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MINIMAL REPRESENTATIONS OF EXCEPTIONAL p-ADIC
GROUPS
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Let F' be a p-adic field. By assumption, F' has characteristic zero. Let G be the
F-rational points of a connected reductive F-group, and 7 an irreducible complex
representation of GG. In a sufficiently small neighborhood of the identity, the char-
acter of m may be viewed as a distribution on g, the Lie algebra of G. A result of
Harish-Chandra states that this distribution has the form

fH;Co/fMO,

where O runs over the nilpotent coadjoint orbits in g*, pe is a suitably normalized
G-invariant measure on O, and f is the Fourier transform of f. Let Omi, be a
minimal non-trivial coadjoint orbit. Then 7 is said to be a minimal representation
if co = 0 whenever O ¢ Opin.

Through the work of Kazhdan and Savin, minimal representations are known
to exist when G is a split exceptional group of type Eg, E7, Eg, or Ga; in the
case of G, the representation actually lives on the three-fold cover of G. In this
paper, I construct minimal representations for all other exceptional groups (not
assumed split) over a p-adic field; in the case of Fy, the representation lives on
the two-fold cover. Our approach, which is similar to that of Kazhdan and Savin,
may be summarized as follows. The group G has a maximal parabolic subgroup,
P, whose unipotent radical, U, is a Heisenberg group. Using Weil’s well-known
theory, a Heisenberg representation, 7y, of U can be extended to P° = [P, P], or
sometimes to a double cover. Let m = Indﬁo g. The main task is to extend this
representation to all of G. This can be done without great difficulty, except that
we need to check a braid relation between a certain unitary geometric operator and
the Fourier transform. This relation is especially non-trivial for groups of rank two.

Although we confine ourselves to the p-adic case, it would be easy to adapt the
arguments to the real case. In particular, this could be done for the rank four form
of Fs. On the other hand, minimal representations have been studied substantially
in the real case by other methods. See especially the recent work of Gross-Wallach
and Brylinski-Kostant ([G-W] and [B-K] among others).

Let me describe the contents of this paper in somewhat greater detail. In the first
section, which is of independent interest, we present a construction of Lie algebras
in terms of rank three, central, simple Jordan algebras. In fact, we construct
all Lie algebras in Freudenthal’s “magic square”. The method, which follows a
suggestion of G. Savin, is different from the standard construction (“Tits second
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construction”), and is particularly well suited to studying exceptional p-adic groups
because it gives all forms of the exceptional Lie algebras over a p-adic field. We
have also included results on some dual pairs in these algebras. Further results on
Jordan algebras, Lie algebras and dual pairs are contained in the appendix.

In section 2, we turn to the structure of exceptional p-adic groups. In particular,
we give a lot of detail about the structure of the Heisenberg parabolic. We can
say more when the Jordan algebra is reduced and hence G has rank greater than
two. In section 3 we actually construct the minimal representation 7. As indicated
above, the crucial point is to check a certain braid relation. When G has rank
larger than two this may be done directly. However, if G is the rank two form of
Es, we must appeal to global techniques following an idea of Kazhdan. Also, we
treat separately the case G of type Fj since we are working on the double cover.

Finally, in section 4 we prove that the representations m are minimal. The
method is similar to the one used by Savin in the split case, which itself is based
on a remark of Kazhdan. The first step is to study the character of 7 restricted
to a Borel subgroup. For this we can appeal to Howe’s Kirillov theory for solvable
p-adic groups. Since we do not assume that G is quasi-split, this does not make
sense for us. Instead, we study the character of 7 restricted to P and directly prove
the results that we need.

Concurrent with this work, and with a somewhat different approach, Torasso
[To] has proved that minimal representations exist for groups of rank larger than
two.
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1. EXCEPTIONAL LIE ALGEBRAS

In this section we construct all forms of the exceptional Lie algebras over a p-adic
field F. The starting point is a degree three Jordan algebra over F. The construc-
tion also works for other fields of characteristic not two or three (in particular, for
Archimedean and global fields), but in general we do not get all forms.

1.1. Facts about Jordan algebras. Let J be a degree three central simple Jor-
dan algebra over F. If A/B € J, we will denote the Jordan multiplication by
A.B € J. Recall that the Jordan product is commutative but not associative. It
does satisfy

(1) (A.A).(B.A) = ((A.A).B).A,

and is power associative. For any power-associative algebra, Jacobson has shown
that there exists a “generic minimal polynomial”. In our case, given A € 7, we get
the polynomial

Pa(z) = 2® — t(A)x* + R(A)z — n(A)I.
Here t(A) and n(A) are called the (generic) trace and norm, respectively,
1
R(A) = LA ~1(A.A)]

and I is the identity element in J. It is a fact that n(I) =1 and ¢(I) = 3.
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The form t(A?) is homogeneous of degree 2. We denote the corresponding sym-
metric bilinear form with (A, B). That is,
(A, B) =t(A.B).

The form n(A) is homogeneous of degree 3, and we denote the corresponding sym-
metric trilinear form with (A4, B,C). We have (4, A, A) = n(A). Finally, R(A)
is a homogeneous form of degree 2. Polarizing gives a symmetric bilinear form,
R(A, B). Written out,

R(A,B) = %[t(A)t(B) — #(A.B)].

One of the main properties of the generic minimal polynomial is that P4(A4) = 0.
We will rewrite this in another form. First, let

AxA=AA—-t(A)A+ R(A)I.
Then, P4(A) =0 is the same as
(Ax A).A=n(A)I.

(The element A x A is the analog of the transpose of the matrix of cofactors in
matrix algebra.) Polarizing A x A gives a symmetric bilinear map J x J — J,
denoted A x B. Written out,

(2) Ax B=AB-S(A B)+ R(A,B)I
where
S(A,B) =1/2[t(B)A+t(A)B].

Note that t(A x B) = R(A, B).
Tt is also useful to polarize the expression (A x A).A = n(A)I. We get

(3) (AxB).C+(BxC)A+(CxA)B=3(AB,C)I.
For a proof of the following lemma see [J].
Lemma 1. Let [A,B,C] = (A.B).C — A.(B.C). Then t([A, B,C]) = 0.

Lemma 2. (A x B,C) = 3(A, B,C). In particular, (A x B,C) = (B x C,A) =
(C x A, B).

Proof. Using the expression for A x B and Lemma 1, it follows that that (A x B, C)
is symmetric. Now apply formula (3). O

The main task of this section is to compute (4 x B) x C.

Proposition 3.

(4)
2(A x B) x C = (A.B).C — (B.C).A — (C.A).B + 1/2[(B,C)A + (A,C)B].

Proof. Applying formula (2) twice gives
20Ax B)xC
=2(A.B).C —25(A,B).C +2R(A,B)C —2S(A x B,C) 4+ 2R(A x B,C)I.
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Using Lemma 2, 2R(A x B,C) = R(A, B)t(C)I —3(A, B,C). Also, 25(Ax B,C) =
(A.B)t(C) — S(A,B)t(C) + R(A,B)t(C) + R(A, B)C. Thus,
2(Ax B)x C=2(A.B).C —25(A,B).C + R(A, B)C — (A.B)t(C)
+ S(A,B)t(C) — 3(A, B,C).

On the other hand, let us polarize the expression P4(A) = 0. We get

(A.B).C + (B.C).A + (C.A).B = t(A)B.C + t(B)A.C + t(C)A.B
— R(A,B)C — R(B,C)A — R(C, A)B + 3(A, B, C).

Adding these expressions, we get

2(Ax B)xC
=(A.B).C — (B.C).A— (C.A).B+ S(A,B)t(C) — R(B,C)A— R(C,A)B
=(A.B).C — (B.C).A—(C.A).B+1/2(A,C)B+1/2(B,C)A. O

1.2. Norm-preserving automorphisms. Let J be as in section 1.1, and let I
be the Lie algebra of linear maps J — J which preserve the norm up to a constant.
That is, let 9 be the set of all linear maps m: J — J for which there exists a
constant 7y, so that

(mA,B,C) + (A,mB,C) + (A, B,mC) = vn (4, B,C)

for all A,B,C € J. Let My = {m € M|y = 0}. Then My is itself a Lie algebra
and, in fact, 9y is an ideal in M. Furthermore, M is simple. For example, if 7 is
an exceptional Jordan algebra, then 901 is of type Fj.

Since the trace form is non-degenerate, given m € 9, there is another element
m’ € M, which is characterized by

(mA, B) + (A,m'B) = 0.

Clearly, (m’) = m. The map m — m’ is analogous to the negative conjugate
transpose (Cartan involution) in matrix algebra. Clearly, we can write 9t = M) @
M) where M) are the symmetric elements, characterized by m +m’ = 0, and
M) are the anti-symmetric elements characterized by m — m’ = 0. In the same
way, we can split 97y into symmetric and anti-symmetric pieces. It is easy to check
that MY = MA but M € M), Furthermore, M®) is a sub-Lie algebra. In
case J is exceptional, it is of type Fj.

Proposition 4. Let m € My, A, B € J. Then
(5) m(Ax B)=m'Ax B+ Axm'B.

Proof. Pick C € J. Then (m(A x B),C) = —(A4, B,m'C). Since m’ € My, we get
that

(m(Ax B),C) =m'A,B,C) + (A,m'B,C)
=((m'A x B),C) + {((Axm'B),C).

Since C' was arbitrary, the proposition follows. O
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In addition to considering norm-preserving automorphisms, there are two other
standard ways of associating Lie algebras to Jordan algebras. First, there is the
space of derivations of the Jordan algebra, and second, there is the Lie algebra
generated by the transformations Ly: J — J for all A € J, where L4 is given
by La(B) = A.B. For the particular Jordan algebras that we are considering, all
three essentially coincide. Nevertheless, it is sometimes useful to work in various
realizations so we briefly sketch the situation.

Let £ be the Lie algebra generated by the La. Let L(A, B) = [La, Lg]. Then it
turns out that

(6) [L(A,B), Lc] = Li,c, A

(see [J] and Lemma 1). In particular, £ = ¥L4 ® XL(B,C), and ® = XL(B,C)
forms a sub-Lie algebra. Furthermore, it can be checked that elements of © are
derivations of 7, the so-called inner derivations. For our Jordan algebras, all deriva-
tions are inner. Finally, Lemma 1 says that t([A, B,C]) = 0 for all A, B,C € J.
Thus, we can form a sub-Lie algebra of £ by taking £9 = XL ®D where t(A) = 0.

We have the following identifications: 9 = £, My = Lo, MA) = D, MO =
SLa, and M) = L, with £(A4) = 0.

Remark. These identifications imply that L(A, B) = L(A,B) and L'y = —La4.

We conclude this section with two formulas that we will need. The first can be
proved directly from the defining relation for Jordan algebras (equation (1)).

(7) L(A.B,C) + L(B.C, A) + L(C.A, B) = 0.
The next formula follows easily from (2) and (7):

(8) L(A x B,C)+ L(B x C, A) + L(C' x A, B) =0.

1.3. Lie algebras containing Jordan algebras. We begin with a standard con-
struction (see [Ko]). Let J,91 be as before. By definition, 9 acts on J. Let J’
be the dual representation. We have a Jordan algebra isomorphism i: J' — 7,
which satisfies m(i(T")) = i(m'T"). Set h = Md T ® J’'. We will define a Lie algebra
structure on h. The structure on 91 is given and the action of M on J @ J' is as
above. We declare that the bracket of any two elements of 7 (or of J') is zero.
Finally, if Ae J and I' € J’, then [A,T'] = —ADi(T"), where

(9) ADB =Lap+L(A,B)eM
for any A, B € J. To check that b is a Lie algebra, we need only check the Jacobi
identity:

([, 9], 2] + [ly, 2], 2] + [[2, 2], y] = 0.

By linearity, we only have to check the cases when z,y, z are elements of 9, J or
J'. If x,y,z € M, it is already known. If two of them are in 91 then it is just an
expression of the fact that J @& J’ is a Lie algebra representation of 9. It is now
easy to reduce to the cases z,2 € J,y€ J and x € M, y € J' and z € J. These
amount to the two formulas:

(ADB)(C) — (COB)(A) =0

(10) [ADB, m] + (AOm/(B)) + (m(A)OB) = 0.
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The first is easy. For the second formula, consider separately the cases m a deriva-
tion and m = L¢ for C € J. For derivations we can use the fact that m’ = m and
the definition of derivation. For m = L¢ it is a consequence of (7) and (6).

Remark. Tt is a well-known fact that b is actually a simple Lie algebra; see [J] or
[Ko].

Next, we give a similar but slightly more complicated construction of a Lie
algebra (cf. [F]). Let J and 90, be as before, and let V' be the standard three
dimensional representation of s[(3). We will use the notation go = s((3) @ My and
write (I[;m) for a typical element. Then V' ® [J is in a natural way a representation
of go. Let (V ® J)" be the dual representation. Set

(11) g=go (Ve ao(lVeJ) .

We will define a Lie algebra structure on g. The structure on gy and the action of
goon (V®J)& (V®J) is the given one. We will freely identify A*V with V’
and A> V' with V. Note that if v,w € V and ¢ € V', then

(wAw) A= pv)w — dlw)v € V.
Also, define vA¢ € s1(3) by

(12) (vAg)(w) = 3p(w)v — p(v)w

forall we V.

Now we define the remaining brackets. In what follows, we will use lower case
Roman letters for elements of V', lower case Greek letters for elements of V', upper
case Roman letters for elements of J and upper case Greek letters for elements
of J'. We will also abuse notation by identifying elements of J and J’ where
convenient. Thus we write AOTI" instead of AQ#(T") etc. The meaning will be clear
from the context. The brackets are:

(13) weAweB] = —20WAw)®@(AxB)e(VeaJ)
14) BoT.wel] = 20A0)elxA)eVed
(A1)
15 pedsésr] = (TUA¢;2¢(U)(ADF—<A7F>/3LI)>690-

Remark. In general, AOT & 9My; the correction —(A,T')/3L; is precisely what is
needed.

It remains to verify the Jacobi identity for triples of elements of g. If at least
two of them are in g, this is clear. Next, suppose that one element is in gg, one is
inV®J and one is in (V ® J)'. We must show that

[veA¢aT],(Lm)]+ (eI, (Lm)],ve A +[[([m),v® A],¢ L] =0.

The first term is:

(<A, )
3

The second term is

AT
@A) BT + o0 m/(D)] = (L2LuAr(9);21(9)(0)(ATT — (4,1)/3L1)
!/

3
(A UD) L A gy 2(0)( AT () — (4, (D)) /3L1).

[vA®, 1); 26(v)[ADT — (A,T)/3L;, m)).

