is true if (2"~ — 1,0) € B. So if B contains
exactly two elements of H, then these elements are (2572 0) and (2¥~2,1). But
then (0,1) € B. This is impossible.

Now suppose that |B| = 2. Then either B = ((0,1)) or B = ((2"71,1)). Let
a € A such that a+ B generates A/B. The first component of a has the form 4r £+1
for some integer 7. Hence 2¥72a + B = +(2¥72,0) + B, and so the coset number
of £(28=2,0) is 2¢=2. Similarly, one verifies that the coset number of £(2%72 1) is
2F=2_ Let m be the integer in {0, ..., 2571} such that m(a+B) = +(1,0)+B. Then
(281 —m)(a+B) = £(2¥1 —1,0)+ B. So if m is the coset number of 4(1,0), then
2F=1 — m is the coset number of £(2¥~! — 1,0). Thus, {c1,cs} = {m, 271 —m}
and ¢ = c3 = 2F72. This proves that H is a nonseparating subset of A.

The next two lemmas provide ways to produce nonseparating subsets from known
ones. For details of the proofs, see Section 10 of [4].

Lemma 2.3. Let A be a finite Abelian group, and let H be a nonseparating subset
of A. If p: A — A is a group automorphism and T is an element of A with 2T =0,
then ¢(H) + T is a nonseparating subset of A.

Lemma 2.4. If A is a finite Abelian group and if A" is a subgroup of A, then every
subset of A" which is nonseparating for A’ is nonseparating for A.

Example 2.5. Let A = Z/47Z®7/2Z. Theset H = {(0,0),+(1,0),+(1,1), £(2,0)}
is a nonseparating subset of A. For details of the proof see Example 10.3 of [4].
By Lemma 24 H = {(0,0),+(1,0),£(1,2),(2,0)} is a nonseparating subset of
L/AZ & ZJAZ.

The next lemma shows the converse of Lemma [2.4] For additional details of the
proof, see Appendix A.

Lemma 2.6. Let A be a finite Abelian group generated by two elements, and let A’
be a subgroup of A. If H is a subset of A’ which is nonseparating for A, then H is
nonseparating for A’.

Proof. Let B’ be a cyclic subgroup of A’ such that A’/B’ is cyclic. Let a’ be an
element of A’ such that o’ + B’ generates A’/B’. By Proposition [A4l there exists
B a subgroup of A such that A/B is cyclic and A’N B = B’. Let n be the order of
A/B, and let m be the order of a’ + B € A/B. By Proposition [A1] there exists an
element a in A such that a + B generates A/B and (n/m)(a + B) = a’ + B. Let
0<c1 <cy<c3<cy<(1/2)|A’/B’| be the coset numbers for H relative to B’ and
the generator o’ + B’ of A’/B’. Since o' € A" and ma’ € B, ma’ € B'. So |A’'/B’|
divides m. This yields 0 < ney/m < nea/m < neg/m < neg/m < n/2. Since ¢;(a’+
B') C ¢;(a’ + B) = (nc¢;/m)(a + B), it follows that ncy/m,nce/m,nes/m,neg/m
are the coset numbers for H relative to B and a + B. Hence nca/m = ncg/m, and
SO C2 = C3. [l

Let A be a finite Abelian group. Because of Lemma [2.3] we define an equivalence
relation ~ on the collection of nonseparating subsets of A as follows.



ON NET MAPS: EXAMPLES AND NONEXISTENCE RESULTS 151

Definition 2.7. Let H;, Hy be two nonseparating subsets of A. We say that H;
is related to Hy and write Hy ~ Hs if and only if there exists ¢ an automorphism
of A and an element 7 € A with 27 = 0 such that Hy = ¢(H;) + 7. The equiva-
lence classes of this equivalence relation are called Hurwitz classes of nonseparating
subsets.

Remark 2.8. Let A, H be as in Example The group A contains the subgroup
((2¥72,0))®Z/2Z which is isomorphic to Z/4Z®Z/2Z. By LemmaZ4land Example
above, H' = {(0,0),4(2F72,0), £(2¥=1,0), £(2"72,1)} is also a nonseparating
subset of A. If there were an element 7 in A with 27 = 0 and an automorphism ¢ of
A such that H = p(H')+7, then 7 = (0) + 7 would be an element of H. However,
H contains no element of order less than 4. So H and H’ are representatives of
distinct Hurwitz classes of nonseparating subsets of A.

Remark 2.9. With the assistance of a computer program W. Parry has verified that
there are three Hurwitz classes of nonseparating subsets in Z/4Z @ Z/47. Here are
representatives for them:

Hy ={(0,0),£(1,0),£(1,2),(2,0)},
Hy, = {£(1,0),+(0,1),£(2,1),£(1,2)},
Hy = {+(1,0),+(0,1),£(1,1),£(3, 1)}.
A detailed proof of this fact can be found in Appendix B.

We now state and prove a lemma that will be used in the proof of Theorem

Lemma 2.10. Let a and b be odd positive integers such that alb and a > 1. Let
A=Z/2Z®Z/2Z & ZL]/aZ ®Z/VZ, and let ¢ : A — Z/aZ ® Z/bZ be the canonical
projection. Suppose that A contains a nonseparating subset H = H?zl{:lzhi}. Let
D = {¢(h;)Lo(h;) 14,5 € {1,2,3,4} with i < j}. Assume that there exists a cyclic
subgroup G of Z/aZ ® Z/VZ such that GND C {0} and (Z/aZ S7Z/bZ)/G is cyclic.
If7/aZ®Z)VL = ($(H)), then we may assume that (¢(h1), d(ha)) = Z/aZ ®ZL]VZ
and hs, hs, and hy all differ by an element of order 2.

