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COMPLEX HYPERBOLIC TRIANGLE GROUPS
OF TYPE [m,m,0;3,3,2]

SAM POVALL AND ANNA PRATOUSSEVITCH

ABSTRACT. In this paper we study discreteness of complex hyperbolic triangle
groups of type [m,m,0; 3, 3, 2], i.e., groups of isometries of the complex hyper-
bolic plane generated by three complex reflections of orders 3,3, 2 in complex
geodesics with pairwise distances m, m,0. For fixed m, the parameter space of
such groups is of real dimension one. We determine intervals in this parameter
space that correspond to discrete and to non-discrete triangle groups.

1. INTRODUCTION

Complex hyperbolic triangle groups are groups of isometries of the complex
hyperbolic plane generated by three complex reflections in complex geodesics. We
will focus on the case of ultra-parallel groups, that is, the case where the complex
geodesics are pairwise disjoint. Unlike real reflections, complex reflections can be of
arbitrary order. If an ultra-parallel complex hyperbolic triangle group is generated
by reflections of orders n1,ns, n3 in complex geodesics Cy, Cy, C's with the distance
between Cj_1 and Cjy1 equal to my, for k = 1,2, 3, then we say that the group is
of type [m1, mz2, m3;n1,n2,n3]. In this paper, we will study discreteness of ultra-
parallel complex hyperbolic triangle groups of type [m,m,0;3,3,2]; i.e., two of the
reflections are of order 3 and one is of order 2, the fixed point sets of order 3
reflections intersect on the boundary of the complex hyperbolic plane (mgz = 0),
and the other two distances between fixed point sets coincide (m; = mg).

The deformation space of groups of type [m,m,0;3, 3, 2] for a given m is of real
dimension one; a group is determined up to an isometry by the angular invariant
a € [0,27]. See section [ Our main aim is to determine an interval in this one-
dimensional deformation space such that for all values of the angular invariant in
this interval the corresponding triangle group is discrete. The main result of the
paper is the following proposition:

Proposition 1. A complex hyperbolic triangle group of type [m,m,0;3,3,2] with
angular invariant o is discrete if

m > log.(3) and cos(a) < —3
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In the previous works [WG|[Mol[MPP], the authors considered cases where all
three complex reflections are involutions. Ultra-parallel triangle groups of types
[m,m,0;2,2, 2] and [m,m,2m;2,2,2] have been considered in [WG], while groups
of type [m1,m2,0;2,2,2] have been considered in and [Mo].

To prove Proposition[I] we use a version of Klein’s combination theorem, adapted
to the configurations in question. Two of the generating reflections share a fixed
point on the boundary of the complex hyperbolic plane. We show that the ultra-
parallel triangle group satisfies a compression property by carefully studying the
structure of the stabilizer of this fixed point and of its subgroup of Heisenberg
translations. The argument starts in a similar way to that for complex reflections
of order 2. However for higher order complex reflections the rank of the group
of Heisenberg translations is higher, leading to a quadratic optimisation problem
over Z? rather than Z.

On the other hand we obtain the following non-discreteness result using a com-
plex hyperbolic version of Shimizu’s lemma:

Proposition 2. A complex hyperbolic triangle group of type [m,m,0;3,3,2] with
angular invariant o is non-discrete if

1
a 12+/3 cosh? (%) ’

Combining these results, we see that there is a gap between the intervals of
discreteness and non-discreteness. This is illustrated in Figure[[l The figure shows
the (m, a)-space. The light grey box corresponds to discrete groups (Proposition ).
The black area corresponds to non-discrete groups (Proposition [2).

Ultra-parallel complex hyperbolic triangle groups of type [m,m, 0;n1, ng, 2] with
orders (n1,ns) other than (2,2) and (3,3) will be considered in [Pqd].

cos(a) >1

FIGURE 1. Discreteness and non-discreteness results in the (m, «)-space.
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The paper is organised as follows: In section 2] we summarise the necessary back-
ground information on complex hyperbolic and Heisenberg geometry. We introduce
the standard parametrisation for ultra-parallel [my, ms, 0; n1, na, n3)-triangle groups
in section Bl In section @l we use the compression property to derive a discreteness
condition for [my, ma, 0;n1,ng, ngl-groups. In section Bl we specialise the standard
parametrisation to the case of ultra-parallel [m,m,0;3, 3, 2]-triangle groups. The
fixed point sets of order 3 reflections intersect on the boundary of the complex
hyperbolic plane. In section [0l we study the structure of the stabilizer of this inter-
section point. In section [ we use the discreteness conditions from section [ to give
a proof of Proposition[Il In section 8 we use a version of Shimizu’s lemma to show
Proposition 2

We use the following notation: For group elements A and B, their commutator
is [A,B] = A"'B~'AB.

2. BACKGROUND

In this section we will give a brief introduction to complex hyperbolic geometry;
for further details see [Gol[P10].