3

+(

w
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The third term is

[[(U)®A+’U®m(A)7¢®F] — (<A7F>

3
m(A4),T
+ (D1 26(0) (m(A)OT — (m(4),T)/3L1)).
Thus the sum of the second and third terms is

(%TD(UA[’(QS) + () A8); 26(v)(ADm'(T) + m(A)OL)).

We see that the Jacobi identity in this case follows from equation (10) and
[vAS, 1] + (vAl'(¢)) + ((v)Ag) =0

[(v)Ad; 2¢(1(v))(ADT — (A, 1) /3L1))

which is easy.
Now let us take one element of gy and two of V.® J (two of (V ® J)' is similar).
This case is fairly simple and quickly reduces to the formulas

m'(Ax B) =m(A) x B+ A xm(B)
and
C(wAw) =vAl(w) + (v) Aw.

The first is just a restatement of equation (5), and the second is just the fact that
elements of s[(3) have trace zero.

The next case is two elements from V' ® J and one from (V ® J)" (one from
V ® J and two from (V ® J)' is similar). We must show

[v®Aw® B¢+ [[weB,¢T), v A+ [[¢ @, v® Al,w ® B] = 0.
The first term is —4(¢(v)w — d(w)v) @ ((A x B) x I'). Using equation (4), this is
—(p(v)w — p(w)v) ® ((B,I)A + (A, TYB + 2((A.B).T — (B.I').A — (I".A).B)).

The second term is

<B§F> (3o (v)w — p(w)v) @ A
+0@2¢(w)((BT).A+ B.(I.A) —T.(B.A) — @A)
and the third term is
- <A7TF>(3¢(W)U — ¢(v)w) ® B
—w®26(v)((AT).B + A.(T.B) — T.(B.A) — @B)_

The sum is clearly zero.
Finally, suppose that all three elements are in V@ J ((V ® J)' is similar), the
Jacobi identity quickly reduces to the following two formulas:

ulA(v Aw) + wA(uAv) +vA(wAu) =0
and
CO(Ax B)+ AO(B x C)+ BO(C x A) =3(A,B,C)Ly.
The first one is routine; the second follows from equations (8) and (3).

Theorem 5. g is a simple Lie algebra.
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Proof. The only thing that remains to be checked is the simplicity. Suppose that
a C g is a non-zero ideal. In particular, a is a representation of go. But as a go-
module, g is the direct sum of four irreducible representations: s(3), My, (V& T)’
and V ® J. Thus, a contains at least one of these spaces. However, it is clear from
the formulas that an ideal containing an element from any of these must contain
elements in all of them. It follows that a = g. O

1.4. Dual pairs. Recall that if a and b are sub-Lie algebras of a Lie algebra c,
then a and b are said to form a dual pair if they are mutual centralizers, that is, if
the centralizer of a in ¢ is b, and the centralizer of b in ¢ is a. In this section, we
will identify certain dual pairs in simple Lie algebras g from Theorem 5. Also, we
will identify these Lie algebras as those in the final column of Freudenthal’s magic
square.

We begin by defining some sub-Lie algebras of g.

Let go C g be the Lie algebra generated by sl(3),V ® I and V' ® I. This is a Lie
algebra of type G2. Pick a basis of simple roots for gs, say « long and 3 short. We
assume that the embedding S, : s[(2) — go corresponding to « is given by

o b a b 0
Sy (c d) —lc d 0] €sl(3)C ga.
0O 0 O

It is easy to see that we can choose the map Sg: sl(2) — go to satisfy

—a
Sa: (8 _Oa) — 2a C sl(3).
—a

We now choose an embedding of h into g. There are many natural choices
corresponding to different 7 C V ® J. Let va = (0,1,0) € V. Then we take h C g
to be generated by Mo, v2 ® J and vh ® J. It is not difficult to check that with
this choice, the image of the map Sg: sl(2) — g2 C g, lies in h. In fact, the Lie
algebra 9t C h C g is the direct sum of 9y and the abelian Lie algebra of matrices

—a
ag = 2a C 5[(3).
—a

For future use, let us make two remarks. First, we note explicitly that hNsl(3) =
ag. Second, since M = My @ ag, there is an augmentation, d, on M given by
d: (mg,diag(—a,2a, —a)) — 3a, for mg € M. A more invariant definition is as
follows. Let

0t 0
Xt)=[0 0 0] esl(3).
00 0

Then
[X(t), m] = X(d(m)1).

Obviously, My = ker(d).
It is now easy to identify the dual pairs.
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g

g2 / \ b
sl(3) Mo
5[(2) méA)

FIGURE 1. Dual Pairs.

Proposition 6. The following dual pairs exist in g: (s[(3), M), (gg,imgA)), and
(s1(2), ) where this

a 0 b
sl(2) = 0 0 O Cg.
c 0 —a

Remark. Tt is convenient to express this proposition with the “see-saw” formalism
as in Figure 1.

Proposition 7. For each degree three simple Jordan algebra, [J, there is a sequence
of simple Lie algebras,

mP cmychcg

whose types correspond to a row of Freudenthal’s magic square. We get the first,
second, third, and fourth rows when the dimension of J is 6, 9, 15, or 27, respec-
tively. Furthermore, in the p-adic case, as J runs through the degree three central
simple algebras, g runs through all forms of the algebras in the final column of the
magic square.

Proof. The only things that are not standard are the statements relating to g.
By counting dimensions, it is clear that we get forms of Fy, F7 and Eg when the
dimension of J is 6, 15 or 27. By a dimension count alone we can’t tell whether g
is a form of Eg, Bg or Cg when dim 7 = 9. However, we have shown that in this
case g has a dual pair of the form (A + Az, A2) and it is well-known that Bg and
Cg can’t have dual pairs of this form. Thus, we get Fg.

That we get all forms of the exceptional algebras (in the p-adic case) follows by
simply counting and referring to the tables in [T2]. Indeed, it is enough to take J
to be either the Jordan algebra associated to a nine-dimensional division algebra,
or else the Jordan algebra of 3 x 3 hermitian matrices over a composition algebra. It
is easy to see that the g’s we obtain are distinct and by [T2] this is all of them. O

Remarks. (1) In the real case, we do not get all forms in this way. In particular,
we do not get the compact forms.

(2) There exist other degree three central simple Jordan algebras besides those
mentioned in the proof. However, if J is reduced (see section 2.5) there exists a
diagonal matrix, I, with entries in F', so that J is the set of three by three matrices
over the composition algebra which satisfy = = T#'I'"!. (See [Sch].)
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A1 AQ 03 F4

Ay |Aa+ Ay As Es

C3 As Dsg E;

Fy Eg Er Eg

FIGURE 2. Freudenthal’s Magic Square.

(3) By dropping the requirement that J be central simple, we can construct
many other Lie algebras including G and 3D,. See the appendix.

2. THE GrROUP G

2.1. Generalities and notations. We now begin the study of certain algebraic
groups. They will be defined over a fixed p-adic field F', although, as in section
1, most of the results are also valid over Archimedean or global fields. We will
abuse notation and write G both for an algebraic group defined over F' and for the
F-points of that group. Throughout the discussion we fix J, a rank three central
simple Jordan algebra over F.

In the last chapter, we associated to J four Lie algebras,

mi comy chcg.
Let MéA), My, H and G be the corresponding simply connected groups (except that
in the case dim J = 6 we take MéA) to be the adjoint group). Recall that
g=sioMa Vel e (VeJ),
and the Lie algebra g, satisfies
sl(3) C g2 Coy.

Let G2 be the group corresponding to gs.
We will need notations for various subgroups of SL(3) C G2. Let T be the
diagonal subgroup of SL(3), and set

ti 0 0
hti,t) =0 ¢t 0 €T C SL(3).
0 0 t7'y!

We write hy(t) = h(t,t~1) and hg(t) = h(t~1,?). The corresponding subgroups of
T are h, and hg. Finally, we write z(r), y(s) and z(¢) for the elements

1 0
and

1 7 0 100 t
01 0], 01 s/, 01 0],
00 1 00 1 00 1
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FIGURE 3. Orders of fundamental groups in magic square.

respectively. Often we will abuse notation and write x(¢) for the group consisting
of all z(t) etc.

Let v1,v2,v3 be the standard basis of V; v corresponds to (1,0,0), vy corre-
sponds to (0,1, 0) and vs corresponds to (0,0,1). The dual basis is denoted v}. On
the Lie algebra level we can write

Vead=wneJ)edweaJ) ®(vseJ) Cg,
and similarly
Veod)=0weod)ewed) e (W,eJ)Cg.

The v; ® J and v, ® J are abelian sub-Lie algebras of g. Denote the corresponding
abelian unipotent subgroups of G by E; and E!. Typical elements are written F;(A)
and E!(B) for A,B € J. Occasionally, we will write F(v; ® A) instead of E(A)
etc.

Finally, let M C G be the subgroup corresponding to the Lie algebra 9, 9ty C
M C g. It is clear that H is generated by M, E, and EY and that hg C M.
Corresponding to the augmentation d on 9t there is a homomorphism d: M — F*.
For example, d(hs(t)) = t3.

The following lemma is immediate.

Lemma 8. T normalizes all of the groups E; and E;, i = 1,2,3. In fact, if r =
diag(ry,72,73) € T, then rE;(A)r—" = E;(r; A), and rE/(A)r—' = Ei(r; ' A).
Proposition 9. (1) Gy is generated by SL(3) and the E;(I) and E[(I) where I

1s the identity in J .
(2) There are inclusions
M c Myc HcG.
These groups satisfy
(a) HNSL(3) = hg C M.
(b) Mo N SL(3) = {ha(u)|p® =1}
() M{™M NSL(3) = {1}.

Moreover, Zg = Z that is, the centers of G and MéA) coincide.

MM

For the proof of our proposition it will be convenient to record the orders of the
fundamental groups of the the groups in the magic square. This is in Figure 3.

Proof. Statement (1) is clear. Also, because of the Lie algebra inclusions, to prove
the inclusions in (2), we need only prove that we can take the groups to be simply
connected. For this we may work over the algebraic closure. Since the root systems
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of My and H are subsets of the root system of G, it is clear that, as G is simply
connected, My and H are also simply connected. For MéA) we argue case by case.
Note that MéA) is the fixed points of an involution on M. Fj is always simply
connected. We have Sp(6) < SL(6), SL(3) — SL(3) x SL(3), SO(3) — SL(3). So
MéA) is simply connected unless dim J = 6 in which case it is adjoint.

It is also clear from the above reasoning that Z M C Zwm,- But by proposition 6,

MSA) centralizes Go. Also, My and G5 generate G. This proves that Zy C Zg.
0
Comparing the orders of these groups, we see that Z, 1) = Zg.

Next, we establish (a), (b) and (c). Recall from the last chapter that 9 =
Mo@ag and hNsl(3) = ag. Thus, both M and HNSL(3) contain the one-parameter
subgroup corresponding to ag. But this is exactly hg. On the other hand, since
H commutes with z(t), H N SL(3) C hg. Hence (a). For part (b), we use the fact
that My and SL(3) centralize each other. This implies that My NSL(3) C Zg,3) =
{hg(t)|t? = 1}. On the other hand, it is clear that My = {m € M|d(m) = 1} D
Zsi()- This proves (b). Finally, for (c) we have M{™ NSL(3) C Z,, (0 N Zsyz) =
Zag N Zs1,(3)- But by the lemma, this is trivial. ’ O

2.2. Parabolic subgroups. Consider the action of the one-parameter subgroup
h(t2,t) on the Lie algebra g on the left. It induces a decomposition

g=9(—)@9(0) ®g(+)

where v € g(i) when h(t2,t)y = t'~, and i is zero, positive or negative, respectively.
Let Up be the unipotent subgroup of G corresponding to g(+). Let Lp be the
normalizer of Ug. Then B = LpUp is a parabolic subgroup of G of corank 2. As
follows immediately from Lemma 8, Ug is generated by x(t),y(t), z(t), E1, E2 and
El, and Lp = TM = ho,M. The root system of G relative to B is of type Gz; see
Figure 4.
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Let o and 8 be simple roots for Gy C G with « long. Then,

0 10
sa=|—-1 0 0| and sg=Ey(I)EY(—I)Ey(I) € Gon H
0 0 1

are representatives for the corresponding generators of the Weyl group of Gs. It is
clear that the Weyl group of G is generated by the Weyl group of M together with
the images of s, and sg.

Let P,, P3 C G be the parabolic subgroups generated by B and s,, sg, respec-
tively. Write the Levi decompositions as P, = Lo,U, and P3 = LgUg. These
groups are easily identified. First,

* x 0
Lo=[* * 0| M and U, =y(t)z(t)E1E2Fj.
0 0 =

Also, Lg = hoH and Ug = x(t)y(t)z(t) E1 F}.

For us, Pg will be extremely important. To avoid cumbersome notation, we will
usually just write P = LU instead of Pg = LgUpg, and just s for sg. We will also
need to consider P° = [P, P]. Clearly, P° = L°U where L° = [L, L] is semi-simple.
In fact, L° = H.

The unipotent group U is a Heisenberg group with center Z = z(t). If we pick
maximal abelian subgroups W = z(¢)Eq and W' = Ely(t), then clearly, W, W’ and
Z generate U. It is well known that U/Z is a symplectic space with form given by
(W Z,usZ)y)7 = ¢ if uyugui'uy " = z(c). Furthermore, if we abuse notation and
use W and W’ also for the images in U/Z, then W and W' are maximal isotropic
subspaces. We will sometimes use the notation (¢, A, B, u), or (w,w’), for elements
of U/Z.

We need to fix an identification of W’ with W*, the dual of W. If E4(B)y(u)Z =
w' € W and x(t)E1(A)Z = w € W, then let

w'(w) = (4, B) + tu.
Proposition 10. The symplectic form on U/Z may be written as
(w1, w}), (w2, w3))uyz = wh(w1) — wi(ws).

Proof. It is enough to assume that w} = wy = 0 and consider separately the cases
wy = z(t),wy, = y(t) and wy = E1(A),w) = EL(B). That is, we must show
that z(t)y(s)z(—t)y(—s) = z(st) and Ey(A)E3(B)Er(-A)E3(—B) = 2((4,B)).
The first formula is simple, and the second follows from equation (15) in the last
section. (]

Consider the right action of L on U. Recall that Z C U is precisely the subgroup

1 0 =
0 1 0] cSL(3).
0 0 1

Now clearly H acts trivially on Z. (See Proposition 6.) Moreover, since hq(t) =
diag(t,t=1,1) € SL(3), right conjugation by h,(t) acts as multiplication by t~1 on
Z. This implies that the action of L on U factors to a map p: L — GSp(U/Z).
Moreover, the image of H is in Sp(U/Z). Now consider a Heisenberg representation
of U. By the work of Weil, it extends to a representation of the semi-direct product
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Mp(U/Z) x U. Our idea is to show that, when dim 7 is odd, the metaplectic cover
is split over p(H) and thus we obtain a representation of P° = HU. Before turning
to this, however, we need to be very explicit about the action of H on U/Z and the
action of h, = P/P° on P°.