Proof. Define the following three cyclic subgroups of A:
* Euo =((1,0)0G,
® Eoyy=(01)aa,
e Eqy=(11)®G.

The quotient groups A/E oy, A/E(0,1), and A/E(y 1y are cyclic. Let x5 + E; ;)
be a generator of A/FE; ;). We denote the second coset number for H relative to
E; ;) and the generator x; ; + E(; ;) by ¢; ;.

Since H is a nonseparating subset of A, without loss of generality we may assume
that hy and hs are elements of the coset ¢1 921,04+ E(1,0). Then ¢(hs) — ¢(hs3) € G.
SO7 (b(hg) = (b(hg) and hg — hg = (1,0,0,0).

We show that {£he,£hs} C co1201 + E(o,1) cannot occur. Proceed by con-
tradiction. If {hg,h3} C ¢o,1%0,1 T+ E(O,l) or {—hg, —hg} C ¢o,1%0,1 + E(O,l)a then
ho — hgy = (0,1,0,0), which is impossible. If {hg,—hg} C ¢p,1%0,1 + E(O,l) or
{=ha,h3} C copz0,1 + E,), then ho + hz = (0,1,0,0), and so 2hy = (1,1,0,0),
which yields a contradiction. Similarly, {£hse, +hs} C c11211 +FE(1,1) cannot occur.

We now show that {£hi,+hs} C co120,1 + E(,1) cannot occur. Relabeling, if
necessary, it suffices to show that {hq,hs} C co1%0,1 + E(p,1) cannot occur. Proceed
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by contradiction. Suppose that {hi,hs} C co,120,1 + E(o,1). The above argument
shows that ¢(h1) = ¢(hs) and that {£hi,+hs} C c11211 + Eq,1) cannot occur.
Then one of the following sixteen inclusions must hold:

o {£hy,£ho} Cerizin + B, o {thy,tho} Cecrizi1 + B,
o {£hy,Ths} Ccririn + B, o {hy,£h3} Cerazin+ Eu .

However, each of them would imply that (¢(H)) = (¢(h1)). Since Z/aZBZL/VZ =
(¢(H)), none of these inclusions occur. So, {£hi,+hs} C co170,1 + E(0,1) cannot
oceur.

Now, we may assume that either {hs, hy} or {—hs, hs} is a subset of the coset
C0,1%0,1 + E(O,l)- If {h37h4} C C0,170,1 + E(O,l)v then hg — h4 = (0, 1,0,0). Hence
¢(ha) = ¢(h3) = ¢(hs) and the lemma follows. If {—hs3, ha} C co1701 + Eo,1),
then hs + hg = (0,1,0,0). In this case, ¢p(ha) = ¢(hs) = —¢(ha). Relabeling hy by
—hy, the lemma follows. O

3. NET MAPS: PRELIMINARIES AND EXAMPLES

In this section we briefly review some definitions and properties of NET maps.
We refer the reader to Section 1 in [4] for more details.

Definition 3.1. A Thurston map f : §? — S? is called Euclidean if its local degree
at each of its critical points is 2, it has at most four postcritical points, and none
of them is critical.

Definition 3.2. A Thurston map f : S? — S? is called nearly Euclidean (NET) if
its local degree at each of its critical points is 2 and it has exactly four postcritical
points.

From Lemma 1.3 of [4], it follows that every Euclidean Thurston map is nearly
Euclidean, and every NET map f has the property that f _1(Pf) contains exactly
four points which are not critical points; f is Euclidean if and only if these four
points are precisely the points of P¢. The next theorem shows that NET maps lift
to maps of tori. The proof of the theorem and the following description can be
found in Section 1 of [4].

Theorem 3.3. Let f be a Thurston map. Then f is nearly Euclidean if and only
if there exist branched covering maps py : T1 — S? and py : Ty — S? with degree 2
from the tori Ty and Ty to S? such that the set of branch of ps is Py and there exists
a continuous map f : Ty — Ty such that pso f = fopy. If f is nearly Buclidean,
then f is Fuclidean if and only if the set of branched points of p1 is Ps.

Let f: 5% — S2bea NET map. Let py : Ty — 52, po: To — 52, and f : Th — T»
as in Theorem B3 such that py o f = fop;. For j € {1,2}, let P;(f) C S? be the
set of branched points of p; and let g; : R? — T; be a universal covering map. The
map p; o q; : R? — S? is a regular branched covering map whose local degree at
every ramification point is 2. Let I'; and A; be the set of deck transformations and
the set of ramification points of p; o ¢;. We can choose g; so that I'; is generated
by the set of all Euclidean rotations of order 2 about the points of A;. We may,
and do, normalize so that 0 € A;. Hence A; is a lattice in R? and the elements of
I'; are the maps of the form = — 2X & x for some A € A;.
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The map f o ¢y lifts to a continuous map f R? — R? such that ¢s o f foqi.
Since foqi is a covering map, the map f is as well. Hence, f is a homeomorphism.
We replace g1 by g1 o f 1 In this case, f lifts to the identity map. Thus, A; C Ay
and I'y C T'5. So we obtain the standard commutative diagram

Ay —s Ay

R2 ', R2
q1 q2
Ty I, Ty

b1 b2

2 L,

where i4 is the identity map and the maps from A; and Ay are inclusion maps.

The group I'; contains the group of deck transformations of ¢;. It is the subgroup
with index 2 consisting of translations of the form = — 2A 4+« with A € A;. So
we can identify T; with R2/ 2A;. The standard commutative diagram implies that
R?/T'; and R?/T'y are both identified with S2. Thus there is an identification map
¢ : R?/Ty — R?/Ty. To evaluate f at some point z, we view z as an element of
R2/T';. We lift it to R?, then project it to R?/T'y, and then apply the identification
map ¢ to obtain f(z). For Euclidean NET maps the identification map ¢ can be
obtained by using ® : R? — R? an affine automorphism such that ®(As) = A;.

