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NONLOCAL FINITENESS OF A W-GRAPH

GEORGE LUSZTIG

ABSTRACT. It is shown that the W-graph of an affine Weyl group of type B2
(as defined by Kazhdan and Lusztig in Representations of Cozeter groups and
Hecke algebras, Invent. Math. 53 (1979), 165-184) is not locally finite.

1. The purpose of this paper is to present an example of computation of the leading
coefficients p(y, w) of the polynomials P, ,, of [KL], or equivalently, of the “ inverse
polynomials” @, ., for an affine Weyl group.

We use the following method. We want to make use of the explicit formula [L]
for the Py ., in the case where y, w have maximal length in their double coset with
respect to the finite Weyl group. For such y, w we have u(y, w) = 0 except in trivial
cases, so this by itself does not give interesting examples of p(y,w). It would be
much more useful to be able to compute, instead, the polynomials @y ., where y, w
have minimal length in their double coset with respect to the finite Weyl group.
We show that these last polynomials can be directly related through a system of
semilinear equations to the special polynomials P, ., above. These equations can
sometimes be solved explicitly and we may hope to find in this way interesting
examples of p(y, w).

Consider the affine Weyl group of type B, with standard Coxeter generators
a, b, c where a,c commute; set p = aba,q = cba. Using the method above, we shall
obtain the following result:

(a) w(pg",pg™) =1if m >n > 0, m even, n odd.

(Note that {pg™|n = 1,2,...} are distinct involutions and the length of pg™ is
3n+3.) We see that the W-graph (see [KL, §1]) of our Coxeter group is not locally
finite. This example suggests that the W-graphs of most affine Weyl groups are
not locally finite. (They are locally finite for type Ay, Ag)

2. Let (W, S) be a Coxeter group (S is the set of simple reflections) and let [ :
W — N be the corresponding length function. Let A = Z[v,v~!] where v is an
indeterminate. For f € A, let Res,—o(f) € Z denote the coefficient of v=! in
f. Let : A — A be the ring involution such that ¥ = v=!. For x,y € W, let
R, ., € A be defined as in [KL, (2.0.a)] (where q? in loc. cit. is our v). We set
ey = v!@TWR, . We have

(a) Tog = 1,Tpy = (_1)l(y)—l(w)7aw)y for any z,y € W,
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(see [KL, 2.1(1)]),

(b) Tyl = 6m717
() vl @y )yl ),

(d)  @OH@ g @R W )

(for any z,y € W and any s € S). Note that (c) follows from [KL, (2.0.c)] and (d)
follows by applying ~to (c) and using (a). Moreover,

(e) ry.» #0 = y < z in the Bruhat order of W.

For any x,z € W we have (by [KL, 2.1(ii)])

(f) D ey =6r.

Y

3. For x <yin W, let P, , € A be defined as in [KL, 1.1] (where q? in loc. cit. is
our v). We set p,, = v'@~W P, € Zv™!] for z <y and p,, = 0 for all other
xz,y. We have

(a') Pz = 17 Dz,y S ’U_1Z[’U_1] for z < Y,
(b) Zrz7ypy7z - ﬁ];7z fOr any r, z in W
Yy

(see [KL, (2.2.a)]).
We define elements g, , € Z[v™!] (for any z,y in W) by the system of equations

(C) Z(_l)l($)+l(y)pm,yQy,z = 6m,z

z

(for any z, z in W). We have
(A qa=1, quy€v 'Zv ] for z <y and g, = 0 for all other x,y.