2.3. Formulas. We record the right action of H on U/Z. Throughout, J denotes
an arbitrary element of the Jordan algebra 7.
Claim 11. The action of E2(J) on U is as follows:
w(t)P2) = g(t) By (tT) By (—tJ x J)y(tn(J))z(t*n(J]))
E1(A)P2) = By (A)EL(—2J x A)y((J x J, A))z({(A x A, J))
E5(A4)7) = By(A)y(—(J, 4))
y(t)7=) =y(1)

Proof. These formulas follow from the standard commutation formulas and the
formulas for the Lie-algebra bracket (equations 13 to 15). We give details starting
from the bottom; refer to Figure 4. The last formula is obvious. Next,

E(A4)72) = By(A) exp([vs @ A, vz ® J))
= E3(A)y(—(J, 4))
Similarly,
E1(A)P2Y) =B (A)E([v1 @ A, va @ J])

x exp([[v1 ® A,v3 ® J],v3 ® J]/Z)z(_?l(A, [v1 ® A, v ® J]))
=E1(A)ES(—2J x A)y((J x J, A))z((A x A, J))
Finally,
2(t)P2) = 2(t) E(u) E(v) exp(n)=(€)
where
p=[X(t), 2@ J]) = tvy @ J

v=[uve®J]/2=—ty®J x J

exp(n) = exp([v,v2 @ J]/6)) = y(t(J, ] x J)/3) = y(tn(]))

§=—((wv) +tm) = () O

Corollary 12. The action of Ex(J) on U/Z is given by
(t, A, B,u)>()
= (L A+, B —tJ x J—2J x A,u+tn(J)+ (J x J, A) — (J, B))

It is important to introduce some notations which make this formula more trans-
parent. Define pj: W — W by uy(t,A) = (t, A+ tJ). Also define v;: W' — W’
by v;(B,u) = (B,u — (J,B)). Note that v; = (u*)~!. Finally define a map
Qs W — W by

Qi(t,A) = (—2AxJ—tJ x J, —(J x J A —2tn(J)).
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Corollary 13.
(w, w) 2 = ((w), v (W' + Qu(w))).
The next claim may be proved by the same sort of argument as the last.
Claim 14. The action of E4(J) is as follows:
2(t)P2) = x(t)
Ey(A)%) = By (A)x((J, A))
E4(A)P2) = BYA)VE (=24 x J)a(—(J x J, A))z(—(A x A, J))
y(t) %) = y() By () Er(t] x )a(tn(J))z(~t*n(]))

Claim 15.

Proof. This follows immediately from the last two claims. For example, y(t)° =
y(t)E2(DEA=DE(D) — () B3 (~DE2(I) | Byt

y(6)2CD = y() By (D) By (1) ()= (1)
Thus,
Yy(—3t) By (1) EL(—2t1)y(3t)2(3t?)
() By (—tD) B3 (t1)y(—1)=(t%)2(t%)
=a(—t)z2(=2(tI,tI) + t*)z(5t%)
=x(—1)

y(t)” =y(t)E5(t]
X

X

The other formulas can be proved in a similar way. Alternatively, one may observe
that the claim is obvious up to a possible factor of —1 which we have now checked.
|

Corollary 16. The action of s on U/Z is given by
(ta Av Bv u)s = (_ua _Bv Aa t)

Claim 17. Write the action of m € M on Es as E3(A)™ = E3(A™). Then the
action of m on U is given by

z(t)™ = z(d(m)t)
E4(A)™ = Ey(d(m)~tA* ™)
y(t)™ = y(d(m)~'t)

Proof. The formula for the action of m on z(t) follows immediately from one of our
definitions of d on 9M; see page 140. For the next formula, we have, by the first
formula in Claim 11,

(z(=1)Ea(=A)z(1)Ez(A)™ = E1(A)™ E3(—=A x A)"y(n(A))"2(n(A))™.
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On the other hand,

(2(-1)E2(—A)z(1)E2(A)™ = z(—d(m))E2(—A™)z(d(m)) E2(A™)
d(m)A™) B} (—d(m) A™ x A™)

Ex(
x y(d(m)n(A™))z(d(m)*n(A™)).

This proves that E1(A)™ = Ei(d(m)A™). Also, since m commutes with z(t),
2(d(m)?n(A™)) = z(n(A)), and hence n(A™) = d(m)~2n(A). Using this, we get
y(t)™ = y(d(m)~'t).

Finally, we apply Claim 15. First, y(¢)™ = (x(—t)ms){ = y(d(m?®)t). Thus,
d(m®) = d(m)~!. Next, B4(A)™ = (B (—A)™" )" = E4(d(m*)A™") which equals
E4(d(m)~tA™") by the last computation. O

ms

Corollary 18.
(t, A, B,uw)™ = (d(m)t,d(m)A™, d(m) " B d(m) = u).

The next claim is very easy; in fact, it is mostly a special case of the last one.
Nevertheless, it is convenient to state it separately.

Claim 19. hg(a) € M acts via the following formulas.
Eg(A)hﬁ(“) = Ey(a"2A)
()" (@ = z(a®t)
El (A)hﬁ(a) = El (aA)
E3 A)hg (a) _ E/( _1A)
y(0)" W = y(a=%)
Corollary 20.
(t,A7B7u)hﬁ(“) = (a®t,aA,a™'B,a"3u).

Now we turn to the problem of the left action of h, on P°. It is very simple to
check that

Claim 21. h, commutes with M. Also, h,(a) maps
ha(a)E2(A)ha(a)™" = Ex(a™" A)
he(a)z(t)he(a)™! = z(a’t)
ha(a)y(t)ha(a)™" = y(a™'t)
ha(a)z(t)ha(a)™t = z(at)
ha(a)E1(A)hg(a)™! = Ei(aA)
ha(a)B3(A)ha(a)™! = E5(A)
Finally,
ha(a)sha(a™') = hg(a™")s.
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2.4. Quadratic forms. We begin with some notation. Let ¢ = dimJ. Let ¢ €
F*/(F*)? be the discriminant of the non-degenerate bilinear form (A, B) on J.
Also, (-,)F is the quadratic Hilbert symbol in F. Note that when discussing the
Hilbert symbol we will assume that F' does not have residue characteristic two,
so that (—1,—1)p = 1. On the other hand, this is mostly for convenience as the
results have analogs in the residue characteristic two (or the real) case.
Recall that, for any J € J, in section 2.3 we defined a map Q;: W — W’ by
Q(t,A) = (=24 x J —tJ x J,—(J x J, A) — 2tn(J)).

We now wish to investigate the corresponding quadratic forms on W:

Q(t,A) = %Q(t,A)(t,A) = —%(A,2A x J+t]x J)— %(J x J,A) — t*n(J)
= —(J,Ax A) —t{A,J x J) — t*n(J).

We will write Dy and S for the discriminant and Hasse invariant of @ ;, respec-
tively.

Proposition 22. (1) tQ(t,A) =n(A) —n(A+tJ).
(2) Dy = (n(J)/2)*16 if n(J) # 0.
(8) Sy = S1(8,n()5 (=1L n(D)ET if n(7) # 0.
Proof. Part (1) is very simple; writing out the right-hand side we find
n(A) —n(A+tJ)=(A,AA) — (A+tJ, A+ tJ, A+ tJ)
= —3t(J, A, A) — 3t*(A, J,J) — t3n(J)
= —t(J,Ax A) —t*(A,J x J) — t3n(J)
which is the left-hand side. Before proving (2) and (3), notice that

Lemma 23. Ifr =n(J) #0, then Q; and rQr are equivalent as quadratic forms
via the change of variables (t, A) — (t, J.A).

Proof. We wish to show that rQ;(t, A) = Qs(t, J.A). Clearly, it is enough to prove
this when t # 0. However, by (1), this is the same as proving
r(n(A) —n(A+It)) = n(J.A) —n(J.A+ Jt)
which is clear. O
To prove (2), it only remains to compute the discriminant of ;. This form splits
into a direct sum in the following way. Let J, be the subspace of J consisting of

elements with trace zero. If A € J, we can write A = A, + al where A, € Js.
Now take (t,a, As) as coordinates on W. We have,

Qr(t,a, Ay) = —Tr(A x A) —t Tr(A) — 2

= %(TY(A.A) — Tr(A)?) — 3ta — t2
= % Tr(A2) — (t* + 3ta + 3a?).

Clearly, the discriminant of —(¢* + 3ta + 3a?) is 3. Thus, Dy is 3(1/2)¢~! (or,
equivalently, 3(1/2)¢*1) times the discriminant of Tr(A2). But § is the discriminant
of Tr(A?) = Tr(A2%) + 3a2. Thus, D; = (1/2)¢T16, and (2) is proved.
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For the proof of (3), recall the definition of Hasse invariant in terms of Hilbert
symbols. Let ey, -+, e.41 be an orthogonal basis for W in terms of Q; —or @, it
is the same by the lemma. Set a; = Q(e;). Note that [[, a; = D;. By definition,

S] = H(&i,aj)p.

1<j
Thus,
SJ = H(T&i, raj)p
1<J
= [[ (@i, a5)r(ai,r)r(ay,r)e(r,r) e
1<j

= SI(DI, fr‘)%(r’ ,r,);gC-Fl)/Q
=5y (67 7")%(1/27 T)CF(C+1)(T7 _1)cF(c+1)/2
= S (8,7)5(r, —1)5eTH/2,

Here we have used properties of the Hilbert symbol as well as part (2). Part (3) is
proved. O

Using Proposition 22, we can get information on the y-invariants of the quadratic
forms @ ;. See [W] or [R] for the definition of . We will usually write v(J) instead

of ¥(Q.).
Corollary 24. Suppose that c is odd. If n(J) # 0, then

J
T = e L (D)
Proof. Recall that v is a homomorphism from the Witt ring of F, Wg, to C*.
Elements of Wpr are determined by three invariants: dimension, discriminant, and
Hasse invariant. By assumption, the dimensions of @; and @Q; are the same and
even. Also, by Proposition 22 part (2), the discriminants coincide. Finally, by part
(3) of the same proposition,

Sy = S1(6,n()) (=1 ()72,
Thus, as an element of Wg, @ ;/Q; has dimension zero, discriminant 1, and Hasse
invariant (6,n(J))F(—l,n(J))g,erl)/Z. But v is known to be non-trivial when re-

stricted to dimension zero forms of discriminant 1 [W, Proposition 4]. The corollary
follows. O

Corollary 25. Suppose that ¢ is odd and n(J) # 0. Then Q; ® Q—_ is trivial in
We. In particular, v(J)y(=J) = 1. Finally, v(I)* = (§,—1)F.

Proof. We must show that the three invariants vanish on Q; ® QQ_ ;. The only one
that is not obvious is the Hasse invariant. The Hasse invariant of Qj; @ QQ_; is
SyS_j(6,8)p. But S;S_; = (8, —1)¢, so the Hasse invariant is trivial.

For the final statement, we have v(I)? = w7<(—13>; now apply Corollary 24. O

Corollary 26. Suppose that ¢ is odd and that for i = 1,2,3, J; € J satisfies
n(J;) #0. Then,

Y(J)v(J2)r(Js) = ¥(=J1-S2.J3).
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Remark. Since v(J) depends only on n(J), we do not need to specify the order of
multiplication of the J;.

Proof. By Corollaries 24 and 25,
V(TN Ty (T5) = (1) (6, 1Ty TaT5)) p(— 1, (1. Ta. J5)) 072
=y(I)(8, —n(Jy.J2.J3)) p(—1, _n(Jl_JQ'JS));E-l-l)/Z
:'7(—J1.J2.J3). O

2.5. When J is reduced. In this section, we review some of the properties of
reduced Jordan algebras and extend the discussion of the last two sections in the
case J is reduced.

A rank three Jordan algebra is reduced if it contains non-zero elements I, I, I3
so that I;.1; = I;, and I;.I; = 0 for ¢ # j. It follows that Iy + I + I3 = I. Set

«71',1’ = {A S J|IlA = A}
Also, for i # j, set
1
Jij={A€ JILA=5A=1;.A}.

Obviously, J;,; = Jj,i- It is a fact from the theory of Jordan algebras that
T =D
i<y
In the next claim, the notation is that A; ; € J;; and 4,5,k are all distinct. For
the proof see [J].

Claim 27. For all 1 < 14,7,k < 3, the following hold.

I’LA'L,’L = Ai,i Iz X Azz = 0
Ii.AiJ‘ = %Aivj Iz X Ai,j = ?
Ii.AjJ‘ =0 Il X Aj,j = §Ak,k
Ii.Ach =0 Ii X Aj)k = _%AJ'JC'

Also, Tr(A;:)I; = A;;, and Tr(4,; ;) = 0.
Remark. The subgroup of G generated by SL(3) and the F;(I;) and E(I;) for all
choices of i, j is a split group of type Dy.
For 1 <i < 3, define
s; = Bo (L) ES(—1;) Ex(I;).

It is easy to check that [vs ® I;, v5 ® I;] = 0 if ¢ # j. Consequently, the s; commute
and s = s18283. Just as in section 2.3, one proves

Claim 28. The s; act as follows:
z(t)*" = Eq(tL;)
Ei1(A)% = a(—(A, L)) E1(2A.1; — 2(A, L) I; ) E5(—2A x L)
E3(A)" = y(—(A, 1)) B35 (2A.L; — 2(A, L) [;) E1 (2A x I)
()" = E3(tl;)

- =

Y
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For ease of notation, from now on we assume that the reduced Jordan algebra
J has the form 3 x 3 matrices over a composition algebra A. As discussed at the
end of section 1.4, although this does not include all reduced Jordan algebras, it
is enough to give all forms of the p-adic exceptional groups. On the other hand,
this assumption is not essential, as it would be straightforward to modify all of our
results to include the general case.