The following theorem shows that a NET map f can be obtained by taking
a Euclidean Thurston map g and postcomposing it by a homeomorphism A that
satisfies h(P,) C g~ (P,), subject to the constraint that the composition f = hog
has four postcrltlcal points. More precisely, we have the following.

Theorem 3.4.

(1) If g: S? — S% is a NET map and h : S* — S? is an orientation-preserving
homeomorphism such that h(P;) C g~ *(P,), then f = hog is a NET map if it has
at least four post critical points.

(2) Let f be a NET map with Py = Pi(f) and P, = Py(f). Let h : S* — S? be
an orientation-preserving homeomorphism with h(Py) = Py. Then f = hog, where
g: 5% — S?% is a Buclidean Thurston map with P, = Py and P, C g~ 1(P,), so that
h(Py) C g~ (Py).

Combining Theorem .3} the description of the standard commutative diagram
given above, and Theorem [3.4], each NET map can be constructed as follows. Let
A5 be the lattice generated by (1,0) and (0,1). Fix a quintuple (A1, ®, R, hg, h),
where

e A, is a sublattice of Ay of covolume greater than one. Let I'y,I's be the
groups generated by rotations of order 2 about elements of Ay, Ag so that
57 := R?/T'y, S5 := R?/I'; are spheres. For j € {1,2}, let m; : R — 5%
be the canonical quotient map. Since A7 < A, we have I'y < I's. So the
identity map i : R> — R? induces a map i : S? — S5 such that i o m = 7.
The map i is a branched covering map of degree d := [A : Aq].
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For j € {1,2}, set T; := R?/2A;, and let p; : T; — sz be branched covering
maps of degree 2. Let P; = A;/I'; be the set of branched points of p;. Note
that |P]| =4.

P : (R* Ay) — (R?,Ay) is an affine map of the form ®(z) = Lx + b where
be Ay and L is a 2 X 2 matrix over Z of determinant greater than one.

R C Ay/Ty C 5% is a set of four points.

hr : P — R is a bijection.

h:(S%, P1) — (S%, R) is an orientation-preserving homeomorphism which
is an extension of hg:

R2$R2$R2

R

2 .52 %, g2 h

St

The affine map ® descends to a homeomorphism ¢ : S3 — S? so that the com-
position ¢ = ¢ o i is a Euclidean Thurston map such that P, = P;. Since
h(P;) = h(P1) = R, it turns out that f := h o g is a Thurston map such that
P; C R. If V; = P, (which is always true if deg(g) = 3 or deg(g) > 5), then
Py = R and we get a NET map by this process. Thus, given a nearly Euclidean
Thurston map f, we can always associate to f a quintuple (A, ®, R, hg,h) and a
commutative diagram as above where f = hog=ho (¢oi).
Under these settings, in [4] J. Cannon et al. proved the following result.

Theorem 3.5. Let f be a NET, and let p1, A1, Ao be as above. Then the Te-
ichmiller map of f is constant if and only ifpl_l(Pf) is a monseparating subset of

Ag/2A;.

So, in order to construct NET maps whose Teichmiiller maps are constant, we
may consider the following steps:

1. Let Ay be the lattice generated by (1,0) and (0,1).

2. Construct a finite Abelian group A generated by two elements with A/2A =
7/27 ® 7 /27 such that A has a nonseparating subset H.

3. Construct a lattice A; such that A; < Ay for which Ay/2A; = A.

4. Construct an isomorphism ® from As to Aq, which in effect produces a
Euclidean Thurston map g corresponding to A; and A,. That is, g = ¢ oi.

5. Construct an orientation-preserving homeomorphism h : $? — S? such
that h(P,) = p1(H). Here p; : Ty — S3.

6. Set f := hog. By Theorem B4l if f has four postcritical points, then it
is a NET map. In that case, P; = h(P,), and so H = p; ' (P;). Then, by
Theorem [B5] the Teichmiiller map of f is constant. Since |Az/A;| = deg(f),
we have |A| = 4 deg(f).

In [], J. Cannon et al. prove a general existence theorem. If d is an integer with
d > 2 such that d is divisible by either 2 or 9, then there exists a NET map with
degree d whose Teichmiiller pullback map is constant. In particular, it is possible
to construct NET maps with odd degree and a constant Teichmiiller map.

Lemma 3.6. Let s: S? — S? be an orientation-preserving branched covering map
such that deg(s, ) = 2 for every x € Q. If |Vy| < 3, then deg(s) = 2 or deg(s) = 4.
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Proof. If deg(s) = 3, the preimage under s of every element of V, contains three
points counting multiplicity and no such preimage contains two critical points.
Then s maps its four critical points bijectively to Vi, and so |Vi| = 4.

Let d = deg(s). By the Riemann—Hurwitz formula |Qs| = 2(d—1). Since |V;| < 3
and deg(s,z) = 2 for every x € Q; it follows that |Q,] < 3(d/2). So d < 4. O

Proposition 3.7. There exist NET maps with constant pullback map that do not
satisfy McMullen’s constant conditions.