For any x,z € W we have

(e> Z(_:L)l(I)_l(y)qw,ypy,z = 6$7Z7
Y

(f) Zqur%z =0z,z-
)

Asin [KL, 1.2], for x,y € W, we set

w(z,y) = Resy=0(px,y) = Resy=0(qz y) € Z.
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4. If I is a subset of S we denote by Wy the subgroup of W generated by I. If Wy

is finite, we set
&= Z 02 W) € Z[v?].
weWr
We now fix two subsets I,1" of S such that W; and W}, are finite. Let v (resp.
V') be the maximum length of an element of Wy (resp. Wp/). Let X be the set
of Wi — Wy double cosets in W. Each A € X contains a unique element my of
minimal length and a unique element M) of maximal length; we define

(a) &=y v ez,

wWEA

&1 Epr ! HOm)

o oY &

(b)

then 7y = my.

From 2(c) we see that the function y — >\ vl @ =Wy, s constant on left
Wi-cosets; similarly, it is constant on right Wy -cosets, hence it is constant on the
double cosets in W. In particular, for A, \' € X+, we have

© Yo @, = 3 2 S @y

TEN;YyEN yeN TEA

€ A,

From 2(d) we see that the function x — 37 v @)Wy, is constant on left
Wi-cosets; similarly, it is constant on right Wy -cosets, hence it is constant on the
double cosets in W. In particular, for A\, \’ € X+, we have

(d) Z U—l(m)+l(y)r$7y - Zv—ﬂ(m) Z Ul(MA)H(y)TMMy.

TEN;YyEN TEA yeN

Comparing (c), (d) we see that
(e) Zv—l —lman)y. iy = =& Z v MA)'H(ZJ)TM

TEN yeN

5. Let < be the partial order on X defined by A < X if M, < My,. For \, N € X,
we set

DX N = PM\,M,s XN = dmy,my -
By [KL, 2.3.g], we have

UI(MA)_I(I)pm,MA/ = PN

for all z € A and similarly

Ul($ )_l(my)qu,m/ = aqx N

for all ' € N. We set

(a) axn = Z(_U)—l(MA/)H(y)thy’
yeEN
(b) by = Z(_U)l(mx)—l(z)pzﬂny'

ZEX
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Clearly, pa,a, gxx, Gx x, ba,a are zero unless A < X and are equal to 1 when A = X
when A < X they belong to v~'Z[v~!] and

(c) Resy=0(gr,») = p(mx, mr) = Resy=0(ba,x)-

6. Using 3(c) and the definitions, we see that

(a) Z(_l)z(MA)—z(MM)aAA,pN’A,, = S,
)\/

(b) D (=)= gy Nb e = a s
)\/

for any A\, N’ € X+,

Proposition 7. For any A\, \' € X+, we have
(8) Yon O 2D = 2oy Daux =D
A A
(b) Z)\/ G,A)\/(—]_)l(m)\’)_l(M)\’)ﬂ-A/b)\/)Au = Z)\, aA7A/(—]_)l(m)\’)_l(M)\’)ﬂ—)\/b)\/)AN,

For any A\, ) in X+ we set

TAN = E N Sy

zEN
7:)\,)\/ = ZU_I(Z)+l(m>\)Tz,m/\/
ZEA
Using these definitions and 3(b), 3(f), we deduce, for any A, \'":
(c) Z TANDN N = DAN,
)\/
(d) Z DNTN N = D
A/

We can rewrite 4(e) in the form

€(>\/)'U_l(m>\,)_l(m/\) fod

Py = EQ Ol N+

AN

or in the form

(©) 1 1

TAN = —T) ).
T

TN

Using (c), we see that the left hand side of (a) is equal to
1

Z DN Z T APX A
N by

and, using (e), to

S

Al SVEY SSVE
) g, ™ A AP
A

Using (d), we see that this equals >3 G, ;\W%p;\ w+ Which is the same as the right
AT PN,
hand side of (a). Thus (a) is proved.
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We prove (b). We can write (a) as an identity of matrices indexed by X x X T:
(f) QD 'P=QD7'P

where @ = (ga,x), P = (pa,x), D is the diagonal matrix with entries my; we agree
that — applied to a matrix is obtained by applying ~ to each entry. Taking the
inverse of both sides of (f), we obtain P~'DQ~! = P~1DQ~!. This is, up to signs,
the same as (b) (we use 6(a),6(b)). The proposition is proved.