2.1. Complex hyperbolic plane. Let C*! be the 3-dimensional complex vector
space equipped with a Hermitian form (-, ) of signature (2, 1), e.g.,
<z,w> = 21W1 + 29W3y — 23W3.

If 2 € C>!, then we know that (z,z) is real. Thus we can define subsets V_, Vj,
and V. of C*! as follows:

Vo ={z€C> | (z,2) <0},

Vo={z¢€ CQ’l\{O} ‘ (z,2z) =0},

Vi ={z€C> | (z,z2) >0}

We say that z € C2! is negative, null, or positive if z is in V_, Vp, or V,, , respectively.
Define a projection map P on the points of C*! with z3 # 0 as

Z1

21/ %
Piz=|z|— /7 € P(C*Y).
z2/23
2z

That is, provided z3 # 0,
z2=(z1,22,23) = [2] = [21: 22 : 23] = {ﬁ 2 1] .
z3 23
The projective model of the complex hyperbolic plane is defined to be the collection
of negative lines in C%!, and its boundary is defined to be the collection of null
lines. That is,
HE=P(V_) and OHE=P(Vp).
The metric on H(%, called the Bergman metric, is given by the distance function p
defined by the formula

cosh? (p([Z]a [w])> _ {(mw)(w,2)

2
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where [z] and [w] are the images of z and w in C?! under the projectivisation
map P. The group of holomorphic isometries of Hé with respect to the Bergman
metric can be identified with the projective unitary group PU(2,1).

2.2. Complex geodesics. A complex geodesic is a projectivisation of a two-di-
mensional complex subspace of C*'. Any complex geodesic is isometric to

{[z:0:1] | ze C}
in the projective model. Any positive vector ¢ € V. determines a two-dimensional
complex subspace
{z€C>" | (c,z) =0}.
Projecting this subspace we obtain a complex geodesic

P({zeC?! | (c,2) =0}).

Conversely, any complex geodesic is represented by a positive vector ¢ € V., called
a polar vector of the complex geodesic. A polar vector is unique up to multiplication
by a complex scalar. We say that the polar vector ¢ is normalised if (¢, c) = 1.

Let C7 and Cy be complex geodesics with normalised polar vectors ¢; and co,
respectively. We call Cy and Cy ultra-parallel if they have no points of intersection
in H(% U 8H¢2:, in which case

1
|{¢1,c2)| = cosh <§ dist(C1, C’g)) > 1,

where dist(Cy,C5) is the distance between C; and Cy. We call C; and Cy ideal
if they have a point of intersection in OHZ, in which case |{ci,c2)] = 1 and
diSt(Cl, Cg) =0.

2.3. Complex reflections. For a given complex geodesic C, a minimal complex
hyperbolic reflection of order n in C is the isometry ¢ in PU(2,1) of order n with
fixed point set C' given by

o) = —z+ (1 p)

where ¢ is a polar vector of C' and p = exp(27mi/n).

2.4. Complex hyperbolic triangle groups. A complex hyperbolic triangle is a
triple (C1, Ca, C3) of complex geodesics in HZ. A triangle (Cy, Cs, C3) is a complex
hyperbolic ultra-parallel [mq, ma, mg]-triangle if the complex geodesics are ultra-
parallel at distances my = dist(Cx_1,Cr+1) for k = 1,2,3. We will allow my = 0
for some or all k. A complex hyperbolic ultra-parallel [my, ma, ms; ny, ng, ng|-triangle
group is a subgroup of PU(2, 1) generated by complex reflections ¢, of order ny, in the
sides C}, of a complex hyperbolic ultra-parallel [mq, mz, mg]-triangle (C1, Ca, C3).

2.5. Angular invariant. The real dimension of the space of [m1, mg, ms]-triangles
for each fixed triple mq, mo, ms is equal to one. We can describe a parametrisation of
the space of complex hyperbolic triangles in H2 by means of an angular invariant o.
We define the angular invariant « of the triangle (Cq, Cs, Cs) by

3
a = arg (H(ck_1, Ck+1>> )

k=1
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where ¢ is the normalised polar vector of the complex geodesic C). We use the
following proposition, given in [Pral], which gives criteria for the existence of a
triangle group in terms of the angular invariant.

Proposition 3. An [m, mq, ms]-triangle in H(% 1s determined uniquely up to isom-
etry by the three distances between the complex geodesics and the angular invari-
ant a.. For any a € (0,27, an [mq, ma, ms]-triangle with angular invariant o exists
if and only if
cos(a) < ritriri—1
2T1T2T3
where 1, = cosh(my/2).

For m3 = 0 we have r3 = 1, and the right hand side of the inequality in Propo-
sition [3] is
7‘% + r%
21179
so the condition on « is always satisfied; i.e., for any a € [0,27] there exists an
[m1, ma, ms]-triangle with angular invariant «.