Proof. Let f be an NET map with odd degree whose pullback map is constant.
If f satisfies McMullen’s constant conditions (see Theorem [[2]), then there are
two orientation-preserving branched covering maps g and s and a set A such that
f=gos, |A| <3,and V; C A. Since f is nearly Euclidean, deg(s;z) = 2 for every
x € Q. By Lemma[30 either deg(s) = 2 or deg(s) = 4. This is impossible because
deg(f) is an odd number. O

Example 3.8. We construct an expanding rational NET map with degree 4 whose
Teichmiiller map is constant. Let g be the Lattés map described in Example 10.7
of M]. The critical points of g are Ey, E}, Fa, E}, E5, E} and the postcritical set
of g is {e1, ez, e3,00}. Moreover, g(e;) = g(o0) = oo and g(E;) = g(E;) = e; for
i € {1,2,3}. Now let h : P! — P! be an orientation-preserving homeomorphism
such that h(e1) = ey, h(es) = By, h(es) = E;, h(co) = co.

Following the description given in Example 10.7 of [4], one sees that f = hog is
a NET map whose Teichmiiller map is constant so it is combinatorially equivalent
to a rational map, R. One easily verifies that R(E;) = R(E;) = e, mapping with
degree 2, R(F,) = R(F,) = F; mapping with degree 2, R(F3) = R(F;) = E,
mapping with degree 2, and R(e;) = R(c0) = oo mapping with degree 1. So R is a
rational map without periodic critical points. Let p be the Mobiiis transformation
that satisfies u(Fy) = 0, u(E)) = oo, u(el) =1,and let F = ypoRopu"t. Set
o = u(Ey), B = u(Ey),y = n(Es), A = u(Ej). Using the branching data of F, we
have that
(= —B)?
(2

(z—a)
(z=7)2(z=A)*
The numerator of F(z)—1is given by (z—a)?(z—8)?—(z—7)?(2— ). Since z = 0
is the unique zero of the numerator of F(z) — 1 and has multiplicity 2, it follows
that (z —a)(z — B) + (z —9)(z = A) = 222 and that (z —a)(z — 8) — (2 = 7)(z — \)
is a nonzero constant. This leads to the equations
0+ B)+ (N =0,
aff+yA=0.

This forces a + 8 =0and y+ A =0. Soa = —f, v = =\, and —3%2 — \2 = 0.
Hence, F(z) = (22 — 82)%/(2* + %) with the restriction F(F(1)) = F(1). This
restriction implies that either

(PP - 1=  (FP-§ _ 1=

(FW))?+p2 1+p2 (FL)»2+p> 145>
Thus, elther (F(1))2=1o0r (F(1))? = g* If (F(1))? = 1, then F(1) = —1, and so
3 =i If (F(1))* = B4, then (1 - §%)* = (1+ 52)*8%.

F(z) =
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We now show that if 42 = 4, then the map F(z) = (22 —4)2/(2% + )% is an
expanding rational (see [3]) NET map with a constant pullback map. To see this,
it suffices to consider g(w) = (w—14)?/(w+1)?, s(z) = 2%, and A = {0, 1, 00}. Note
that FF = gos and g,s and A verify McMullen’s constant conditions.

Remark 3.9. The preceding example suggests the following family of rational maps:
F,(2) = (2" —i)?/(2" +1)?%, with n > 2. Each F,, has no periodic critical points, so
each F,, is expanding. Also, note that F,, = g o s, where g(w) = (w —i)?/(w +i)?
and s, (z) = 2". If nis even and A = {0, 1, 00}, then g, s,,, and A verify McMullen’s
constant conditions. Thus, if n is even, F,, has a constant Teichmiiller map.

Example 3.10. We construct a NET map of degree 9 whose Teichmiiller map is
constant. First of all, we construct an Abelian group of degree 4 - 9 = 36 which
contains a nonseparating subset. We take A = Z/6Z @ Z/6Z. The 3-torsion sub-
group of A is isomorphic to Z/3Z @® Z/37Z. Example [ZT] and Lemma [Z4] imply that
H = {%(0,2),£(2,2),£(2,4),+(2,0)} is a nonseparating subset of A.

Let Ay = Z2, and let A; = 3Ay. So Ay/2A; = A. Let I'; be the group generated
by rotations of order 2 about elements of A;. Note that sz» := R?/T; is a sphere
and that the identity map i : R? — R? induces a quotient map i : S7 — S3.
This quotient map is a branched covering map of degree d = [Ag : A;] = 9. Let
® : (R?,A2) — (R% Ay) be the affine map ®(x,y) = (3z,3y). The map ® induces
a homeomorphism ¢ from S3 to S?. Then we have the following commutative
diagram:

RQ %RQ LRQ

§} s 53 2552

Below is a fundamental domain for the action of T'; on R2. The dots are elements
of Ag. The lower left corner is (0,0). Points are labeled (bold) by their images in
S? under the map 7. The map g := ¢ o7 is a Euclidean map with postcritical set
P, = mi (A1) = {a,b,c,d}. Let Ty := R?/2A4, and let p; : Ty — S? be the map
defined by (x,y) + 2A; — m1(z,y). We identify A with As/2A; so that the subset
H = {£(0,2) + 2A1,+(2,2) + 2A1, £(2,4) + 2A1,+(2,0) + 2A; } is nonseparating
in A2/2A1 .

d c d
o . B 7, a
(0,2) (2,2) (4,2)
) 5
a (2,0) b a

FIGURE 1. A fundamental domain for the action of I'; on R2.
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Let h: S? — S? be an orientation-preserving homeomorphism so that h(a) = 4,
h(b) = B, h(c) = o, h(d) = ~v. Let f := hog. Then Py = {a,f3,v,0} and
Py = h(P,) = p1(H), where H is the nonseparating set (identification) contained
in Ty. By Theorem B3], the map f is a NET map of degree 9 whose Teichmiiller
map is constant; however, because of Proposition 3.7 this example does not satisfy
McMullen’s constant conditions.

4. NONEXISTENCE RESULTS
The following nonexistence results can be found in Section 10 of [4].

Theorem 4.1. There does not exist a NET map with degree 2 whose Teichmdiller
map s constant.