If A€ J, we will use the notation

a d €
A=1|d b f
e f ¢

Here A1 = a, A1 2 =d etc. Of course, a,b,c € F and d, e, f € A. The map d — d
is the standard involution on A. The norm and trace are the obvious ones. We can
now write elements x(t1)FE1 (A1) E5(A2)y(t2)Z € U/Z as

((t17 ai, b17 C1, dla €1, fl)u (a27 b27 C2, d?a €2, f27 t?))
Corollary 29. The action of the s; on U/Z is as follows

((t1;a1,b1,c1,d1,e1, f1), (az, bz, ca, da, ez, fo;t2))*
= ((—a1;t1,c2,b2,d1, e1, —fa), (ta, —c1, =b1,d2, €2, f1; —az))

((t1;a1,b1,¢1,d1, €1, f1), (a2, ba, ca,da, €2, fa;t2))™
= ((_b1;027t17a27d17 _627f1)7 (_Clat27 —al,dz,el, f2; _bZ))

((tl;al,bl,C1,d1,81, f1)7 (0’25b27627d27625 f2;t2))53
= ((—e1;3b2,a2,t1, —dz, eq, f1), (=b1, —ai1,ta, dy, €2, f2; —c2))

Set
hz(u) = Eg(ufl)szEQ(u_lfl)s:lEQ(uIZ)sz_l

Using the last corollary and the known action of Es on U/Z, it is easy to compute
the action of h;(u). Notice that hi(u)ha(u)hs(u) = hg(u).

Corollary 30.

((t1;a1,b1,c1,d1,e1, f1), (a2, b2, ca, da, ea, fo;ta)) W

= ((uty;u™ ay, uby, uey, dy, er,ufr), (uaz, v bo,u ey, do, ea, u™" fo; u™ )

((t1;a1,b1,c1,d1,e1, f1), (a2, b2, ca, da, ea, fo;ta)) 2

= ((uty;uay, ™ by, ucy, dy, uer, f1), (u tag, ubs, u™teo, do, u™ o, fo;u™ )

((t1;a1,b1,c1,d1,e1, f1), (a2, b2, ca, da, ea, fo;ta)) )

= ((uty;uay, uby,u ey, udy, er, f1), (w tag, u™ by, uce, u™ dy, ea, fo; u™tz))

Finally, it is convenient to record the action of the s; on Fs. We give the action
of s1; the others are similar.
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Claim 31.
Ey(A11)* = Ey(Ar)
Ey(Az2)% = Ey(Asz2)
E5(A33)% = Ex(As3)
EQ(ALQ)Sl = GXp(LAL2 + 2L(Il, A1)2)) S MQ

Ea(A13)" = exp(La, 5 +2L(I1, A13)) € Mo
E5(Az3)% = Ea(Asz3)

We need a result like Proposition 22 except with I; in place of I. Let g4 denote
the norm form on A, g4(d) = dd, and let 6 be the discriminant of g4. Also, recall
that ¢ = dim J. Then clearly dim A = ¢/3 — 1.

Lemma 32. § = 2¢/371§,
Proof. A simple computation shows that
(A, 4) = a® + 0 + ¢ +2(qa(d) + qale) +qalf)).
Thus, § = 2dimAg — 2¢/3-15, O

We state the next proposition in terms of I; for convenience; the analogous result
for Is and I3 also holds.

Proposition 33. (1) Q,(t;a,b,¢,d,e, f) = —bc+ qa(f)-
(2) Dy1, = —(k/2)¢/3+18 for any non-zero k € F.
(3) Skr, = Sr, (6,)5(—1, k)52,
Proof. Part (1) is a simple computation:
Qr,(t,A) = —Tr(I;.A x A)
= —Tr(L.(A.A)) + Tr(A) Tr(A.I;) — 1/2 Tr(A)? + 1/2 Tr(A.A)
= —(a® 4+ qa(d) + qale)) + (a+b+c)(a) —1/2(a+b+c)?
+1/2(a® + 6% + & + 2q4(d) + 2q4(e) + 2qa(f))
= —bc+ qa(f).

This proves part (1) and that D;, = —é. Since it is clear that Qrz, = kQr,, part
(2) follows from the lemma. Finally, using the same argument as for part (3) of
Proposition 22, we get that

Ser, = Sr,(Dr, k)L (ke k)33 H0/2

By statement (2), (DIl,k);/?’ = (4, k);/?’(l/Q,k)%/g(c/?’ﬂ)(—l,k);/?’ which equals
(6,k)%(—1,k)%. Thus,

Sk, =51, (6, k)5 (—1,k)%(—1, k);(c+3)/2
= SII (67 k)%‘(—l, k)CF,(C+1)/2.
Statement (3) is proved. .

Just as with Proposition 22, there are corollaries about y invariants.
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Corollary 34. Suppose that ¢ is odd. If k # 0, then
v(kI:)
v(Z;)
Corollary 35. Suppose that ¢ is odd and k # 0. Then Qrr, ® Q—k1, is trivial in
We. In particular, y(kI1)y(=kI;) = 1. Finally, v(1;)* = (6, —1)p.

= (8,k)p(—1, k)2

Corollary 36. Suppose that ¢ is odd and that a,b,c € F' are non-zero. Then,
v(ali)y(bli)y(cl;) = v(—abcly)

We conclude this section with a version of the Bruhat decomposition for H. The
proof is straightforward.

Proposition 37. Set P = M FE5. If H has rank one, then H =P U PsP, disjoint
union. Otherwise, J is reduced and H = P UPs1P UPs185P U Ps18983P.

3. THE REPRESENTATION

3.1. Representation of P. As we have seen, the action of H on U/Z leads to a
map p: H — Sp(U/Z). Tt is easy to see that the kernel of p is precisely Zg. Since
U is a Heisenberg group, for each fixed character ¥, U has a canonical unitary rep-
resentation. We can realize the Heisenberg representation on V = L?(W). Denote
the action by 7. By the well known theory of the Weil representation, using the
map p, Ty extends naturally to a projective representation of P° = HU. As we
will see, the cocycle corresponding to this projective representation is trivial if and
only if ¢ = dim J is odd. The analysis in each case will be similar. Nevertheless,
to simplify the discussion, the case of ¢ even (which leads to G of type Fy) will be
discussed in section 3.5. Until then, we assume c is odd.

We will need some terminology from [R]. In Theorem 3.5 of [R], Rao gives
formulas which define a projective representation of Sp(U/Z). This is the standard
Weil representation. His notation is r(o) for the operator corresponding to o €
Sp(U/Z). The multilpier of the standard Weil representation are the numbers
¢(o1,02) which satisfy r(o1)r(o2) = c(o1,02)r(0102). In section 5 of [R], Rao
defines normalization factors, m(o), which have the property that the multiplier of
the normalized representation, 7(o) = m(o)r(o), takes values in £1.

The next lemma follows from [R] Theorem 4.1 and some simple calculations.

Lemma 38. The multiplier, c(-,-), of the standard Weil representation restricted
to p(H) has the following properties.
(1) Suppose that r,r1,75 € P = MEy and that m,n2 are arbitrary. Then
c(rimr, v~ nara) = e(n,m2).
2) ¢(n,1) =c(1,n) =1 for n arbitrary.
3) c(o1m, 00) = 1 where 1,09 € {5,551, (5i5;)F'} and m € M.
4) c(s71Ea(J), s) = v(J).
5) If J is reduced, c(s; " Ea(kI;), s;) = v(kI;).

In the next proposition, we define normalization factors which elliminate the
multiplier entirely.

Proposition 39. Suppose that ¢ = dim J is odd. Then, the cocycle corresponding
to the projective representation Tty splits over H. In particular, g extends to a
representation of P°.
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Furthermore, the action of H on L*(W) is related to the standard Weil repre-
sentation by the following normalization factors:

$(mBs(A)) = (d(m), 8)p(d(m), —1)}+72

é(s) =~v(I) and, if J is reduced, ¢(s;) = v(I;) and ¢(s;s;) = v(L;)y(I;) fori # j.
Also, ¢p(m1Ea(Ar)omaEs(Az)) = ¢(mima)g(o) for o = s,s; or sis;.

Remark. ¢ is well defined on all of H by Proposition 37.

For the proof, we will need the following lemma which follows from the work of
Steinberg and is well known; see e.g. [S1].

Lemma 40. Let G; C G2 be simple, split, simply connected groups with mazimal
tori Ty C Ta. If a is a root of G;, normalize the killing form, (-,-);, so that
(o, &); = 2. Then, the non-trivial degree n cover of Ga splits over Gy if and only
if {+,2]lm, = nm(-, )1 for some integer m.

We will apply the lemma in the case of the metaplectic cover of Sp(W), and
various SL(2) C Sp(W).

Proof. Let us consider the SL(2) C H corresponding to (3, that is, generated by
Ey(kI) and E5(kI) and with torus hg(t). We find that p restricted to this SL(2)
is injective. Using Lemma 40 and our formulas for the action of hg(t), it is now
easy to see that the metaplectic cover splits over this subgroup. Note that this fails
when dim J = 6.

Next, we compute the normalizing factors for this subgroup. Lemma 38 and sec-
tion 5 of [R] imply that ¢|g, 1) is a homomorphism F' — Q/Z. Thus, ¢(Ea(kI)) =
1. Also, since s = Eq(I)s Ey(I)sEx(I), ¢(s) = ¢(s~1)p(s)y(I) = v(I) by Lemma
38. It remains to compute ¢(h(t)). Using the relation

h(t)s = Ea(tI)s ™ Ey(t 7' 1)sEy(t)
as well as Lemma 38, we see that
$(h(1))d(s) = ¢(s™H)(s)e(s T Ex(t™ 1), s) = y(t 7).
Thus,

i)
ot = Ll

Hence, by Corollary 24,
o(h(t)) = (6,47 p(~1,t )72,

If J is reduced, similar reasoning, using Lemma 40 and Corollary 34, shows that
the metaplectic cover splits over the corresponding SL(2)’s — that is, those generated

by Ba(kl;) and B} (kI;) — and that ¢(s;) = v(I;) and ¢(ha(1)) = (6,6)p(~1,8)5 /%,
To complete the argument, we must show that for any 7,72 € H,

(16) d(m)d(n2)e(ni, n2) = ¢(mne)

In the case that H has rank one, Lemma 38 and Proposition 37 imply that it is
enough to consider 7; = s~ Fy(B) with B invertible, and 7, = s. We have,

mmn2 = EQ(B_l)SmBEQ(B_l)
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with d(mp) = n(B). Thus, we need to check that

YB) =~I)(n(B),6)r(n(B), _1);f+1)/2

which is correct by Proposition 22.

If H does not have rank 1, we can still use Lemma 38 and Proposition 37 to
reduce the problem, but there are more cases to check. This can be done, but
it is rather tedious. Instead, we argue as follows. It is a result of Prasad and
Ragunathan ([Pr-R] Theorem 9.5) that if a cocycle on a simply connected group
is trivial on an SL(2) corresponding to a long root, then it is trivial on the whole
group. It follows that the cocycle must be trivial on H. Then, since equation (16)
must hold, it follows from the calculations above that ¢ is as we claimed. O

Remark. Since Lemma 40 is true for any local field of characteristic zero, so is the
fact that 7y extends to a representation of P°.

Now that we have explicit knowledge of the splitting, we can easily deduce for-
mulas for 7y from the standard Weil representation in [R]. The vector space is
V = L2(W); we will take (r, R) € W as the variable. Also, we write (a, A) and
(B,b) for z(a)E1(A) and E4(B)y(b), respectively.

Proposition 41. The representation 7y: P° — wunitary operators on V ois given
by the following formulas:

y(a, A)f(r,R) =f(r+a, R+ A)

7w (B, 0)f(r, R) = ¥((R, B) + rb)f(r, R)
7o (2(8)E(r, R) = ¥ (t)f(r, R)
o (m)E(r, R) = (d(m), 8)r (d(m), =12 |d(m)| /> D/ (d(m)r, d(m)R™)
o (ha(t)E(r, R) = (t,8)p(t, —1)' T2t 4328 (831 ¢ R)
7o (E2(J)E(r, R) = ¥ (Q,(r, R)f(r, R +1J)
fa(9)E(r, R) = (1) / U((R, RY + ri)E(F, R)drdRR
FxJ

Remark. We should be more precise about the meaning of the integral operator
7y (s) (essentially the Fourier transform). This integral converges on Schwartz-
Bruhat functions but need not converge on a general L? function. However, since
the Schwartz-Bruhat functions are dense in L?, the operator has a canonical exten-
sion. Henceforth, we will use this convention without comment.

If J is reduced, we use the notation R = (a,b,c,d, e, f) where a,b,c € F and
d,e, f € A as in section 2.5. Also, it is useful to have notations for those elements
of J which commute with I;. We have C; = (0,b,¢,0,0, f), C2 = (a,0,¢,0,¢,0),
and C3 = (a,b,0,d,0,0). We usually view C; € J as an element of W. Then,
C? e J C W'. We write the corresponding map on elements of J as C; — C.

For example, Cf = (0, —¢, —b,0,0, f). Finally, set C:EV) = (0, wm, v, 0,0,v¢) ete.

Proposition 42. If J is reduced,

#(s1)E(r,a,b,¢,d, e, ) = (I1) / T(CM, C)E(—a, 7, b, ve, dy e, vp) dCL
FxFxA
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#(s2)f(r,a,b,¢,d, e, f) = ’}/(Ig)/ \I/(<C§”), CONE(=b, Vo, 7, Ve, d, Ve, f) dC2(V)
FXFxA

7¢r(S3)f(’ra a, ba C, da €, f) = 7(13) / \Il(<03(y)7 C§>)f(_cv Va,Vy, T, Vd, €, f) dO?EV)
FxFxA

Set m = Indgo #ty. The representation m may be realized on V = L2(W x F);
here are the formulas for the action.

Proposition 43. The representation w: P — wunitary operators on V' is given by
the following formulas:

w(ha()E(r, Ryu) = £(r, R, tu)
m(a, Af(r, R,u) = £(r + u?a, R+ uA, u)
7(B,b)f(r, R,u) = U((R, B) + rbu"f(r, R, u)
m(z(t) = U(ut)f(r, R, u)

m(hs()E(r, Ryw) = (t,8)p(t, — 1) 214328 (13 1R u)

(

(
ENE(r, Ryu
(m)f(

NE( )
(B (J))f( =U(Qy-15(r, R)E(r, R+ ru""J,u)

A) )
) )
) )

a(m)E(r, R,u) = (d(m),6) p(d(m), =)V d(m)| /3 D28 (d(m)r, d(m) R™, w)
) )=
) )
) )

f(r,R,u

m(s)f(r, Ryu) = ~(ul)|u|~(¢+3)/2 / U((R,u"'R) + u=3rF)f (7, R, u)dFdR
FxJ

Furthermore, 7 is irreducible. In fact, m restricted to hoU is irreducible.

Remark. Observe that Q,-1;(r, R) = u= Qs (u"'r, R).

Proof. The formulas follow immediately from Proposition 41 and the formulas for
the left action of h, on P° (see Claim 21) and Corollary 24.