=1,

2.6. Heisenberg group. The boundary of the complex hyperbolic space can be
identified with the Heisenberg space

N =CxRU{oo} ={((,v)|¢€C,veR}U{occ}.

One homeomorphism taking 8H(% to N is given by the stereographic projection:

[21;22:23},_)(L Im(z2_23>) if 20 +23#0, [0:z:—2]— o0.

)
22 + 23 22 + 23

The Heisenberg group is the Heisenberg space N with the group law

(&1, 11) * (E2,12) = (&1 4 &2.11 + 12 + 2Im(616)).

The centre of N consists of elements of the form (0,v) for v € R. The Heisenberg
group is not abelian but is 2-step nilpotent. To see this, observe that

[(1,1), (&2, v2)] = (€1, 1) " % (E2,v2) ™1 (€1, 11) * (€2, v2) = (0,41Im(&:€2)).

Therefore the commutator of any two elements of N lies in the centre.
An alternative description of the Heisenberg group N is as the group of upper
triangular matrices

1 z y
0 1 =z z,y,2 €R
0 0 1

with the operation of matrix multiplication. For any integer k # 0, the subgroup
Ny, generated by the matrices

100 110 10 ¢
a=10 1 1|, b=(0 1 0], and c¢c=]0 1 0
00 1 00 1 00 1

is a uniform lattice in N with the presentation

Ni = (a,b,c| [b,a] = &, le,a) = [e,b] = 1).
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Moreover, any uniform lattice in N is isomorphic to Ny for some integer k # 0; see
section 6.1 in [De].

2.7. Chains. A complex geodesic in HZ is homeomorphic to a disc, and its inter-
section with the boundary of the complex hyperbolic plane is homeomorphic to a
circle. Circles that arise as the boundaries of complex geodesics are called chains.

There is a bijection between chains and complex geodesics. We can therefore,
without loss of generality, talk about reflections in chains instead of reflections in
complex geodesics.

Chains can be represented in the Heisenberg space; for more details see [Ga].
Chains passing through oo are represented by vertical straight lines defined by
¢ = Co. Such chains are called vertical. The vertical chain C¢, defined by ¢ = (o
has a polar vector

Co
A chain not containing oo is called finite. A finite chain is represented by an ellipse

whose vertical projection C x R — C is a circle in C. The finite chain with centre
(Co,v0) € N and radius rg > 0 has a polar vector

2o
1472 — oo + ivo
1— 724 ¢olo — o
and consists of all points (¢,v) € N satisfying the equations

I¢ = ol = 70, v =1vy — 2Im(¢{p).

2.8. Heisenberg isometries. We consider the space N equipped with the Cygan
metric,

1/2

po (G v2), (Goy12)) = | [C1 — I —i(v1 — 12) — 21 Im(C1 o)
A Heisenberg translation T¢ .y by (§,v) € N is given by
(Cw) = (¢ +&w+v+2Im(50)) = (&§,v) * (C,w)

and corresponds to the following element in PU(2,1):

1 £ €
€ 1- \§|22*iv _|§|2;iu
3 l&|? —i l&|? —i
g 5 (24 1 + 5 (24

A special case is a vertical Heisenberg translation T\, by (0,v) € N given by

(Cw) = (Gw+v).
A Heisenberg rotation R, by p € C, |u| =1 is given by

(C,UJ) = (M : va)
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and corresponds to the following element in PU(2,1):
pw 0 0
0 1 0
0 0 1

A minimal complex reflection ¢, of order n in a vertical chain C, with polar vector

is given by

(Cw) = (¢ + (1= g, w = 2| Im(1 — 1) + 2Im((1 — p)$C))
and corresponds to the following element in PU(2, 1):

—p 1=y (1=
—1=we A-pleP-1  A=plel* |,
(1-pwe —(A=plel -1 —=plel-1

where p = exp(2mi/n). The complex reflection tc, can be decomposed as a product
of a Heisenberg translation and a Heisenberg rotation:

e, = RuoTiewy = Tiue.) © Ry,
where
§=(i—1p and v=—2lp]? Im(1 - ) = 2|p|? sin(2m/n).

Heisenberg translations, Heisenberg rotations, and complex reflections are isome-
tries with respect to the Cygan metric. The group of all Heisenberg translations
is isomorphic to . The group of all Heisenberg rotations {R,, ’ uweC, |u=1}
is isomorphic to U(1). The group of their products N'x U(1) contains all complex
reflections.

2.9. Products of reflections in chains. What effect does the minimal complex
reflection of order n in the vertical chain C¢ have on another vertical chain, Cg,
which intersects C x {0} at £?
We calculate
—p —(1—p)¢ —(1=p)¢ 1 —p
—1=-p)C Q=plP-1  1-p)cP €| = |-Q-pC+E|-
C 3

Q-p)¢  —A=plP —-Q-plP-1
This vector is a multiple of
1 1
(1= pa¢— g | = | =g = (u-1)0)|
—(1 = )¢ + i€ (€ = (n=1)0)
which is the polar vector of the vertical chain that intersects Cx {0} at u&—(n—1)C.
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Cg C’1

®roet?