Theorem 4.2. Let A be a finite Abelian group such that A/2A = Z/27. & 7./27
and 2A is a cyclic group with odd order. Then A does not contain a nonseparating
subset.

Theorem 4.3. There does not exist a NET map with degree an odd square-free
integer and constant Teichmdiiller map.

Our main theorem is a nonexistence result. We begin with the following lemma.

Lemma 4.4. Let N = p}' - pkr with p; > 13. Let A = Z/aZ & Z/VZ such that
alb, N = ab, and a > 1. If D C A so that |D| < 12, then there exists a cyclic
subgroup G of A such that GN D C {0} and A/G is cyclic.

Proof. Since alb and N = ab, then a = pj* ---pi» and b = p’fl_sl <o pkn=sn where

0<2s; <k Let I ={1,...,n}, and define I; :={i €I :s, =0} and Iy := 1\ I.
Since a > 1, I cannot be empty. Then A= C & P, where C = D, Z/pf"'Z and
P=@c,(Z/p]Z® Z,/p¥~%17). Without loss of generality we may assume that
A=C®P. Now, for each i € I let ¢; : A — Z/pfiZ@Z/pf’i_siZ be the canonical
projection. Since |¢;(D)| < 12 and p; > 13, there exists a cyclic subgroup G; of
Z/p$'Z ® Z/py~*'Z such that G; N ¢;(D) C {0} and (Z/pf'Z © Z/pl~*'Z) /G, is
cyclic. The subgroup G := @, 1, Gi satisfies the conclusion. O

Theorem 4.5. Let A be a finite Abelian group gemerated by two elements such
that AJ2A 2 Z)27 ® Z/2Z. If |A| = 4plf1p§2 <o pn with p; prime, p; > 13, and
|k| = k1 +ko+---+k, > 1, then A does not contain a nonseparating subset.

Proof. We proceed by induction on |k|. If |k| = 1, then A & Z/2Z®Z/2pZ. Since 2A
is cyclic with odd order, by Theorem [£.2] the conclusion follows. Now, suppose the
conclusion holds for any |k| € {1,...,m—1} and assume that |A| = 4p~1ph2 ... pkn,
where k1 + --- + k,, = m. Then there are two positive odd integers a and b such
that A & 7Z/2a7Z & Z/2bZ, |A| = 4ab, and a divides b. If a = 1, then 24 is a
cyclic group with odd order. By Theorem [£.2] the conclusion follows. Now, assume
that A =Z/2Z & Z/2Z & Z/aZ @ Z/bZ with a > 1 and proceed by contradiction.
Suppose that A contains a nonseparating subset H = Hy [[ Ho [[ Hs [ [ Ha, where
each H; = {£h;}. Then, either Z/aZ®Z/bZ C (H) or (Z/aZ®Z/VZ)N(A\(H)) # 0.

Case 1. Z/aZSZL/VZ C (H). Let ¢ : A — Z/aZDZ/VZ be the canonical projection,
and let D = {¢(h;) £ ¢(h;) : 4,5 € {1,2,3,4} and ¢ < j}. The cardinality of D is
at most 12. By Lemma 7], there exists a cyclic subgroup G of Z/aZ & Z/bZ such
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that GN D C {0} and (Z/aZ @ Z/bZ)/G is cyclic. Then, by Lemma 2.10] we may,
and do, assume that (¢(hy), d(ha)) = Z/aZ & Z/bZ and ha, h3, and hy all differ by
an element of order 2.

If a = b, there exists a cyclic subgroup B of A of order 2b such that ho € B and
A/ B is cyclic. Since hg, hs, and hy all differ by an element of order 2, then hs + B,
hs+ B, hy+ B lie in the subgroup of order 2 in A/B. They are not all equal because
B does not contain three elements of order 2. So either ¢; = cy =0 and ¢4 = b or
¢y = 0 and ¢3 = ¢4 = b. Thus, the order of hy + B divides 2. Hence 2¢(hy) € B,
and so ¢(h1) = ((b+1)/2)(2¢(h1)) € B. Therefore (¢(h1),¢(h2)) C B. This is a
contradiction because B is cyclic and (¢(h1), ¢(he)) = Z/aZ & Z/VZ.

Ifa < b, set A:= 7/22 ®7/27 & 7/bZ ® Z/bZ and let i, be the canonical
monomorphism i : A — A defined by i.(x,y, z,t) = (x,y, (b/a)z,t). By Lemmal[Z4]
i.(H) is a nonseparating subset of A. Now, set p := i.(¢(h1)) and v := i.(p(ha)).
Since (¢(hy), p(h2)) = Z/aZDZ/VZ, then (u,v) = i.(Z/aZDZ/VZ) = (b/a) DZ/VZ.
Furthermore, i.(hg), i.(h3), and i.(hy) all differ by an element of order 2. Since
v € Z/bZ &) Z/bZ there exists a cyclic subgroup B of A of order 2b such that
ic(hy) € B and A/B is cyclic. Then ic(h2) + B, i.(hs) + B, ic(ha) + B lie in the
subgroup of order 2 in A/ B. They are not all equal because B does not contain
three elements of order 2. So either ¢ = ¢ = 0 and ¢4 = b or ¢; = 0 and
cg = ¢4 = b. Thus, ic(h1) + B must have order 2 in A/B. Hence 2u € B, and so

= ((b+1)/2)(2u) € B. Therefore (u,v) C B. This is a contradiction because B
is cychc and (u,v) = (b/a) ® Z/VZ.