We now prove that w|,_ yu is irreducible. Clearly, 7 = Ind}ff‘U p were p is the
unique irreducible representation of U with central character U. (Recall that U
is a Heisenberg group.) Thus, as follows from Mackey’s theory of representa-
tions of semi-direct products, if p; is the representation of U given by p;(u) =
p(ha(t)uha (t™1)), then it is enough to show that for each t € F, the p; are distinct.
But p; has central character U, where W;(z) = U(tx). O

Corollary 44. The representation m is independent of W.

Proof. Let (V.,7m.) be the representation with W(z) replaced by ¥ .(z) = ¥U(cz).
We must define a map Q: V — V. which intertwines the action of P. By checking
the formulas, it is easy to see that the map

Q(f(r, R, u) = f(c*r, cR, cu)
works. Note that the definition of « depends upon the choice of V. O

It is easy to check that h(u)s;ho(u™t) = hi(u~1)s;. Thus, using Corollary 30
and Corollary 34, we can deduce formulas for the 7(s;) from those of 7(s;). We get

Proposition 45. If J is reduced,
T((Sl)f(’r’ a7 b7 C7 d7 67 f7 u)

= y(u[1)|u|_(c/3+1)/2/ \IJ(<C’§V),u_lc’i})f(—ua,u_lr, Up, Ve, d, e, V5, u) dC{V)
FxFxA
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m(s2)f(r,a,b,c,d, e, f,u)

= v(uI2)|u|_(c/3+1)/2/ TS u= YY) E(—ub, va, u™ 1, ve, d, ve, f,u) dCS
FxFxA

m(ss)f(r,a,b,c,d e, f,u)

= v(uI3)|u|_(c/3+1)/2/ W((Cé”),u_lc’é))f(—uc, Vay U, " 1 vg, €, f) dCP(,V)
FxFxA

3.2. Representation of G. Our goal now is to extend 7 to a representation of G.
We continue to assume that ¢ is odd. The corresponding results for ¢ even are in
section 3.5.

We begin by restricting m to B and then trying to extend it to a representation
of P,.

Lemma 46. P, is generated by B and s, with the following relations:
(1) say(t) = Z(t)sa;

(2) SaE2( ) = E1(A)sa,
(3) sali3(A) = E5(A)sa,
(4) sam = mhyg, ( (m))sa,
(5) saha(t) = ha(t 1)5m
(6) 52 = ha(-1),

(7) z()sax(t™)s5 a(t) = ha(t)sa

Proposition 47. There is a unique extension of m from B to P,. It is given by
R
(17) (s0)f(r, Ryu) = W (#) f(—r, R, —/u).

Proof. First, we verify that equation (17) does define an extension of 7 to P,. For
this, we must check relations (1)-(7) of Lemma 46. The hardest of these are (2)
and (7). We will check these and leave the rest as an easy exercise.

For (2), we get

T(sa B2 (A))E(r, R, u) = <@)w< “QA( )>f(—r,R+uA,—r/u)
\p< ) < (R)_nr(R+uA))f(—r,R+uA,—r/u)
(1)

using Proposition 22 part (1)

=0 <n (£ +ud) > f(—r, R+ uA,—r/u).

On the other hand,

W(El (A)Sa)f(rv R, u) =V <M) f(—'r, R+ uA, —T/U)a
so (2) is proved.

For (7),
m(x(t)sqx(t™ sy a(t)f(r, R, u)




MINIMAL REPRESENTATIONS OF EXCEPTIONAL p-ADIC GROUPS 159

= 1(2(t)sa) ¥ (%) for -2t 4 U ff_l)Qt,R, L ZQt_l)
— m(a(t)sa) ¥ (&%) (Y
= n(a(t))¥ (”@) / (_T z(ﬁ)/tm) f(u’t —r, Ryu— —)
— n(2(t))T (”@) \1: (iffif%) (et~ 7 Rou— )
— n(x(t) ¥ (T"_}:32> f(u2 — 7, R,u— é)
—v <"(f)) f(—r, Ryu— - Zf%)
g (P g p T,
COLER A

On the other hand,

7 (ha(t)sa)E(r, Ryu) = (@) £(—r, R, — ),
r ut
so (7) is proved.
It remains to prove that this extension of 7 to P, is unique. The key is the
following lemma. Let [: F* — F*/(F*)3 be the canonical projection. Then, for
6 € F*/(F*)3, let Fs = {x c F|l(z) € 6}.

Lemma 48. 7 restricted to TU, decomposes into the following direct sum of in-
equivalent irreducible representations of TUy:

T = @ Vs

SEF*/(F*)3
where Vs = {f € L2(Fs x W x F)} C V.

We will prove the lemma after using it to complete the proof of Proposition 47.

Let X be the operator 7(s, ) from the statement of the proposition, and suppose
that 3¢ is another unitary operator on V which extends 7. Since T'U,, is invariant
under conjugation by s, it follows from Schur’s lemma and Lemma 48 that, for
each § € F*/(F*)3, ¥ and Xy preserve Vs and are equal up to multiplication by
some constant ¢s. Furthermore, relation (6) in Lemma 46 implies that ¢s = £1.

To prove that in fact each cs = 1, we use relation (7) from Lemma 46. Actually,
let us re-write it as

(18) z(t)sqz(t™ s, = ho(t)saz(t™h).

I claim that we can find an f € Vs and ¢t € F so that w(x(t71))f € Vs and also
m(x(t~1)s;H)f € Vs. This would complete the proof because by applying both sides
of equation (18) — with this ¢ — to f, we see that cg = c¢s. Thus, cs = 1 and ¥ = X.

To see that there exists such a ¢t and f, let € be a small number. Certainly there
is a Schwartz function f € Vs which satisfies f(r, R,u) # 0 only if € < |r| < 1/e
and € < |u| < 1/e. Notice that X ~!(f) (or ¥ '(f)) has the same property except
with €2 in place of €. Suppose that f satisfies this property. We wish to show that
we can find ¢ so large that f(r + t~1u? R,u) € V5. We can certainly take t large



160 KARL E. RUMELHART

enough so that the support is contained in € < |r|. Furthermore, taking t larger
if necessary, we may assume that whenever this function is non-zero, [t~ tu?r—1| is
so small that 1 4+t 'u?r~! is a cube. Thus, r +t~'u? € § implies r € §. In other
words, 7(z(t71))f and 7(z(t71)s;1)f are in V.

This completes the proof of Proposition 47. O

We now prove Lemma 48.

Proof. Tt is clear from the formulas that 7« restricted to T'U, is the direct sum of
the Vs. We must show that the Vs are irreducible and inequivalent. Consider Vj
restricted to U,. For each b,c € F, I will define a quotient of Vs in the space
L?(J); evaluate smooth functions at r = b,u = ¢, and then extend by continuity.
Denote this unitary representation of U, by xp... Of course, by the definition of
Vs, Xb,c is non-zero exactly when b € Fs. Furthermore, it is easy to check that
the non-zero xs . are distinct; just restrict to K = y(s)E1E45Z C U, which is the
direct sum of an abelian group — y(s) — and a Heisenberg group. The representation
Xb,e restricted to K is the tensor product of the character ¥p.—1 of y(s) and the
Heisenberg representation with central character W.. This also proves that the xs ¢
are irreducible.

Now, T  acts on U, by conjugation and thus acts on the space of irreducible repre-
sentations of U,. More precisely, if 7 € T and m € U,, Xg,c(m) = Xb,c(m"). I claim
that if 7 = hqo(t1)hg(t2) then there is an equivalence of unitary representations:

T
Xb,c - thb,tlc'

The proof of this fact is straightforward but tedious so I will omit the details.
The point is that both representations may be realized in L?(J) and formulas for
the actions are easily deduced from the formulas for 7 and the action of T on U,
(section 2.2); one checks that the formulas coincide after making the change of
variable f(.J) — f(t2J). This proves, in particular, that the set of xp,. with b € §
forms a single orbit under the action of T.

Thus we see that Vs restricted to U, is the direct integral of irreducible repre-
sentations in a single T-orbit. In other words, Vs restricted to U, is identified with
Indggjga Xbo,co Testricted to Uy, where 79 is the stabilizer of Xbo,co- By Mackey’s
theory, this shows that the Vs are irreducible representations of TU,. It also proves
that they are inequivalent because their restrictions to U, are distinct.

Lemma 48 is proved. O

We have the following corollary of Proposition 47.

Corollary 49. There is at most one representation of G whose restriction to P
coincides with .

Theorem 50. Suppose that ¢ = dim J is odd. There exists a unique unitary rep-
resentation, w, of G so that w restricted to P is given by Propositions 48 and 45,
and w restricted P, is given by Proposition 47.

The uniqueness is clear. Here is a strategy for proving existence. It follows from
[T1, section 13], that G is the free product of P and P, amalgamated by B, and
subject to the following braid relations. In the rank two case

(19) (sa58)" = (spsa)”,
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and in the reduced case
(20) SaSiSa = SiSaSi,

for ¢ = 1,2, 3. Since our representations of P and of P, coincide on PN P, = B, to
prove Theorem 50 it suffices to establish that the operators m(s,) and m(sg) satisfy
equation (19) (or (20)).

This strategy works when J is reduced. In the next section, we prove that
7 satisfies equation (20) and so prove Theorem 50 in this case. This will make
essential use of Weil’s computation of the Fourier transform of a quadratic function.
Unfortunately, I do not know how to check directly that 7 satisfies equation (19);
this would seem to require understanding the Fourier transform of cubic functions
(such as U(n(R))). Therefore, we use an indirect method for proving the existence
part of Theorem 50 in the rank two case. The highly non-trivial braid relation is
then a consequence of the theorem.

3.3. Braid relation (reduced case).
Theorem 51. Fori=1,2,3, there is an equivalence of unitary operators
T(80)T(8:)7(80) = w(8;)T(80)7(8;).

The argument is essentially the same for each i = 1,2, 3 so we just give the case
i = 1. For convenience, we will write the operators m(s,) and 7(s1) as A and B,
respectively. Thus, we must prove that

ABA = BAB.
The main part of the proof turns out to be the following theorem.

Theorem 52. Set
n(R)
r

r —(e
O(r, Ry u) = 7y(=-L)lr/ul (/324 (==).

Then B(®) = ®.

For the proof we will need some notation and a lemma. We use the notation
defined before the statement of Proposition 42 except we write just C' instead of
Cy ete. Also, set D = (0,q4(d),qa(e),0,0,d,e). It is straightforward to prove

Lemma 53.

" G sn(1.C - 1/aD)

:Q_%Il(l, Cl - 1/0,D/)

and
B (e D) + Qe (1.C).

Proof (Theorem 52). The main point is to use Weil’s computation of the Fourier
transform of a quadratic function. As a matter of notation, we will write the
operator B as an integral (see remark on page 156). Alternately, we could write it
out in terms of F, the Fourier transform.
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Using the second part of the lemma,

B(®(r, R, w)) =v(uly)u|~ /3 D/ 2y (aIy)|a| (/32
X / \I/(<C(V)’ u—lc/>)\ll(—1/ua<0(1/)’ D/>)\I/(QL2[1 (1, O(u)))dc(u)
cw) au
Z’Y(UIl)’y(aI1)|ua|_(C/3+1)/2

></ T(CW), 1/u(C — 1/aD ) T(Q =, 1,(1,CW)))dC)
cw) an

By the definition of v (i.e. Weil’s computation)
=~ (ul)y(aly)y(r/au?Iy)|ua| = (/34D 2|p g 2|~ (e/3+1D)/2
X U(Q_au2 (1, 1/u(C" —1/aD")))
using Corollary 36
=y(=r/uly)|r/u|~ PV PU(Q ey, (1,C" — 1/aD'))
by the lemma
=®(r, R,u). O

Proof (Theorem 51). Let S(W x F*) be the space of Schwartz-Bruhat functions.
Then S(W x F*) C V is dense. Thus, to show that ABA = BAB, it it enough
to show that ABA(f) = BAB(f) for f € S(W x F*). The point is that for such
f the integral formula for B is valid (see the remark on page 156). Furthermore,
it is easy to see that the integral formula is valid for B applied to A(f). Now we
compute:

ABA(f) = - Kf(—ra/u,u, vy, ve, d, e,vf,a)dC)
where
K =0 (M) o Ll (0 )
XW(Q_ 2, (1,CY) — 1/uD))
=w(—511)lr/ul /3HVPY(Q ap, (1,ua'C™) —1/aD))
X U(Q-2p,(1,C —1/aD))¥(—a/r{ua”'C™,C"))
:7(—511)|7"/u| (/34D/29(Q_ur, (1,C +ua~'C™) = 1/aD))
=&(r, R+ ua"1C™)  u).
To compute BAB(f), first note that

X / \I!(—<C'(”), uw/rC")E(ra/u, u, vy, ve, d, e, vy, —r/u)dC(”)
cw)
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Thus
BAB(f)

— ()~ 200 [ W00 (1,09 - 1/uD))
c

X {/ TUCW), a(COVYNE(—raju, u, vy, ve, d, e,v5,a)dCY) | dC©
cw)
Reversing the order of integration,

BAB(f) = / Lf(—ra/u,uwb,Vc,d,ewf,a)dC(”)

cw)
where
L= h)lal =02 [ w(C9,u7(C + ufaCY)
C

x y(al)¥(Q 1, (1,C® — 1/uD))dC®

= B(®)(r, R+ ua"1C™ u).

This procedure makes sense as long as we interpret the last integral as a notation for
a certain Fourier transform (see the proof of Theorem 52). Now, since B(®) = @,
this proves that L = K and thus ABA(f) = BAB(f). |

Theorem 50 in the reduced case is now proved.

3.4. Rank two case. In this section, we prove the existence part of Theorem 50 in
the case J is the Jordan algebra coming from a nine-dimensional division algebra,
and hence G is the rank two form of Eg. We use a wonderful trick of Kazhdan.
The idea is to use Langlands analytic continuation of Eisenstein series to prove the
existence of a certain representation globally. Kazhdan proves that if the restriction
of an automorphic representation to P is equivalent to 7 for at least one place, then
it is equivalent at every place. Since we already know locally that there is at most
one representation with the correct restriction (Corollary 49), it follows that the
one constructed this way must satisfy the requirements of Theorem 50.

Since we are now working globally, our notation will be somewhat different than
in other sections. Let K be a global field of characteristic zero and ¥ the set of
places of K. If v € X, K, denotes the completion of K at v. Fix an odd-dimensional
rank three central simple Jordan algebra, Jx, over K. (As indicated above, we are
most interested in the case Jx a nine-dimensional division algebra over K.) Let
G be the algebraic K-group corresponding to Jx (see sections 1 and 2). It is easy
to see ([J] V.7 and [Sch] I1.2 and TV.2) that the corresponding localized Jordan
algebras, Jk, , are also rank three central simple Jordan algebras of odd dimension.
It follows that, for each v € ¥ (including Archimedean places), G(K, ) is one of the
groups considered in section 2.