—rie e

Cs

FIGURE 2. Chains C;, Cs, and Cj5 (figure from [MPP]).

This corresponds to rotating & around ¢ through 27” So if we have a vertical chain
C¢, the minimal complex reflection of order n in another vertical chain C¢ rotates
Ct as a set around C¢ through 2% (but not pointwise).

2.10. Bisectors and spinal spheres. Unlike in the real hyperbolic space, there
are no totally geodesic real hypersurfaces in H%. Acceptable substitutes are the
metric bisectors. Let z1, 29 € Hf: be two distinct points. The bisector equidistant
from z; and zs is defined as

{2 € B2 | p(1,2) = plan, )}

The intersection of a bisector with the boundary of Hé is a smooth hypersurface
in OHZ called a spinal sphere, which is diffeomorphic to a sphere. An example is
the bisector

C={[z:it:1] € HZ | |2 <1—#* 2€C, teR}.
Its boundary, the unit spinal sphere, can be described as

U={Cr) eN | +02 =1

3. PARAMETRISATION OF COMPLEX HYPERBOLIC TRIANGLE GROUPS
OF TYPE [my,mg, 0;n1, N2, ng)

For r1,70 > 1 and « € (0,27), let Cy, Cy, and C3 be the complex geodesics with
respective polar vectors
1 1 0
cr=|—rqe |, co=| re? |, and c3=|1],

rge_w —Tlew 0
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where § = (1 —«)/2 € (—n/2,7/2). The type of triangle formed by Cy, Cs, C3 is an
ultra-parallel [my, ms, 0]-triangle with angular invariant a, where r, = cosh(myg/2)
for k=1,2.

Let ¢ be the minimal complex reflection of order m; in the chain Cj for
k = 1,2,3. The group (1,t2,t3) generated by these three complex reflections is
an ultra-parallel complex hyperbolic triangle group of type [mi,ms,0;n1,n2, nsl.
Looking at the arrangement of the chains C, Cs, and C3 in the Heisenberg space
N, the finite chain Cj is the (Euclidean) unit circle in C x {0}, whereas C; and Cs
are vertical lines through the points ¢ = ree and @y = —r1e” %, respectively; see
Figure 2l For k = 1,2, the reflection ¢; rotates any vertical chain as a set through

2
- around C}.

4. COMPRESSION PROPERTY

Let C1,C3, C3 be chains in N as in the previous section. Let ¢ be the minimal
complex reflection of order ny in the chain Cj for k = 1,2,3. We will assume that
ng = 2. To prove the discreteness of the group (11, t2,¢3) we will use the following
version of Klein’s combination theorem discussed in [WG]:

Proposition 4. If there exist subsets Uy, Uz, and V in N with Uy NUs = @ and
V C Uy such that 13(Uy) = Us and g(Us) €V for all g # Id in (11,t2), then the
group (L1, t2,t3) s a discrete subgroup of PU(2,1). Groups with such properties are
called compressing.

Projecting the actions of complex reflections ¢; and ¢ to C x {0} we obtain
: : ; — il _ —i6 2 2
rotations j; and js of C around ¢; = r2€"” and @9 = —ri1e™*” through n—? and i,
respectively. We will use Proposition @] to prove the following lemma:

Lemma 1. If |f(0)| > 2 for all f # Id in (j1,72) and |h(0)| = 2 for all vertical
Heisenberg translations h # Id in (11,12), then the group (11,t2,t3) is discrete.

Proof. Consider the unit spinal sphere
U={(v)eN ‘ IC|* + 2 =1}
The complex reflection ¢3 in Cs5 is given by
t3([z1 1200 23]) = [—21: 200 —23] = [21: —22 : 23]
The complex reflection ¢3 preserves the bisector
C={lz:it:1] € HZ | [’ <1-#*,z€C,teR}

and hence preserves the unit spinal sphere U which is the boundary of the bisector C.
The complex reflection ¢3 interchanges the points [0:1: 1] and [0: —1: 1] in HZ,
which correspond to the points (0,0) and oo in N. Therefore, ¢3 leaves U invariant
and switches the inside of U with the outside.

Let U; be the part of A\U outside U, containing oo, and let Us be the part
inside U, containing the origin. Clearly

UiNU; =@ and L3(U1):U2.