8. In the remainder of this paper we assume that (W, S) is an irreducible affine
Weyl group regarded as a Coxeter group. The set X of elements of W which have
only finitely many conjugates, is a normal subgroup of W, which is free abelian,
finitely generated, of finite index. We shall take I = I' = S — {sg} where sg € S
is such W is generated by X and by W;. There is a unique Z-basis {as|s € I} of
X and unique homomorphisms ¢, : X — Z for s € I such that s(z) =z — ds(x)as
for all s € I,z € X. (We write the group operation in X as addition and we write
w(z) instead of wrw™! for w € W,z € X.) Let R be the finite set consisting of
all elements of X of the form w(«s) for various s € I and w € Wy. Let RT =
RNY o Na,. Let XT = {z € X[as(x) >0 Vsel}. Forany A € XT, we set

W = {w e Wilw(A) = A}
In our case, my of 4(b) can be rewritten as follows:
T =v Z v2Hw)
wew?

where vy is the number of reflections of W3.

There is a 1-1 correspondence between X+ and the set of W; — W; double cosets
in W (to an element of Xt corresponds the unique double coset containing it).
We identify in this way Xt with the set of W; — W; double cosets in W, thus
reconciling the present notation with the notation X in §4.

9. Let X’ be the subgroup of Q ® X consisting of all x such that &,(x) € Z for all
s € I. We have X C X’ and the action of W; on X extends uniquely to a linear
action of Wr on X’. For any subset i C RT, we set a5 = Zaei a € X. It is known
that ap+ = 2p where p € X’ and that w(p) — p € X for any w € W;. Let T be the
free A-module with basis Zy, (A € X). We define elements Z, € I for all A € X
(not just for A € X ) by setting

Zy = (=1)"") Z 510y ps
if w(A\+p) — p € X, for some w € W (necessarily unique),
Z\ =0,
otherwise.

Theorem 10.

v T E axxZy = E (=) M2y _ay

Aext LiCRT

(equality in T') holds for any N € X here, ax » are as in §5.
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This is obtained by assembling several identities in [L] in the affine Hecke algebra
(notation of [L]):
N 1 —li
Jp('U l(px )K)\/) = 73—X 2(—’(}2) | ‘J)\/_‘_p_ai
(IL, 6.7]);
JPC/A = J)\+p
(IL, 6.9]);

Cy= Z paav PVIK,
MNex+
([L, 6.10, 6.13]) and using 6(a). (We take I" to be the .A-submodule of the affine
Hecke algebra spanned by Z), = Jx;, with A € X*.) In our case, we have
(—1)MN)=UMy) — 1 for A\, N in X+,

Corollary 11. For any x € X we set
)= Y (=)7L
LiCRT;a5=x

For any \, X in X, we have

Ull)‘l

Z (=)™ + p — w(\ + p)).

weWr

ax\ =
TN

12. Tt is likely that, in the case where cs(N) > 1for all s € I and A € X, we
have

b = (1) LS (OB — p) — (A p))

T
A weWr

13. Now let (W, S) be an affine Weyl group of type By. Write I = {1,2} so that
do(ar) = —1,d1(ag) = —2. We solve the system of semilinear equations 7(b) with
unknowns by/ yv for fixed X = tay + tas, where t > 3 and the quantities ay y are
given by §11. (That system has a unique solution subject to the requirement that
ba.a is zero unless A < )\ is equal to 1 when X' = X\’ and belongs to v=1Z[v™1]
when X < \".) We find

bta1+(t—1)a27ta1+ta2 = U_B + U_17
bsa1+(s—1)a2,ta1+ta2 = _U_5 + U_17
for s =t —1,t—-2,...,3. It follows that Res,—o(bsa,+(s—1)as,tai+tas) = 1, for
s=t,t—1,...,3. Using 5(c), this yields formula 1(a).
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