We will write Gi for G(K) and G, for G(K,). Similarly, if A is the ring
of adeles of K then Gy = G(A). The same conventions hold for the subgroups
H,P,U etc. In this section, ¥ denotes a choice of non-trivial additive character of
A, trivial on K. We have ¥ = @, ¥,. Since U, is a Heisenberg group, it has a
canonical irreducible representation with central character ¥, which we have seen
extends to a representation of P? (see the remark following the proof of Proposition
39). In previous sections, we were concerned with the Hilbert space version of this
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representation and denoted it by 7y,. Here we will also be concerned with the
corresponding smooth representation; call it py,.

We begin with a result of Weil [W]. Recall that z(¢) parametrizes the center of
the Heisenberg group U.

Lemma 54. Let (pg,Wyg) be the natural representation of Uy in the space of
smooth functions, f: Uy — C, which satisfy f(yvz(a)u) = f(u)¥(a) for v € Uk,
a € A and u € Uy. Then pg is isomorphic to the restricted tensor product of the
pw, . In particular, py extends to a representation of Py.

It is necessary to be more precise about the action of Hy, the Levi component
of Py.

Lemma 55. Suppose that h € Hy and f is a vector in py. Then,
pu(h)f(u) = f(u").

Proof. On the one hand, this formula respects the action of Uy. On the other hand,
the extension of pg to Py is unique. O

Corollary 56. If v € Py then
pe(7)f(w) = f(y™ uy).

Here is Kazhdan’s rigidity result ([K]). For the convenience of the reader, we
indicate the proof.

Suppose that for each v € X, U,(,2) is an irreducible unitary representation of G, ;
we write just o, for the corresponding smooth representation. Suppose further that
for almost all v, o, has a vector fixed under the hyperspecial maximal compact
subgroup (which exists at all but finitely many places). Then it makes sense to

consider the restricted tensor product o = @), o,,. It is an irreducible representation
of GA.

Proposition 57. Let (0,V) = @), 0, be as above. Assume that o has a non-trivial
Gk -equivariant functional, and that for at least one place, v1, o, restricted to P,
is equivalent to py, . Then at every place o, restricted to P, is equivalent to py, .

Proof. Clearly, to prove the proposition it is enough to construct an Py-equivariant
embedding, R, from (o,V) to {f: P» — Wa|f(p°p) = pe(p°)f(p)Vp° € Pg}. By
assumption, there is a non-zero G g-invariant map T': (o,V) — C. We can now
define R by

R(v)(p)(u) = ¥(—a)T(o(z(a)up)v)da
AJK
forveV,pe Py and u € Uy. Tt is clear that R(v)(p) € Wyg. It remains to check
two things. First, we must show that R is injective, and second that for any v € V,
p° € Pg,and p € Py,
(21) R(v)(p°p) = pu(p°)R(v)(p)-
Note that equation (21) is obvious if p® € Uy C Py.

I claim that the kernel of R is precisely the set of v which are invariant by o(z(a))
for all @ € A and, in particular, Ker(R) is invariant by Ps. This would imply that
Ker(R) is actually trivial, because otherwise it would contradict our assumptions
about o,,. Now, it is obvious from the definition that R(v) = 0 for all v with this
property. We now prove the converse. Pick x € K*. It is possible to choose v € Pk
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so that z(a)” = z(az™!) (see remarks following Proposition 10 or Claim 21). By
assumption,

0= R(v)(yp)(1) = o ¥ (—a)T'(o(z(a)yp)v)da

since T' is G g-equivariant
— [ Wt s app)da
AJK

= Y(—az)T (o(z(a)p)v)da.
AJK
Since every nontrivial character of A/K has the form ¥(a) = ¥(az), this implies
that T'(c(z(a)p)v) is independent of a. Furthermore, since P normalizes z(a), we
have that T'(o(pz(a))v) = T(o(p)v) for all @ € A and p € Py. I claim that this
implies o(z(a))v = v. It is equivalent to the following lemma.

Lemma 58. The map V — functions on Py, given by v — T(o(p)v), is injective.

Remark. We will actually prove the following equivalent statement: For any nonzero
element v € V, there is an element p € Py so that T(o(p)v)) # 0.

Proof. Suppose that v € V is such that T'(o(p)v) = 0 for all p € Py. Then, because
T is Gk-equivariant, T'(o(y)v) = 0 for ally € Gk . But Gk Py is dense in G4. Thus,
T(o(g)v) = 0for all g € Ga. The set of such v clearly forms a G a-invariant subspace
of V' which is not all of V' because T is not zero. By irreducibility, v = 0. O

We now turn to the verification of equation (21). If p° € Uy C Py, it is ob-
vious. In particular, fixing p € Py, R gives a map from V to Wy which is a
Ua-homomorphism, and so in particular, a U,,-homomorphism; call it ». But since
there is a unique extension of p,, from U,, to P, our assumptions imply that r
must be actually be a PJ -homomorphism. In particular, equation (21) holds for
p° € Py

Next, suppose that v € Pg. Then

R(v)(vp)(u) = A/K‘I’(—a)T(U(Z(a)uw)v)da

since T' is Gk equivariant and P° commutes with Z,

- U(—a)T (o (2(a)(y " uy)p)v)da
AJK

= pw(7)R(v)(p)(u)

by Corollary 56.
We have now proved that equation (21) holds for all p° € H,, HxU,. By strong
approximation, H,, Hr is dense in Hy. Thus, equation (21) holds for all of Py. O

Recall that we wish to use Proposition 57 to prove Theorem 50 in the case
of the rank two form of Fs. Suppose that vy € ¥ satisfies K,,, = F. Pick a
nine-dimensional division algebra, D, over K which is ramified at 1y. Let Jp be
the Jordan algebra over K obtained by modifying the multiplication on D in the
usual way (namely, a.b = %(ab + ba)), and suppose that G is the simply connected
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algebraic group over K obtained from Jp using the method of sections 1 and 2.
With these notations, our goal is to prove the existence part of Theorem 50 for G,,.

Let A be the modulus character on P, and set I(s) = Indggﬁg A?®; we use normal-
ized induction. In [Ru2] it is proved that the corresponding Eisenstein series has a
simple pole at s = 7/22. Furthermore, the residue representation, 6, satisfies the
assumptions of Proposition 57 with v4 any finite place where D is split. It follows
that (0p),, (really its unitary closure) is an irreducible representation of G, which
agrees with m on P,,. Theorem 50 is proved.

3.5. The case of Fj. In this section we construct the representation = for G
derived from the Jordan algebra of three by three symmetric matrices over F' under
the product M.N = 1/2(M N+ NM). In particular, J is reduced and ¢ = dim J =
6. The group is split of type Fy. Note that Fy has no fundamental group.

Just as in the odd case, the unipotent group U is a Heisenberg group and the
action of H on U/Z leads to a map H — Sp(U/Z). Thus, by the theory of the
Heisenberg representation, there is a canonical projective representation, 7y, of
P° = HU; it may be realized on V = L*(W).

Lemma 59. The extension of H corresponding to 7ty is not split.

Proof. Tt is enough to show that the cover is not split over the SL(2) C H corre-
sponding to 3, that is, generated by Fs(kI) and E5(kI). We can view this SL(2) as
a subset of Sp(U/Z) by composing with the map H — Sp(U/Z). It is then part of
a dual pair with a certain odd-dimensional unitary group. (Note that dim J even
implies that dim W odd.) It is well known that the cover does not split in this case;
see [M-V-W, Theorem 3.I11.1]. |

On the other hand, it was proved by Weil that 7y may be normalized so that the
cocycle takes values in +1. Explicit formulas for the normalization are in section
5 of [R]. Our notation will be I'(z) and (1) for what Rao would call yp(z, $¥)
and WF(%\I/L respectively. See also the remark following the proof of Corollary 68
below.

Proposition 60. The following formulas define a projective representation P° —
unitary operators on V. whose cocycle takes values in £1.

fw(a, A)f(r,R) =f(r +a, R+ A)
#o(B,b)E(r, R) = U((R, BY + rb)f(r, R)
#o(2(t)E(r, R) = U(H)(r, R)
oy (m)E(r, R) = T(d(m)) ™" |d(m)[>*£(d(m)r, d(m)R™)
7w (hg()E(r, R) = T(t) " |t|%/%£(t%r, tR)
7o (B (I)E(r, R) = ¥(Q(r, R)f(r, R+ 1J)
o (s)E(r, R) = 7(1) T (—1)~! / U((R, R) + ri)E(F, R)didRR
FxJ
Also,
#(s1)f(r,a,b,¢c,d, e, f) 27(1)_3/ W((C{V),C{})f(—a,r, Up, Ve, d, €,V7) dC'fV)
FxFxA
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#(s2)f(r,a,b,c,d,e, f) :7(1)_3/ T((CS, COVE(=b, v, 7, Ve, d, ve, f) dCS
FxFxA

ﬁ(Sg)f(’l‘, a, ba C, da €, f) :7(1)_3 / \Il(<03(y)7 C§>)f(_cv Va,Vy, T, Vd, €, f) dO?EV)
FxFxA

It is useful to note explicitly
Corollary 61.

o (b (t)E(r,a,b,c,dye, f) =T() 7 [t £ (tr,t a, tb, tc, d, e, tf)
wu(ha(t)f(r,a,b,c,d, e, f) =T(t) " |t/ *F(tr, ta,t b, tc,d, te, f)
7AT‘I’ (h3 (t))f(ru a’v ba C7 d7 6, f) :F(t)_l|t|3/2f(t7"7 tCL, tba t_lca tda 67 f)
)

Note that 7y (s1)7w(s2)fw(s3) = 7(s)w (-1, —1)F = 7rg(s) and

7y (h1 (1)) 7w (ha(t)) e (h3(t)) = 7w (hp(t))(=1,8)F.

It is a fact that every split, simply connected group over a p-adic field has a
unique two-fold cover. We will write G for the double cover of G. According
o [St], the universal central extension of G is generated by symbols X, (t), for
1 a root and ¢t € F, which are additive in ¢ and satisfy the Serre relations (here
we are assuming rank G > 1). Set w,(t) = X, (t)X_,(—t71) X, (¢t) and m,(t) =
wy (t)wy, (—1). Matsumoto shows in [Ma] that if we require also that m(t)m(r) =
(t,r)pm(rs) for long roots n, then we obtain a complete set of generators and
relations for G.

We will view the double cover of G in terms of these generators and relations.
Restricting to H C G, we obtain a double cover, H , of H. It is easy to check
that it is not split. We also have the double cover of H C P° defined by the
cocycle in Proposition 60. Of course, these coverings coincide. On the other hand,
it is not immediately clear how to relate the covering defined by generators and
relations with the one defined by the representation. Put another way, we wish to
write formulas for the representation 7y in terms of the generators of Steinberg-
Matsumoto.

Let §: P° — P° be the natural projection.

Proposition 62. 7y defines an ordinary representation of P°. It satisfies the
following formulas: 7g(m;(t)) = (=1,¢)pftw(hi(t)) and 7y (w;(1)) = #g(s;) for
i=1,2,3. Also, if p € MoUp (notation from 2.2) is some X,(t), w,(1) or m,(t),
then 7y (p) = 7w (6(p)) as given in Proposition 60.

Proof. Lemma 5.4 of [Ma] implies that if ¢,(r,t) is the cocycle corresponding to a
root 1 (i.e. my(r)my(t) = c,(r, t)my(rt)), then

ey, 8) 0 = e (r, 1) O

Here (n,6) = ((5 5)) Using this it is easy to see that H splits over My. Thus, the

portion of the proposition concerning M is clear. Also, pe splits over Up so this
is no problem.

Finally, we consider the w;(1) and m;(¢t). Clearly, 7y (m;(t)) = (—1,t)%7w (hi(t))
where € is zero or one. Similarly, g (w;(1)) = (=1, —1)%7w(s;). But (=1, -1)p =
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1; this proves the claim about w;(1). Furthermore,

o (my () = o (X3 () e (wi (1)) o (X (67w (wi(—1)) e (Xi(1))
w(Ba (1)) (si) o (B2 (t ™ L) (577 )it (B2 (t1))
frw (hi (1)) (si B2 (tT), 577"
where k(-,-) is the cocycle from Proposition 60. But, an easy computation using

Theorem 5.3 of [R] shows that s(s;Ea(tl}),s; ') = (—1,t)r. Proposition 62 is
proved. O

|
>

Remark. Tt is interesting to compare the case of Fy with that of Gy (see [S1]). In
both cases the minimal representation lives on a central extension of the linear
group, but the extensions arise for different reasons. As we have seen, for Fy the
metaplectic cover does not split over the image of H in Sp(U/Z). Thus, we need a
double cover already for 7y. But for Go, the corresponding Jordan algebra is one
dimensional (see the appendix) so Proposition 39 applies. Hence, in this case 7y
lives on the linear group P° and the issues in Propositions 60 and 62 do not arise.
The reason that a central extension is required for the minimal representation of
G4 is related to the braid relation.

We will continue to work with G and its subgroups in terms of the Steinberg-
Matsumoto generators. However, in order to emphasize the parallels between the
case of F; and the case of an odd-dimensional Jordan algebra, we refer to the gener-
ators by their canonical projections. For example, since s; = 0(w; (1)), we will write
s; instead of w;(1). Similarly, we will write h;(t) and Ea(tl;) instead of m;(t) and
X;(t). Finally, since s = (w1 (1)w2(1)ws(1)) and hg(r) = 8(mq(r)ma(r)ms(r)), we
will write s and hg(r) instead of w1 (1)wa(1)ws(1) and mq (r)me(r)ms(r).