Therefore, if we find a subset V' C Uy such that g(Us) € V for all elements g # Id
in (11, t2), then we will show that (i1, t2,¢3) is discrete. Let

W= {(¢.v) €N |I¢l =1}
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be the cylinder consisting of all vertical chains through ¢ € C with |(| = 1. Let
Wi={(Cv)eN[l¢|>1} and Wz ={(¢,v)eN |[¢] <1}

be the parts of N\W outside and inside the cylinder W, respectively. We have
Us C Wy and so g(Us) C g(Wa) for all g € (11,t2). The set W5 is a union of vertical
chains. We know that elements of (i1, t2) map vertical chains to vertical chains.
There is also a vertical translation on the chain itself. Therefore, we look at both
the intersection of the images of Wy with C x {0} and the vertical displacement
of WQ.

Elements of (t1,t2) move the intersection of W with C x {0} by rotations j;
and jp around r9e?® and —rie~% through 721—7; and i—g, respectively. Provided that
the interior of the unit circle is mapped completely off itself under all non-identity
elements in (j1, jo), then the same is true for W5 and hence for U, under all elements
in (11,t2) that are not vertical Heisenberg translations.

A vertical Heisenberg translation will shift Wy and its images g(Ws) vertically
by the same distance; hence the same is true for Uy and its images g(Us).

We choose V' to be the union of all the images of Us under all non-vertical
elements of (i1,t2). This subset will satisfy the compressing conditions assuming
that the interior of the unit circle is mapped off itself by any non-identity element
in (j1,j2) and that the interior of the unit spinal sphere U is mapped off itself by
any non-identity vertical Heisenberg translation in (tq,¢2). Since the radius of the
unit circle is preserved under rotations, we need to show that the origin is moved
the distance of at least twice the radius of the circle:

[f(0)] =2 forall f e (ji,j2), f#1d.

Since vertical translations shift the spinal spheres vertically, we need to show that
they shift by at least the height of the spinal sphere:

|h(0)] =2 for all vertical Heisenberg translations h € (i1, t2), h # Id.

We see that the conditions of this lemma ensure that the sets Uy, Us, and V satisfy
the conditions of Proposition [l ([l

5. PARAMETRISATION OF COMPLEX HYPERBOLIC TRIANGLE GROUPS
OF TYPE [m,m,0;3,3,2]

We will now focus on the case of [m1, ma, 0; n1, na, nsl-groups with
my=mo=m,n, =n9 =3, and ng=2.

In this case the setting described in section Blis as follows. We consider the fol-
lowing configuration of chains in N: Cj is the (Euclidean) unit circle in C x {0},
whereas C; and Cy are vertical lines through the points ¢; = re’? and ¢y = —re™%,
respectively, where r = cosh(m/2) and 6 € (—w/2,7/2). The type of triangle
formed by C1,Co,C5 is an ultra-parallel [m,m,0]-triangle with angular invari-
ant « = m — 20 € (0,2r). We will consider the ultra-parallel triangle group
I’ = (11, ta,t3) generated by the minimal complex reflections ¢1, ta, t3 of orders 3, 3,2
in the chains C4, Cs, C3, respectively.

The description of complex reflections in section .8 in this case is as follows:
The reflection ¢ for k = 1,2 is given by

(Cw) = (u¢ + (1= p)r, w + 2|k Im(1 — p) + 2Im((1 — p)2xC)),
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where p = exp(27i/3), and can be decomposed into a product of a Heisenberg
translation and a Heisenberg rotation:

bk = R# ° T(fkvl/k) = T(Mﬁk,wc) ° R#’
where
&= (—1)p, and v, = —2]¢* Im(1 — p) = 2|y |* sin(27/3).

For k£ = 1,2, the reflection ¢ rotates any vertical chain as a set through 27”
around Cj.

6. SUBGROUP OF HEISENBERG TRANSLATIONS

Let T' = (¢1, t2,t3) be as in section[l In this section we will consider the structure
of the subgroup E = (11, ¢2) in more detail.

Proposition 5. Let T be the subgroup of all Heisenberg translations in E. Every
element of E can be written as a product of a Heisenberg translation and a power
of t1. The group T is generated by the elements

T, = tat1ta and 1o = t1tL1ts.

Let H = [Ty, Ty] = (1112)®. Every element of T is of the form TETYH™ for some
x,y,n € Z. The elements Ty, T, H are Heisenberg translations by

(v1,t1) = (2rv/3cos(8) - i,12v/3r2 cos?(6)),
(va,ta) = (rcos(8) - (34 iV/3), 12r? sin(6) cos(h)),
(0,v) = (0,24r%v/3 cos?(9)),

respectively. The subgroup of vertical Heisenberg translations in E is an infinite
cyclic group generated by H. The shortest non-trivial vertical translations in E are
H and H™'.