Case 11. (Z/aZ ® Z/VZ) N (A \ (H)) # (. This means that (H) does not contain
a copy of Z/aZ & Z/bZ. Then, H C (H) C A’ where A’ is a proper subgroup of
A whose order has the form 4r. Obviously, r divides |A|/4 and r < |A|/4. Since
A’ is a finite Abelian group generated by 2 elements, we can apply the inductive
hypothesis to A’ and conclude that A’ does not contain a nonseparating subset.
However, this contradicts Lemma [2.6]

This proves Theorem O

As an immediate consequence of Theorem .5 we have the following corollary.

a NET map with degree n whose Teichmaller map is constant.

Corollary 4.6. Let n = plflpé€2 - pkn with p; prime, p; > 13. There does not exist

We proved in [8] the following theorems. Their proofs are similar to the proof of
Theorem [0l For further details see Chapter 5 of [g].

Theorem 4.7. Let A be a finite Abelian group generated by two elements such that
AJ2A = Z)27 ® Z)27. 1If |A| = 4p* with p prime and p > 5, then A does not
contain a nonseparating subset.

Theorem 4.8. Let A be a finite Abelian group generated by two elements such that
AJ2A =2 7)27. @ 7)2Z. If |A| = 4p3 with p prime and p > T, then A does not
contain a nonseparating subset.

As immediate consequences, we have the following corollaries.

Corollary 4.9. For any prime p > 5 there does not exist a NET map with degree
p? whose Teichmiiller map is constant.
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Corollary 4.10. For any prime p > 7 there does not exist a NET map with degree
p® whose Teichmiiller map is constant.

Corollaries [£.6] 1.9 and .10 strongly support the conjecture made by J. Cannon
et al. in Section 10 of [4]. This conjecture has been verified by computer for all
NET maps with degree at most 300. See section 2 of [6] for further progress in this
direction.

Conjecture. There exists a NET map with degree d and constant Teichmailler map
if and only if d > 2 and d is divisible by either 2 or 9.

5. ON THURSTON MAPS OF DEGREE 2

Let f : $? — S? be a Thurston map, and let Py be its postcritical set. Combining
statements 1 and 4 of Theorem 5.1 of [2] implies that the pullback map Xy is
constant if and only if for every essential simple closed curve o in S? \ Py, every
connected component of f~1(a) is either trivial or peripheral in S?\ P;. We use
this result to conclude that there does not exist a Thurston map of degree 2 with
at least four postcritical points whose Teichmiiller map is constant.

A branched covering map f : S? — S? is said to be a topological polynomial
if there exists a critical point w such that f~!(w) = {w}. If f is a Thurston
polynomial and |P¢| > 2, there is a unique point w such that f~'(w) = {w}; we
call this point oo.

Lemma 5.1. Let f : S? — S? be a branched covering map of degree n. Suppose
that deg(f,w) = n for some w € S? . If U C S? is homeomorphic to an open disk
with f(w) ¢ U, then every component of f~1(U) is homeomorphic to a disk.

Proof. Straightforward consequence of Lemma 5.1 of [I]. O

Theorem 5.2. Let f : S* — S? be a Thurston map of degree n with |Pf| = m.
Suppose there exists w € S? such that deg(f,w) = n. Suppose additionally that
there exists ¢ € Py \ V¢, and let k = |f~'(c) N Py|.

(1) If w e Py and m — k > 3, then X; cannot be constant.
(2) Ifw¢ Pp, k>2, and m —k > 2, then £y cannot be constant.

Proof. To prove statement (1), let o be a simple closed curve contained in S?\ Py
that separates the points ¢ and f(w) from the other posteritical points of f. Let
D be the connected component of S? \ a that contains the points ¢ and f(w).
By Lemma Bl f~!(D) is connected. Furthermore, fly—1(py - YD) - Disa
branched covering map of degree n with exactly one critical point. It follows that
FYD)N Pr={w}U(f~(c)N Ps). So, one connected component of S\ f~!(«)
contains exactly £+ 1 postcritical points of f. Then the other connected component
of %\ f~!(a) contains m — (k + 1) postcritical points of f. Since m — (k+1) > 2,
/() is essential in S? \ P;. This proves statement (1) of Theorem

To prove statement (2), let o and D be as in the previous paragraph. Since
w ¢ Py, f~Y(D)N Py = f~'(c) N Ps. Under the assumptions k > 2 and m — k > 2,
it follows that f~!(«) is essential in S? \ P.

This proves Theorem O

Corollary 5.3. Let f be a Thurston map of degree 2. If |Py| > 4, then ¥y cannot
be constant.
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Proof. Let f be a Thurston map of degree 2. We proceed by cases:

o |Pf| =4. If f is a Euclidean Thurston map, 7; can be identified with the
upper half plane H and ¥, : H — H is given by X;(2) = (dz + b)/(cz + a)
where a,b,c,d € Z and ad — bc = deg(f). So Xy cannot be constant.

We now assume that f is not a Fuclidean Thurston map. In this case,
PyNCy # 0. The set Py \ Vy contains exactly two elements, say a and b. If
|~ a)NPs| = | f~H(b)NPs| = 2, then Py = f~'(a) [ f~*(b) and no critical
point would be posteritical. Hence | f~!(a)NPs| = 1or |f~1(b)NP¢| = 1. So
there exist w € Py with deg(f,w) =2 and ¢ € Py\Vy with 1 = |f~(c)NP|.
Part (1) of Theorem implies that 3, cannot be constant.

e |Ps| > 5. If f is a topological polynomial, then co € Py and deg(f, 00) = 2.
Let z € Qy \ {oo} and let O(x) be the forward orbit of « under f. Since
4 < |O(z)| < oo, there exists ¢ € O(zx) such that |f~1(c) N P¢| = 1. By
part (1) of Theorem[5.2] (take w = 00) it follows that X ; cannot be constant.