Set ™ = Indgo #y. The representation  may be realized on V = L?(W x F), and,
if we identify P/P° with ha(u), it is easy to write formulas for the action. The key
point is to understand the commutators [k, (u),-]. This we can do using the formu-
las in [Ma]. In particular, [ha(u), ha(t)] = (u,t)p. Also, hi(u)s = hi(u=t)s;ha(u)
and hg(u)s = hg(u™1)shq (u)

Proposition 63. The representation m: P — unitary operators on V is given by
the following formulas:

7 (ha(t)E(r, R,u) = (t,u) pf(r, R, tu)
m(a, Af(r, R,u) = £(r + u?a, R + uA, u)
(B, b)f(r,R,u) = U((R, B) + rbu™Hf(r, R, u)
w(z(t)E(r, R,u) = U(ut)f(r, R,u)
m(m)(r, R,u) = (d(m),w) pL(d(m)) ™ d(m)|“/*+D/2E(d(m)r, d(m)R™  u)
w(hg(®)f(r, R,u) = (t,u)rI'(t)” Y728 (37 t R, w)
(B (J)E(r, Ryu) = U(Qu-15(r, R)f(r, R+ ru” " J,u)
m(s)E(r, Ryu) = 5(1) 7T (=1) 7' (w) " Hul 772

U((R,u 'R) + uri)f(7, R, u)dFdR
FxJ
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Also,
W(Sl)f(’f‘, a, bu c, d7 €, f7 u) = (_17 ’U,)F’}/(].)_BF(U)_]' |u|_(C/3+1)/2

X / W((Cf”) LT OO (—ua, uT e vy, ve, dy e, v, w) dCl(”)
FxFxA

W(Sg)f(’f‘, a, bu c, d7 €, f7 u) = (_17 U)F/y(l)_g]‘—‘(u)_l |u|_(6/3+1)/2

X / W((Céy),u_lCé))f(—ub, Vay w1, Ve, d, Ve, f,u) dCé”)
FxFxA

m(s3)f(r,a,b,¢,d, e, f,u) = (=1,u) py(1) 77T (w) = u|~(/3HD/2
X / W((Céu),u_lcé))f(—uc, Vay Uy~ 1 vg, €, f) dCéV)
FxFxA

and
w(hi(t)f(r,a,b,c,d, e, f,u) :I‘(t)_1|t|3/2f(tr, tla,tb, te,d, e, tf, u)
m(ha(t)E(r,a,b,c,d,e, f,u) =T ()~ [t[¥ € (tr,ta, t~'b, te, d, te, f,u)
(ha(t)E(r,a,b,¢,d, e, f,u) =T (t) " [¢[*/*£(tr, ta, th,t~"c,td, e, f,u)

Furthermore, w is independent of ¥ and irreducible. In fact, ™ restricted to hoU is
irreductble.

This proposition follows from the arguments of Proposition 43 and Corollary 44.

Next, we wish to extend 7 to G. Just as in section 3.2, the first step is to extend
it from B to P,. Note that, although G is split, in our notation B is not the Borel
subgroup (see 2.2).

Proposition 64. There is a unique extension of m from B to P,. It is given by

(22) w(sa)f(r, Ryu) = (—r,u)p(r,—1)p¥ <@) f(—r,R,—r/u).

Proof. Tt follows from the formulas in section 5 of [Ma] that Lemma 46 continues
to hold in the context of two-fold covers. That is, P, is generated by B and s,
subject to the relations (1)-(7) listed in the lemma. Thus, to check that equation
(22) defines an extension of 7, we must check these relations. Of course, except
for factors of +1, we have already done so in the proof of Proposition 47. Thus,
we need to check only that the factors work out. The hardest are (4) and (7). We
leave the others as an exercise.

For relation (4), the factors on the left side are (—r,u)p(r, —1)p(d(m), —r/u)p.
On the right side we get

The right-hand side of relation (7) gives (¢, u)p(—r, ut) p(r, —1)p. The left-hand
side we work out in stages. First, since s, '2(t) = ho(—1)s,z(t) we get the term

(u, =) p(—r, —u)p(r,—1)p. Next, 2(t7!) gives
(u, =) p(=(r +u?/t), —u)p(r + u?/t, —1)p.
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Including s, we get
(=, u)p(r, =) p(=r/u, —1)p(r — 2 Jut),r/u)p(—r + r? /u’t, = 1) p
=(—=r,u)p(r, =) p(=r/u, 1) p(r,r/u)p(1—r/u?t),r/u) p(—r, —1) p(1=7/u?t, —1) p.
This simplifies to (1 — r/u?t),r/u)r(1 — r/u’t,—1)p. Finally, adding z(1) gives
(1 — (r +u%t) Jut), (r +u?t) Ju)p(1 — (r +u’t) Jut, —1)p
= (—r/u*t, r/u(l + u’t/r)p(r/ut, —1)p
= (—rt,ru)p(rt,—1)p
= (t,uw)pt,r)p(—r,u)p(r,—1)pt,—1)F
= (t,u)p(—r,tu)p(r,—1)p.

The existence part of Proposition 64 is now proved. The uniqueness follows from
the same arguments as in Proposition 47. O

We can now state the main result of this section.

Theorem 65. There exists a unique unitary representation, m, of G so that
restricted to P is given by Proposition 63 and w restricted P, is given by Proposition

64.
Just as in section 3.3 it is enough to prove
Theorem 66. Fori=1,2,3 there is an equivalence of unitary operators
T(80)(8:)7(80) = w(8:)T(80)7(8;).

Since the argument is essentially the same for each i = 1,2,3, we just give the
case i = 1. Let A and B be the operators (s, ) and 7(s1), respectively. We wish
to show that

ABA = BAB.

Lemma 67. Set

n(R)

& = [r/ul 002

Then

B(®) = (~1.u)ry(1) T () (g 1)

The proof is just the easy part of the argument in Theorem 52.
Corollary 68. B(®) = I'(—ura)(—u, —ra)p®.

Proof. By Proposition 33, the quadratic form Qgy, has the form Qgr, (b, ¢, f) =
—kbc + kf?. Thus,

(23) Yoy F)y(1)™ = (ra, ~1)sT(~ra)

Furthermore, I'(u) ™! = (=1, u)rI'(u). Hence by the lemma,
B(®) = (ra, —1)pL(u)(—ra)®.

But I'(u )F(— a) = I'(—ura)(u, —ra)p. Thus, we have reduced the corollary to the
statement (ra, —1)p(u, —ra)p = (—u, —ra)r which is clear. |
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Remark. There is one subtle point about equation (23) that should be noted. Since
in his definition of the normalization factors, Rao includes a %, it seems that we
need to have Qgr, (b,c, f) = —kbe + %ka to make things work. However, this is
not the case. The confusion arises because we chose the identification of W' with
W* given by w'(w) = (R, J) + tu where w = (¢,R) € W and v’ = (J,u) € W'. In
the case of Fj this leads to an inner product on U/Z given by

((t1;a1,b1,¢1,d1, €1, f1), (a2, b2, €2, da, €2, fa;t2))
= t1ta + araz + biba + cica + 2(drda + e1ez + fi1f2).

The definition of the inner product used in [R] does not include the factor of two.

Proof (Theorem 66). Just as in the proof of Theorem 51, it is easy to prove that
ABA is an integral operator with kernel (7, u)p(a, ru)pD(—ru) = 1y(1)73®.

On the other hand, one checks that BAB is the same operator except with kernel
(a,u)pL(a)~1y(1)"3B(®). Thus, by Corollary 68, it is enough to prove that

(r,u) p(a, ru) pT(—ru) "1y (1) 73 = (a,u) pT(a) "'y (1) 730 (—ura)(—u, —ra) p.
Equivalently,
(r,au)p = (—u, —ra) p(—ru, —1) pI'(—ura)T (a) "' T(—ru) " .

The right side equals (—u, —ra)p(—ru, —1)r(a, —ru)p = (—u, —ra)p(—ru, —a)p =
(—u,r)p(r,—a)p = (r,au)r which is the left-hand side. Theorem 66 is proved. O

This completes the proof of Theorem 65.

4. MINIMALITY

In this section we prove that the representation 7 constructed in section 3 is
minimal. As was pointed out by Kazhdan, this is morally clear because, by results
of Howe, 7 restricted to a Borel subgroup has the character that you expect. If G
is split (and simply laced), this was made into a proof by Savin in [S2].

Essentially the same argument can be given in general. Of course, G may not
have a Borel subgroup so Howe’s Kirillov theory for solvable groups is not directly
applicable. It turns out that this is not necessary. In section 2 we prove directly
that m restricted to P has the expected character. Then we present the proof of
minimality closely following [S2] except working with P in place of a Borel subgroup.

Remark. Although in this chapter we use the language of linear groups, virtually
the same arguments apply to Fj as well.

4.1. Definitions. Let F' be a p-adic field. Let G = G(F') be the F-rational points
of a connected reductive group defined over F. Let g be the Lie algebra of G, and
g* the dual of g. There are two topologies on these spaces: Zariski and p-adic.
Unless otherwise indicated we will work with the p-adic topology. We will now
define congruence subgroups of G. Since G is an algebraic F-group, there is an
F-rational injection G(F) — GL,(F) for some n, and a corresponding F-rational
injection g(F) — M, (F). Let I, be the identity in GL,, R C F the ring of
integers and @ € R a uniformizing parameter. Then, for r a positive integer, set
G, =GN, +@"M,(R)); cf. [PI-R] section 3.1. Asis well known (see [H1]) when
r is large enough, log provides a homeomorphism from G, to an R-module g, C g
which is closed under the bracket operation.
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Let S¢g be the space of Schwartz-Bruhat functions on G; that is, S¢ is the space
of locally constant compactly supported (complex valued) functions on G. Also,
let dg be (a choice of) Haar measure on G. If (p, V) an irreducible representation
of G, define the operator p(f) on V for each f € Sg by

of) = /G F(@)o(g)dg.

It is known that since p is irreducible, p(f) is a finite rank operator. Thus, we can
define the character of p by

0,(f) = Tr(p(f))-

It is a distribution on G. Note that this trace is the same whether we take for p an
irreducible Hilbert space representation, or the corresponding smooth representa-
tion.

Choose r so large that log gives a homeomorphism from G, to g, C g. If f € S
is supported in G, then we may view it as a function on g. Let f be the Fourier
transform of f with respect to the Killing form. It is a function on g*. In this
situation, Harish-Chandra [H-C] has proved that there are numbers, co, indexed
by the nilpotent coadjoint orbits O C g*, so that if r is large enough,

Gp(f): C f .
; 0/ 1o

Here p is a suitably normalized G-invariant positive measure on O. It is convenient
to write simply

@p = ZCoﬂo.
O

The numbers cp are obviously invariants of p. Two less refined invariants are
the Gelfand-Kirillov dimension of p,

dim O
= max
{Olco#0} 2

GK(p)

and the wave front set,

WF(p)= |J Ocg"
{Olco#0}

Here O is the closure of O.

A nilpotent coadjoint orbit, Opin, is minimal if Oy = Omin U {0}. A represen-
tation is called minimal if its wave front set is the closure of a minimal orbit. If G
has a unique minimal orbit, then it is equivalent to define a minimal representation
to be one with smallest possible (positive) Gelfand-Kirillov dimension.

We now specialize to G as in section 2. I will show that G has a unique minimal
orbit. It may be characterized as follows. Let

00 0
w=[0 0 0| esl(3)Cag.
1 00

Identifying g with g* using the Killing form, we may view w as an element of g*.

Lemma 69. G has a unique minimal orbit, namely Omin = Ad*(G)w.
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Proof. First, it is easy to see that over the algebraic closure there is a unique
minimal orbit and it is generated by w. (For example, one can adapt the argument
in [C-M] Chapter 4.) Thus, if « is in a minimal orbit, then it is conjugate to w over
F. We will be done if we prove that u is rationally conjugate to w.

This is a problem in Galois cohomology as follows. Let I' be the Galois group
of F/F and let C(F) be the centralizer of w in G(F). We know that there exists
g € G(F) with u = gwg™!. Since u and w are rational, if ¢ € I" we have u =
o(g)wo(g™1). Tt follows that g~1o(g) € C(F). In fact, is easy to see that the map
p: T — O(F) given by p(c) = g~ 'o(g) is a 1-cocyle.

I claim that p is a coboundary. This would mean that there exists an element
a € C(F) so that p(oc) = a~'o(a). That is, a 'o(a) = g~ lo(g) for all o € T,
and so ga~! = o(ga™?!) for all o € T. In other words, ga=! € G(F). Since
ga"'wag™! = gwg™! = u, this means that w and u are rationally conjugate.

It remains to prove that p is a coboundary. Certainly it is enough to prove that
HY(T,C(F)) is trivial. To do this, first recall that when computing H!, we can
replace any group with its reductive part (see [P-R] Proposition 2.9.). Now it is
easy to see that the reductive part of C'(F) is, in the notation of section 2.1, H(F).
Consequently, H'(I',C(F)) = HY(T,H(F)). Next, since H is semi-simple and
simply connected (Proposition 9), Theorem 6.4 of [P1-R] implies H(T', H(F)) =
1. |

Remark. The preceding argument used, via Proposition 9, the fact that we took G
simply connected. However, it is straightforward to prove that if a simply connected
group has a unique minimal orbit, then so does any isogenous group.

Let p be the Lie algebra of P. We can identify p* with p (the opposite parabolic)
and consider w € p*. Let Op be the coadjoint P-orbit containing w. Corresponding
to the injection p — g thereis amap k: g* — p*; k can be identified with the natural
projection g =p G u — p.

It is easy to check that dim Oy, = dimOp. Since k is P-equivariant, this
implies

Lemma 70. k is a P-equivariant bijection between an open set in Opiy and Op.

4.2. Parabolic theory. Let 0 = 7|p. Set P, = PN G, and p, = pNg,. The goal
of this section is to prove the following result.

Proposition 71. There is an explicit constant r so that if h is a function on p,
such that supp h N Op is compact, then o(h) is trace class and

Tro(h) = hpo, .
Op

Here po, is a suitably normalized P-invariant measure on Op.

If P were a solvable group, such as a Borel subgroup, then this proposition
would be valid for any irreducible representation, and is due to Howe [H2]. We are
not generalizing his results to more general groups (it would be false) but rather
claiming that it works for our one specific representation.

Let P = LU C G as earlier. Pick r so large that G, is sufficiently small in the
sense of [H1, Theorem 1.1]. We will explain what this means. For ease of notation,
let K = G, and K = g,. Howe defines a constant 3, and the condition is that
[K, K] C wPt1K. Here w is a uniformizer in F.
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Choosing r larger if necessary, we may assume that P and K are in good position,
and that there is a A € L strictly dominant with respect to the pair (P, K). This
means that if K; = LN K, Ky =UNK, and KU:UHK, then K = KK Ky.
Also, if U,, = A™"KyA", then Ad()\) normalizes K and |J,, U, = U. Thus, it
makes sense to define C,, = Ky Uy, and Cx =J,,Cn = KLU.

Remark. Using the formulas in section 2.3 it is easy to find a such a A. For example,
pick a € F* very large. Then A\ = h,(a™2)hg(a™!) works.

Lemma 72. The groups C,, satisfy the assumptions of [H1, Theorem 1.1].