Proof. We can write every element in F as a word in the generators (' and (3.
y g 1 2

Using the relations ¢; " = ¢ and ;' = 3 we can rewrite it as a word in just ¢

and ¢o. Consider the words (i, g,k = Lk, Lko iy Of length 3. Using the decomposition

te = Ry o Tiey vy = T(pey ) © By (section B), we can write

Uikaks = (Rp o T(EkIWkl)) o(Ryo T(EkQ,sz)) o(Ryuo T(fk:;vykg))

= (RH)3 °© T(Hﬁkl,Vkl) ° T(HszzkaQ) °© T(£k37yk73)
= T(H£k17’/k1) °© T(,u‘zgkavl/kg) © T(fk:;vl/kg);

hence tg, k15 is a Heisenberg translation. Let f € E = (11,t2). We can write f as
a product of some words of length 3 and one word of length at most 2. Moreover,
using the relations o = 1911 - 1, 13 = ta01 - 13, L1ty = L121 - 13, and toLy = L9717 - L3, We
can rewrite f as a product of some words of length 3 and a power of ¢;. Using the
relations ¢ = 3 = Id we see that all words ¢y, gk, of length 3 can be expressed in
terms of T1 = 1212 and T2 = l112 aS L9221 = T{l, L122 = TQT{I, L211 = 1—’11—‘2717 and
L1291 = TnglT{l. Hence f can be written as a product of an element in (T}, 7%)
and an element w € (11), and f is a Heisenberg translation if and only if w = Id.
Therefore T = (11, Ts).

Let H = [Th, T3] € T. As a commutator of two Heisenberg translations, the
element H is a vertical Heisenberg translation and lies in the centre of A/; hence
[H,T1] = [H,Ty] = 1. Direct computation shows that ToHT, ' = (1122)>. On
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the other hand, T5, H = HT5 implies that TQHT{1 = HTQT{1 = H; hence H =
(L1L2)3. Using the relations HT, = TyH, HT, = TobH, and TbT, = TZToH™,
every element of 7 can be written in the form T{7Ty H™ for some z,y,n € Z. The
elements T} and T are Heisenberg translations by (v1,t1) and (va, t2), respectively.
The commutator H = [Ty, T] is a vertical Heisenberg translation by v = 4 Im(v172).
We determine (vg,tr) and v by direct computation. Projection to C maps H to
the identity, T}, to the Euclidean translation by v, and T{Ty H™ to the Euclidean
translation by zvy + yva. Hence T{¥Ty H™ is a vertical translation if and only if
x =1y =0, 1i.e., if it is a power of H. Therefore the subgroup of vertical Heisenberg
translations in F is generated by H. O

Remark. The group 7T has the presentation
T=(T\,Ty,H | [I1,T2)=H, [HT\]|=[H T =1)
and is isomorphic to the uniform lattice Ny as defined in section

Remark. An alternative approach to the understanding of the structure of the
subgroup E = (11, t2) is to use the classification of almost-crystallographic groups by
Dekimpe [De]. An almost-crystallographic group is a uniform discrete subgroup FE
of GxC, where G is a connected, simply connected nilpotent Lie group and C'
is a maximal compact subgroup of Aut(G). As a discrete subgroup of N'x U(1)
(see section [Z.8)), the group F is an almost-crystallographic group with G = N
and U(1) € C C Aut(N). The projection of E = (11,t2) to C is a wallpaper
group Q = (j1,j2), where jj is the rotation of C around ¢, through 27/3 obtained
by projecting ¢ to C. The wallpaper group Q = (j1, j2) is generated by two order 3
rotations and has a presentation

(1,72 | 33 = 73 = (juj2)* = 1).
The standard notation for this wallpaper group is p3; see for example [BB]. In
the classification of three-dimensional almost-crystallographic groups in section 7.1

of [De], the wallpaper group p3 appears in case 13 on page 164. In this case the
group F is generated by elements a, b, ¢, & with relations

k‘3 37}(54
, a° =ct.

[b,a] = c*, [c,a] = [¢,b] = [¢,a] = 1, aa = back?, ab=a"'b " ac
We consider the generators t; = a and (s = aa so that o® = (aa)® = 1. The
hypothesis a® = 1 implies k4 = 0. The hypothesis (aa)® = 1 can be rewritten as

1 = (aa)® = aca(ac)a = aaa(b ta)b tac® = aa(aa)a b~ Lack2 s

= (ba—lb—la)c2/€2+k3 _ b([b, a])—lb—162k2+k3 _ C_k1+2k2+k3;

hence —kq + 2ko + ks = 0. The translations 77 and T in Proposition [G] are

2 3

T) = tat1te = (a)a®a = bac® and Ty = 111110 = &Pa = a.
Their commutator is
H = [T}, Ty] = (bac®) a" (bac*?)a = a b a " baa = a1 (b, ala = .