We now assume that f is not a topological polynomial. So f has two
critical points, say a and b, and neither of them is a fixed point. Let O(a)
and O(b) be the forward orbits of a and b, respectively. If one of these
critical points, say a, is preperiodic, then there exists ¢ € O(a) such that
|f~(c) N Pg| = 2. In this case, take w = a and apply part (2) of Theorem
to conclude that ¥ cannot be constant. If a and b are both periodic,
then a ¢ Vy or b ¢ Vy. Without loss of generality we may assume that
b¢ V. Then 1 = |f~1(b) N P¢|. In this case, take w = a and apply part
(1) of Theorem to conclude that ¥ cannot be constant. ]

Remark 5.4. In Proposition 5.3 of [7], Koch shows that if f is a topological poly-
nomial with [Qy| = 2, then X : Wy — Mp, is injective. So a moduli space map g;
exists. This implies that ¥; cannot be constant. For further details, see Proposition
5.3 and Corollary 5.4 of [7].

APPENDIX A. GROUP THEORY

Proposition A.1. Let G be a finite cyclic group of order n, and let h be an element
of order m in G. Then there exists g € G such that (g) = G and g"/™ = h.

Proof. Choose a € G such that (a) = G. Then (a™/™) = (h), so there exists r € N
such that a™/™ = h; of course ged(r,m) = 1. Also, if d € N, then a"¥™ = h if
and only if d =r mod m.

Let g be the product of the primes which divide n/m but do not divide m. Thus,
ged(m,q) = 1 and ged(s,n) = 1 if and only if ged(s,m) = ged(s,q) = 1. By the
Chinese remainder theorem, we may choose 7 € N such that 7 = r mod m and
7 =1 mod ¢q. Then ged(r,n) = 1, so a” generates G. Also (a”)”™ = h, as
required. ([l

Proposition A.2. Every element of Z/nZ&®Z/nZ is a multiple of a basis element.
Proof. In fact, let g = (7,9) € Z/nZ ® Z/nZ. f T = 0 or § = 0, the proposition
follows. Assume T # 0 and g # 0; then g = d(z/d,y/d) where d = ged(z,y). Since
ged(z/d,y/d) =1, (z/d,y/d) is a basis element and the proposition follows. O
Proposition A.3. Assume that A = Z/nZ @ Z/nZ. Let A’ be a subgroup of A,

and let B' be a cyclic subgroup of A’ so that A’/ B’ is also cyclic. Then there exists
a cyclic subgroup B of A such that A/B is cyclic and A’ N B = B’.



ON NET MAPS: EXAMPLES AND NONEXISTENCE RESULTS 161

Proof. Let Sy, ...,Sy be the Sylow subgroups of A. Since every subgroup C' of A is
the direct sum of CNSy,...,CN.Sy, it suffices to prove the proposition for p-groups.
So we may, and do, assume that n = p” where p is a prime number and r € Z™.

Case 1. Suppose that A’ is cyclic. By Proposition [A.2], every element of A’ is a
multiple of a basis element of A. Let v € A be a basis element such that (v) contains
A’. Choose w € A so that {v,w} is a basis for A. Let ¢ be the automorphism
of A defined on these generators by ¢(v) = (1,0) and ¢(w) = (0,1). Let b’ be
a generator of B’, and let k = o(V'). Since ¢(¥') € ((1,0)), by Proposition [A1]
there exists g € Z/nZ such that Z/nZ = (g) and ¢(b') = (n/k)(g,0). Let T be the
automorphism of A defined on generators by T'(g,0) = (1,0) and 7'(0,1) = (0,1).
Now consider the isomorphism f = T o ¢. Then A’ is isomorphic to f(A’) which
is a subgroup contained in the subgroup ((1,0)). Let b € A so that f(b) = (1, k).
Using these coordinates, we have (f(b)) N f(A’) = ((n/k,0)). Then (b) N A" = ().
Finally, we set B = (b). Since o(b) =n, A/B is cyclic as required.

Case II. Suppose that A’ is not cyclic. In this case, there are positive integers s, ¢
so that A’ 2 Z/p*Z & Z/p'Z. We first show that no cyclic subgroup of A’ properly
contains B’. If C is a cyclic subgroup of A’ such that B’ C C, then B’ C pC,
and so B’ C pA’ C A’. The Third Isomorphism Theorem for groups would then
imply that the quotient group (A’/B’)/(pA’/B’) is isomorphic to A’ /pA’. This is a
contradiction because A’/B’ is cyclic and A’/pA’ is not. Now let ' be a generator
of B’, and let b be a basis element of A such that (b) contains B’. Set B = (b).
Because b is a basis element of A, A/B is cyclic. Finally, since A’ N B is a cyclic
subgroup of A’ that contains B’, we have A'N B = B’. O

Proposition A.4. Let A be a finite Abelian group generated by two elements. Let
A’ be a subgroup of A, and let B’ be a cyclic subgroup of A’ so that A'/B’ is also
cyclic. Then there exists a cyclic subgroup B of A such that A/B is cyclic and
A'NB=D.