Proof. Let K and C,, be the subalgebras of g corresponding to K and C,,, respec-
tively. By assumption, [KC,K] C wPT1K. We must show that [C,,C,] C @’*1C,.
Suppose that k, k" € Kr and ky, kj; € Ky. Then,

[k + A"k A" K+ AR A"
= [k, k'] + X"k, kAN + ATk NTE A+ EXTTRG A — ARG A R — AT kg A
= [k, k'] + X" [ku, kp)A" + AT [AD(AY) (k), k)N + A" ko, AA(A™) (K)]A™.
Since the adjoint action of A preserves Kr, the lemma follows. O

In the same way that Howe proves Proposition 1.1 of [H2], we can now apply
Theorem 1.1 of [H1] to the C), and take an inductive limit. Set Coc = |J,, Cn. We
get the following:

Proposition 73. Let Coo be the Pontryagin dual of Coo. Then

(1) There is a natural homeomorphism B: (fOO/Ad* Coo — C'OO where C'OO is the
space of wrreducible unitary representations of Coo suitably topologized.

(2) If p is an irreducible representation of C, and f is a Schwartz-Bruhat func-
tion on Cs, then the character of p, Ch,: f — Tr(p(f)), makes sense.

(3) If p = B(O) for some Ad* Cuo-0rbit O C Coo, then Ch,(f) = Jo fiuo where
fi = foexp is a Schwartz-Bruhat function on Co, and po is the unique
Coo-tnvariant measure on O suitably normalized.

By choosing a character of ', we can identify p* with . Then, corresponding
to the injection Co, C p, there is a projection \: p* — Coo. It is easy to see that,
using A\, we can view w as an element of Coo. Let Ou be the coadjoint Cy.-orbit
containing w. Also, let R = {x € F*|hy(z) € K} and suppose that {z;},i € Z is a
set of coset representatives for F*/R. Then it is clear that

(24) AOp) = JAd" (ha(:))Oce.

Lemma 74. Let p = B(Os). Then o restricted to Co is the direct sum of the
representations Ad* (he(2;))p.

Proof. Recall how o = 7|p was constructed. Begin with the Heisenberg represen-
tation of U corresponding to a non-trivial additive character of F), ¥. As we saw
in Corollary 44, ¢ is independent of this choice. The Heisenberg representation ex-
tends uniquely to a representation of P° = HU which we called 7. Finally, induce
7 from P° to P. Note that P/P° may be identified with h,,.

It is now clear that o restricted to C,x may be constructed as follows. Extend
the Heisenberg representation to KyU where Ky = K N H; call it p. Next induce
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from KyU to hoKpU, and finally restrict back to ho(R)KpyU = Cy. Thus by
Mackey’s theory,

0lce. = P Ad* (ha(xi) Ind iz, .

Let 7 = Indic(";Uﬁ. It remains to check that p = 7. Recall that W’ C U is a
maximal isotropic subspace. Let A C Cy be the subgroup generated by z(t), W’
and Ky, and let A be its Lie algebra. Then {w} € A is a coadjoint A-orbit. The
corresponding representation of A is the character z(t)w'k — ¥(t). It follows from
the theory of the Heisenberg representation that 7 = Indg00 v.

On the other hand, w € A is obviously in the image of O under the canonical
map Cs — A. Since the map B from Proposition 73 is natural, this means that
there is a map from p|4 to ¥. Thus by Frobenius reciprocity,

p Cnd§>® 0 =7

Hence, to show 7 & p, it enough to check that 7 is irreducible. This follows from
the arguments in Proposition 43. O

Finally, we can prove Proposition 71. We are assuming that the support of h is
contained in p, C Co. Thus, by Proposition 73, Lemma 74, and equation (24),

Tro(h) = / h
*) Z Ad* (ha(2:))Ooc

= / hu.
A(Op)

Note that only finitely many terms of the sum are nonzero because suppiL N Op
is compact. Moreover, because we are dealing only with functions on C,, we can
normalize the measure on Op so that

/ h= | hpo,.
A(Op) Op

i

Proposition 71 is proved.
4.3. Proof of Minimality.
Theorem 75. 7 is a minimal representation of G.

For any nilpotent coadjoint orbit O, set 2d(0) = dim O. Let d = GK(x) and
do = d(Omin). Since Oy is the unique minimal coadjoint G-orbit, to prove Theo-
rem 75 it is enough to show that d = dj.

Of course, the main idea is to find functions on G whose support is very close
to P so that we can relate ©, and Tr(c). First some notation. Set U, = U N Gy,
and let xz be the characteristic function of U,, normalized to have total integral
one. Also, recall the notation introduced after Proposition 71, K = G, and K =
KK Ky. So, for x € K, we can write z = zy where z € U and y € P. Now, if
h(y) is a Schwartz-Bruhat function on P which vanishes outside of P,, we define
fu(®) = x7, () @ h(y); fn vanishes outside of K.

Lemma 76. There is an integer ng so that for n > ng
7(fn) = o(h)m(xn)-

Here x,, is the characteristic function of GG,, with total integral one.
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Proof. Since h is locally constant and with compact support contained in P,., we
can choose ng so large that for all n > ngy there are constants ¢; and elements
pi € P, (depending on n) so that

h(y) = cixp, (0 'y)-
Thus,
fn(z) = Z Can(pi_lx)'

Now,

o) = (3 eimxp,)m(pi)) 7(xn)-

But p; € P. C P, so it normalizes G,,. Thus,
a(W)m(xn) =Y cim(xp, )7 (xn)m(pi)

= 3" el ()
=x(f,). O

Corollary 77. Suppose that suppﬁﬂ Op is compact. Then
lim O,(f,) = Tr(a(h)).

Remark. The assumptions of the corollary imply that iL(O) = 0 and thus fn(O) =0.

Lemma 78. (1) f, = Xz, ® h.
(2) X7, = Xz, E 0. )
(3) Suppose that h > 0 and supp hNOp # 0. Then if O is any non-zero nilpotent
coadjoint orbit,
fio(fn) > 0.

Remark. 1t is clear that there exist h satisfying the hypotheses of both part (3) and
Corollary 77.

Proof. Parts (1) and (2) are obvious. Also, they immediately imply that o (f,) >
0. To prove (3), it remains to check that the support of fn intersects O. Since both
sets are open, it is enough to check that the support of fn intersects O. But since
G has a unique minimal orbit,

53(’)min > 0p. O

The following result is proved in [M-W].

Proposition 79 (Moeglin-Waldspurger). If GK(p) = d and O is a nilpotent coad-
joint orbit of dimension 2d, then co is a non-negative integer.

It follows from Lemma 78 and Proposition 79 that we can choose h so that
(25) > copol(fn)
dim 0=2d
is bounded away from zero. The strategy of the proof is to show that if d > dy
then the limit as n — oo of expression (25) is zero. Thus, d = dp.
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The essential idea of Savin is to consider not just the single family of functions
fn, but several related families in order to separate the orbital integrals of different
dimensions. We need the following result from [H-C, Lemma 3].

Proposition 80 (Harish-Chandra). Let g(z*) € Sg-, and let O be a nilpotent coad-
joint orbit of dimension 2d(O).Then

/g(r‘lx*)uo = ITId(O)/g(ﬂc*)uo

for any r € F*.
Remark. Here Sg+ is the set of Schwartz-Bruhat functions on g*.

For any f € Sy, define f(")(z) = |r|9™8 f(rz). Then it is easy to check that
fO (xz*) = f(r~'a*). Thus,
Corollary 81. Let f and O be as above. Then fio(f™) = || o (f).

It is easy to see that f(r) (UT) ® h(") | where these functions are defined in
the analogous manner. Furthermore, if the residue field of F' has ¢ elements and
7| = ¢*, then X(UT) = Xg,,,- 1t follows that Corollary 77 holds for f,(lr). That is,

lim Ox(f"”) = Tr(a(h™)).

n—oo

Of course, using Corollary 81

O (f") —Z > coiio(fS)

k= dodO) k

= Z > IrlFeopo(fa)-

k=do d(O)=k

(Recall that f,(0) = 0.) Furthermore, since po, is up to a constant the restric-
tion of pe,,,, to Op (see Lemma 70), statements analogous to Proposition 80 and
Corollary 81 hold for puo,. Thus, by Proposition 71,

Te(o (b)) = r|™ Te(o ().

This proves that

(26) Tlim S Y lteofiolfa) = A Te(o(h)

k=do d(O)=k

for all » € F*. For each dy < i < d, pick r; so that |r;| # |r;| for i # j.
Next, rewrite the corresponding family of expressions (26) as follows. Let T be
the (d — do) x (d — dp) matrix with T, ; = [¢;|*, do < i,j < d. Also, X" is the
(d — dg)-vector given by

> coio(fa) if i > do,
(X™); = { d(0)=i
(COminlOmin (frn)) — Tr(o(h)) if i = do.
With this notation, we can write
lim TX™" =0

n—oo
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However, det T is easily seen to be non-zero; it is a Vandermonde determinant.
Thus, lim,, . X™ = 0. But we have already shown (equation (25)) that

Z COﬂO (fn)

d(0)=d

is bounded away from zero. Thus, d = dy. In other words, 7 is a minimal repre-
sentation. Theorem 75 is proved.

APPENDIX A. JORDAN ALGEBRAS AND LIE ALGEBRAS

In this appendix, we extend the results of section 1 in two ways. First, we
construct more Lie algebras. Second, we give a technique for constructing large
tables of dual pairs in exceptional Lie algebras.

In section 1, we associated a Lie algebra to any central, simple, rank three Jordan
algebra, J, over a field, F. When F is a p-adic field, we observed that these include
all Lie algebras of type Eg, E7, F's and Fy. However, the construction actually uses
only the fact that J has rank three. By considering J’s which are not necessarily
central simple, we obtain a wider class of Lie algebras. For example, if F is a cubic
extension of F' and J = F as a vector space, with multiplication a.b = %(ab + ba),
then we obtain a quasi-split rank two form of D4 (“triality D4”). Also, J = F with
norm z — z3 and trace x — 3z, gives Go.

One general way to obtain a rank three Jordan algebra is as the direct sum of a
trivial rank one Jordan algebra with a central simple rank two Jordan algebra. It
is a fact that every central simple rank two Jordan algebra is the Jordan algebra of
a symmetric bilinear form. These have the form V' x F'1 where V is a vector space
equipped with a quadratic form, (-, -). The multiplication is given by v.v" = (v,v')1
for v,v’ € V, and al.bl = abl for a,b € F. Note that V' x F'1 embeds in the Clifford
algebra of V' as the tensors of degree less than or equal to one; here, of course, the
associative Clifford algebra is made into a Jordan algebra in the usual way.

It is easy to check that if d = dim V' is odd, then the Lie algebra coming from
the Jordan algebra F'@ (V x F1) is a form of D441)/243. Similarly, if d is even, we
get Bgjoq3. Of course, these orthogonal Lie algebras may be constructed in other
ways. On the other hand, this construction makes it easy to define embeddings of
orthogonal algebras into exceptional algebras as discussed below.

Recall from section 1 that the Lie algebra 9t is generated by the L4 for A € J.
Using this, one can check that if Z C J are two rank three Jordan algebras, then
M(Z) C M(JT). More generally, any of the Lie algebras associated to Z constructed
in section 1, g(Z), H(Z), Mo (Z), E)JIE)A) (Z), are sub-Lie algebras of the corresponding

algebras associated to J. Furthermore, it is easy to prove the following result (cf.
[S2, Theorem 7.3]).

Proposition 82. Suppose that T C J are rank three Jordan algebras. Let £ =
{m e My(T)Im(A) =0VA e T}. Assume that (Mo(Z), L) is a dual pair in Mo (T ).
Then (h(Z), L) and (9(Z), L) are dual pairs in H(JT) and g(J), respectively.

The proposition leads to the construction of many dual pairs. For example,
consider the following set of inclusions of Jordan algebras. Let Jj be the exceptional
Jordan algebra (three by three hermitian matrices over the octonians). Next let J;,
i = 1,2,3 be three by three hermitian matrices over the quaternions, a quadratic
algebra, and the field itself, respectively. It is clear that we can set things up so



MINIMAL REPRESENTATIONS OF EXCEPTIONAL p-ADIC GROUPS 179

Ay

F As

finite Ay Ga

finite | F2 A3 Dy

finite Ay A Cs Fy

finite F? Ay JAs+ Ao As Es

F Ay A3 Cs As Dg E;

Al A2 G2 D4 F4 Eﬁ E7 Eg

FiGURE 5. Table of dual pairs.

that J; O J; when ¢ < j. Next, take J4 to be the diagonal matrices in J3, and Js5
the elements diag(a,a,a). The corresponding inclusions of Lie the algebras g(J;)
are

GocDyCFy,C EgC Ey C Eg.

We could now write a large see-saw diagram for the corresponding dual pairs in Fj,
another for E7 and so on (special care is needed for J5 as the proposition does not
apply). Instead, we will represent this information in Figure 5. The last column
represents the inclusions above together with 41 C A2 C G2 (if we wish, we can
view As as coming from the “zero” Jordan algebra). The rows record the dual
pairs. Thus, in Eg, A; pairs with E;, Ay pairs with Eg, G2 pairs with F, and so
on. Similarly for the other rows. For example, Ay is paired with As in F7 and
with As + Ay in Eg. Furthermore, if we delete the last column, the diagram has
the same meaning. Thus, for example, (A;)? pairs with Dy in E7 and with (A;)3
in Dg. The same phenomenon occurs if we delete the last two columns.

Remarks. (1) One astonishing feature of this particular collection is its symmetry.
I can not explain why it is true.

(2) The word “finite” in the figure means that the dual pair in question involves
a finite group (and so may not exist on the Lie algebra level).

Using our construction of orthogonal Lie algebras above, we can get many more
dual pairs in exceptional Lie algebras. For example, two by two hermitian matrices
over the quaternions are easily seen to form a Jordan algebra of a symmetric bilinear
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form of dimension 5. Thus, considering matrices of the form

a d 0
d b 0],
0 0 ¢

we can embed Dg into F;. Similarly, if we set a = b, we get Bs. In this manner, one
can construct long inclusions of rank three Jordan algebras and thus large diagrams
similar to Figure 5. In general, of course, they will not be symmetric. Nevertheless,
it is easy to see that we can enlarge Figure 5 by including By between D4 and Fy,
and Bs between Gy and Fy. The resulting diagram is still symmetric.

[B-K]

[C-M]
[F]

[G-W]

[H-C]
(H1]
(H2]
]

(K]

[K-S]

[Ko]
[Ma]
[M-V-W]
[M-W]
[P1-R]

[Pr-R]

[R]
[Rul]

[Ru2]
[S1]
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