On the other hand, the kernel of the map E = (11,t2) — (j1, j2) given by ¢1 — j1,
Ly — jo is generated by (1112)3. We calculate

(1122)® = (@?a)® = a2ac’(ac?)a = o2a(ab)ac® = o?b~ ! (aa)ck2ths = Phaths,
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Using —k1 + 2ks + k3 = 0 we can rewrite this as (L1L2)3 = ¢F1. Hence the element
H = [T}, Ty] = (1112)®> = ¥ is the shortest vertical Heisenberg translation in
E = (11,19).

7. PROOF OF PROPOSITION [I]

Let T' = {11, t2,t3) be as in section Bl In this section we will use Lemma [Tl to find
conditions for the group I' to be discrete.

Proof. We need to check that the conditions of Lemma [I] are satisfied. Note that
m > log,(3) implies that
m 2
r = cosh (—) > —

2 V3
We first check that |h(0)] > 2 for all vertical Heisenberg translations h # Id in
(t1,t2). Any vertical translation in (1, o) is a power of the vertical translation H
by (0,24r%v/3 cos?(#)). We need the displacement of each vertical translation H",
n # 0, to be at least the height of the spinal sphere, i.e.,

V3

24r%\/3 cos?(0) = 2 <= r? cos*(0) >

~ 36
The hypothesis cos(e) < —% for € (0,2n) implies that 2F < o < 4F and hence
0] = |=32| < %. For cos(f) > @ and r > % we have
2. .2 V3
0)=21>—;
< cos () 36
hence the condition |h(0)] > 2 is satisfied for all vertical translations h # Id in

<L1, L2>.
We will now check that |f(0)] > 2 for all f # Id in (ji1, j2). We can write every

element f in (j1,72) as a word in the generators j; and jo. Figure [B] shows the
points f(0) for all words f of length up to 6 in the case r = 1 and 6 = 0:

61

(3]

FIGURE 3. Points f(0) for all words f up to length 6.
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The group (j1,j2) is the projection to C of the group E = (11,t2). For k = 1,2,
projecting ¢ to C, we obtain a rotation j; of C through %ﬂ around . These
rotations are given by jr(z) = p-z+ (1 — p) - g, where p = exp(27i/3). According
to Proposition [ every element of E is of the form T{Ty H™{ for some z,y,n € Z
and ¢ € {0,1,2}, where Ty = tot1t2, To = t1t1t2, and H = [T}, T,] are Heisenberg

translations by (v1,t1), (ve,t2), and (0, v), respectively, and
vy = 2rV/3cos(f) i, vy =rcos(d)- (3+iV3).

Projection to C maps H to the identity, T} to the Euclidean translation by vy,
TFfTyH™ to the Euclidean translation by zwv; + yve, and ¢; to the rotation j;.
Therefore every element of (ji,j2) is a product of a translation by xv; + yvy for
some z,y € Z and a rotation j{ for some ¢ € {0,1,2}. Hence every point in the
orbit of 0 under (j1, j2) is of the form p + xv; + yve, where z,y € Z and

p € {0,51(0),71(0)} = {0, (1 — )1, (1 — ) }-
Using |v1]? = |v2|> = 2Re(v102) = 12r? cos?(f), we calculate
lp + zvy + yoo|?
= 22|v1|? + y?|ve|? + 22y Re(v10s) + 22 Re(pty) + 2y Re(pva) + |p|?
= 12r% cos?(0) - (2® + zy + y*) + 22 Re(pv1) + 2y Re(pvz) + |p|*.

We make a coordinate change u = y — « and v = x + y; that is, ¢ = (v — u)/2
and y = (u+ v)/2. Points (z,y) € Z? are mapped to points (u,v) € Z? with
u = vmod 2. We obtain
Ip + zv1 + yva|* = 3r? cos*(0) - (u? + 3v* — 2au — 6bv + a® + 3b?)
=3r?cos?(0) - ((u— a)* + 3(v — b)?),

where
_ Re(p(t1 — 7)) Re(p(3+iv3))
-~ 6r2cos?() 6rcos(6)
b= _Re(p(z‘;l + 172)) . _Re (p(l — ’L\/g))
~ 18r2cos?(d) 6r cos(6)
and ,
a® +3b* = i

3r2 cos?(6)’
Our aim is to show that |p + xzv; + yva|? > 3r? for all (z,y) € Z2, excluding
the case p = 0, z = y = 0 that corresponds to f = Id. This is equivalent to
(u—a)? +3(v —b)? > sec?(d) for all (u,v) € Z* with v = vmod?2, excluding
the case a = b = u = v = 0. Note that this inequality is always satisfied if
lu — a| > sec() or |v — b| > sec(h)/v/3, so we only need to check that

g(u,v) = (u—a)* +3(v —b)? —sec?(0) = 0

for all (u,v) € Z? with u = v mod 2 inside the bounding box

(a — sec(0),a + sec(f)) x (b_ Se\c/(?)_Q)’b-F Se;(g)) .
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In the following table we list the values of a, b, and a® + 3b? in terms of t = tan(f)
and p = exp(2mi/3) = —%—"ﬁ for w € {Id, j1, j?}:

w | p=w(0) a b a? + 3b2
Id 0 0 0 0

g (L=p)- ¢ -1 & 2 +1
G| A=p) 1| 3(tV3-1) | =53 +tV3) | *+1

Under the assumption that || < § we have t =tan(f) € [~d, d] and sec() €[1, 2d],
where d = 1/4/3 ~ 0.577. In each of the three cases we list the bounds on a and b
and the size of the bounding box:

(min(a) — 2d, max(a) + 2d) x (min(b) — 2/3, max(b) + 2/3).
We then calculate
g(u,v) = (u—a)?* + 3(v — b)? — sec?()
= u? 4+ 3v% — 2au — 6bv + (a® + 3b%) — (t* + 1)

and check that g(u,v) > 0 for all (u,v) € Z? with u = v mod 2 inside the bounding
box.

e w=1Id, a =b=0: The bounding box
(—2d,2d) x (—2/3,2/3) C (-2,2) x (—1,1)

contains only one point (u,v) € Z? with u = vmod2, the point (u,v) =
(0,0), which corresponds to the excluded case f = Id.
e w=jj,a=—1,b=—t/\/3c[-1/3,1/3]: The bounding box

(=1 —2d,—1+2d) x (~1,1) C (=3,1) x (—1,1)
contains points (0,0) and (—2,0). The function
g(u,v) = u? 4+ 30% + 2u+ 20V3 + (2 + 1) — (12 +1)
=u® + 30> + 2u + 2tvV/3

is non-negative: ¢(0,0) = g(—2,0) = 0.
W= .7%7 a = %(t\/g_ 1) S [_LOL b= _%(3+t\/§) € [_2/37_1/3] The
bounding box

(—1 — 2d,2d) x (—4/3,1/3) C (—3,2) x (~=2,1)
contains points (1,—1), (0,0), (—1,—1), and (—2,0). The function
g(u,v) = u? +30% —u(tV3 — 1) +v(B +tvV3) + (2 +1) — (12 +1)
=u> 4+ 302 +u+3v— (u—v)tV3
is non-negative:
9(0,0) = g(=1,-1) =0, g(1,—-1) =2 —2t/3 >0, g(—2,0) =2+ 2t/3 > 0.

In all cases we have shown that g(u,v) > 0, hence |p+zv1 +yve|?> > 3r2. Under the
assumption that m > log,(3) we have 312 = 3 cosh? (2) > 4. Therefore |f(0)| > 2
for all f # Id in (j1,j2). Hence all conditions of Lemma [l are satisfied, and we can
conclude that the group (i1, t2,t3) is discrete. O
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8. PROOF OF PROPOSITION

Let T = (11, t2,t3) be an ultra-parallel [m,m,0; 3, 3, 2]-triangle group as in sec-
tion Bl In this section we will use the following complex hyperbolic version of
Shimizu’s lemma introduced in [P92,[P94.[P97] to find conditions for the group T
not to be discrete.

Lemma 2. Let I’ be a discrete subgroup of PU(2,1). Let g € T be a Heisen-
berg translation by (&,v) and let h = (hij)1<ij<3 € I' be an element that satisfies
h(o0) # oo. Then

i < polg(h~"(00)), k™! (00))po(g(h(o0)). h(co)) + 4 1€]

where pgy is the Cygan metric on N and

2
T =
4 |hoo — hag + h3a — has|

1s the radius of the isometric sphere of h.

We will now prove Proposition

Proof. We will apply Lemma [ to the vertical Heisenberg translation g = (1112)?
and the element h = 3 in I' = (11, t2,¢3). The matrix of the element h = 13 = Lgl
is
-1 0 O
h=h"'=]10 1 0
0 0 -1
The radius of the isometric sphere of h is 7, = 1. To calculate h(oo) we first map
oo from the Heisenberg space to the boundary of complex hyperbolic 2-space. That
is,
0o [0:1:—1] € OHZ.
We apply h to this point:
h(0:1:—-1])=1[0:1:1] € 9HZ.
Note that h(oo) # co. Mapping this point back to the Heisenberg space,
[0:1:1]+ (0,0) € N.

For a vertical Heisenberg translation g, we have & = 0 and po(g(¢,w), (C,w)) = |v|2
for all (¢,w) € M. Substituting these values into the inequality given in Lemma 2
we obtain that if |v| < 1, then the group is not discrete. From Proposition
we know that g = (1112)% is a vertical Heisenberg translation by (0,v) with v =
24+/3r2 cos?(#). Hence the group I is not discrete if

1
< —.
24/3r2

Using cos(a) = 1 —2cos?(f), we conclude that the group I is not discrete provided
that

cos? ()

1
=1-—5. (]

1
cos(fa) >1 — —=1—
(@) 124/3r2 12+/3 cosh? (%)
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