Proof. We may assume that A = Z/mZ®Z/nZ where m and n are positive integers
such that m|n. Let i, : A — Z/nZ®7Z/nZ be the canonical monomorphism defined
on generators by i.(1,0) = (n/m,0) and i.(0,1) = (0,1). Then A is isomorphic
to the subgroup (n/m) @ Z/nZ. So, without loss of generality, we may assume
that A is a subgroup of Z/nZ @ Z/nZ. Now let A’ be a subgroup of A, and let
B’ be a cyclic subgroup of A’ so that A’/B’ is cyclic. By Proposition [A:3] there
exists a cyclic subgroup B of Z/nZ ® Z/nZ such that (Z/nZ ® Z/nZ)/B is cyclic
and A'N B = B’. Now, set B = AN B. Obviously B is a cyclic subgroup of A
and ANB=ANANB)=(ANA)NB=ANB = B. Finally, using the
canonical projection ¢ : A — (Z/nZ®Z/nZ)/B defined by © — x+ B, one sees that
Ker(¢) = AN B = B, and so A/B is isomorphic to ¢(A). Since (Z/nZ & Z/nZ)/B
is cyclic, ¢(A) is also, and therefore A/B is cyclic. O

APPENDIX B. CLASSIFYING NONSEPARATING SUBSETS OF Z/4Z & Z/47Z

Theorem B.1. There are exactly three Hurwitz classes of nonseparating subsets
in A=7/47 @ Z/AZ. The following subsets are representatives for each class:
Hy ={(0,0),£(1,0), +(1,2), (2,0)},
Hy; = {£(1,0),£(0,1),£(2,1),£(1,2)},
H; = {£(1,0),+(0,1), £(1,1),£(3,1)}.
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Proof. It is known that H; = {(0,0), +(1,0), £(1,2),(2,0)} is a nonseparating sub-
set of A (see Example 2F). We now show that Hs is a nonseparating subset of A.
Let B be a cyclic subgroup of A such that A/B is cyclic. Then B = A/B >~ Z/4Z.
There are only six possible choices for B: ((1,0)), ((0,1)), ((1,2)), ((2,1)), ((3,1)),
and ((1,1)). If B = ((1,1)) or B = ((1,3)), one verifies in these cases that
cp =cp=c3 =cq4 =1 If B#{((1,1)) and B # ((1,3)), one verifies in these
cases that ¢; = 0 and ¢y = ¢3 = 1. Similarly, it is not difficult to show that Hj is
also a nonseparating subset of A.

It remains to show that the Hurwitz classes of Hy, Hs, and Hs are the only
possible Hurwitz classes of nonseparating subsets of A.

Let H be a nonseparating subset of A. Using the fact that Z/2Z@®Z /27 does not
contain any nonseparating subset and Lemma [2.0] it follows that H must contain
at least one element of order 4.

We first show that if H contains the point (0,0), then H is in the Hurwitz class
of Hy. Suppose that (0,0) € H. Since H contains at least one element of order
4, by a group automorphism of A, we may assume that H contains +(1,0). Let
B = ((1,0)) and consider the generator (0,1) + B of A/B. Since ¢; = ¢z = 0,
we must have ¢ = 0. So (2,0) € H. Now take B’ = ((0,1)) and consider the
generator (1,0) 4+ B’ of A/B’. Since ¢}, = ¢ = 1, exactly one of the following must
be contained in H: {+(1,1)}, {£(1,2)}, {£(1,3)}. Now let B” = {(1,2)). Since
(0,0),(2,0) € H, any generator for A/B" leads us to ¢/ = ¢§ = 0. Then ¢ = 0,
and so £(1,2) € H. Therefore, H would be in the Hurwitz class of Hj.

If H is a nonseparating subset of A that contains an element of order 2, say 7,
then H' = H + 7 is a nonseparating subset of A containing the point (0,0). The
above argument shows that H' is in the Hurwitz class of Hj.

We now assume that H contains no elements of (2) & (2). Then H cannot be in
the Hurwitz class of H;. Moreover, H must contain exactly four of the following
subsets:

{£(1,0)}, {x0, 1)}, {+@L 1D}, {£(1,2)}, {2 D}, {+(L3)}

So H contains a basis of A. By a group automorphism of A, we may assume that
H contains +(1,0) and £(0,1). Hence H is in the Hurwitz class of at least one of
the following subsets:

Ji = {£(1,0), £(0,1), +(1,2), £(2,1)}, Jo = {£(1,0),£(0,1), £(1,2), +(1,1)},

Js = {£(1,0),+(0,1), £(1,2),£(3,1)}, Js={£(1,0),£(0,1),+(2,1),£(1,1)},
Js = {£(1,0),£(0,1),£(2,1),£(3,1)}, Js ={=%(1,0),£(0,1),4(1,1),4+(3,1)}.

—_ =

In this paragraph we show that Js, ..., Js are in the same Hurwitz class. In fact,
note that Jy + (2,0) = Js, the automorphism of A defined by (z,y) — (y,x) maps
bijectively J, onto Jy and Js onto Js; and the automorphism of A defined by
(z,y) — (z +y,y) maps bijectively J5 onto Jg.

To show that either H is in the Hurwitz class of Hy or in the Hurwitz class of
Has, it suffices to show that .J; and .Jg are not in the same Hurwitz class. To do so,
we proceed by contradiction. Suppose that there exists an automorphism of A, say
v, and an element 7 € A with 27 = 0 such that ¢(J1) + 7 = Js. Regardless of the
choice of the automorphism we have ¢(1,0) = ¢(1,2) (mod 2), ¢(0,1) = ¢(2,1)
(mod 2), and (1,0) # ©(0,1) (mod 2). So the set ¢(J1) + 7 (mod 2) has exactly
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two elements. This yields a contradiction because the set Js (mod 2) contains
exactly three elements. (Il

List of Symbols
N=1{0,1,2,...}.
Z is the set of integer numbers.
77 is the set of positive integers.
R is the set of real numbers.
C is the complex plane.
P! is the Riemann Sphere.
72 is the 2-dimensional integer lattice.
Qy is a critical set of the map f.
V¢ is a critical value set of the map f.
Py is a postcritical set of the Thurston map f.
Yy is the pullback map induced by the Thurston map f.
deg(f) is the degree of the map f.
deg(f,w) is the local degree of f at the point w.
|A| is the cardinality of the set A.
o(g) is the order of the group element g.
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