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SPHERICAL REPRESENTATIONS
AND MIXED SYMMETRIC SPACES

BERNHARD KROTZ, KARL-HERMANN NEEB, AND GESTUR OLAFSSON

ABSTRACT. Let G/H be a symmetric space admitting a G-invariant hyper-
bolic cone field. For each such cone field we construct a local tube domain
= containing G/H as a boundary component. The domain = is an orbit of
an Ol’shanskii type semi group I'. We describe the structure of the group G
and the domain =. Furthermore we explore the correspondence between I'-
modules of holomorphic sections of line bundles over = and spherical highest
weight modules.

INTRODUCTION

Let (g,7) be a real symmetric Lie algebra and g = h + ¢ the corresponding
eigenspace decomposition for 7. We call an element X € q hyperbolic if the operator
ad X is diagonalizable over R. The existence of “enough” hyperbolic elements
in g is important in many contexts. For Cartan decompositions it is crucial for
the restricted root decomposition of semisimple real Lie algebras, and hence for
the whole structure theory of these algebras. If (g,7) is a non-compactly causal
symmetric (NCC) Lie algebra in the sense of [HOQG], then g contains open convex
cones which are invariant under the group Inng(h) of inner automorphisms of g
generated by €*1" and which consist entirely of hyperbolic elements. In the last
years this class of reductive symmetric Lie algebras and the associated symmetric
spaces have become a topic of very active research spreading in more and more
areas. For a survey of the state of the art we refer to [HO96] and the literature
cited there.

On the other hand there have been attempts to push this theory further to sym-
metric Lie algebras which are not necessarily semisimple or reductive. The simplest
type (called the complex type) is where g = h¢ is a complexification and 7 is a com-
plex conjugation. Among these symmetric Lie algebras those for which h contains
an open invariant convex cone W consisting of elliptic elements play a crucial role
(cf. [Ne94a], [Ne96a], [Ne96b]). Then iW C g = b is an open cone consisting of
hyperbolic elements so that, in the special case of reductive Lie algebras, we obtain
on the one hand the non-compactly causal spaces of complex type and, if we allow
W = b, also the Riemannian symmetric spaces coming from Cartan involutions of
complex semisimple Lie algebras. For the associated symmetric spaces of complex
type and the reductive spaces mentioned above one nowadays has a well developed
picture of the harmonic analysis (holomorphic representations: [Ne94b], [Ne95];
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spherical functions [FHO94], [HiNe96]; Hardy spaces [HO@91], [Kr97]) and the in-
variant complex analysis (invariant Stein domains and plurisubharmonic functions
[Ne96b]).

The first step in this program, i.e., the description of an appropriate class of
not necessarily reductive symmetric Lie algebras which is general enough to incor-
porate all the cases mentioned above such as the mixed complex type case, the
non-compactly causal spaces, and also the Riemannian symmetric spaces has been
carried out in [KN96], which we will use as a reference for the basic structure theory
and convex geometry of mixed, i.e., non-reductive, symmetric Lie algebras.

The next step that we carry out in this paper is the description of the structure
of the associated global objects such as complex domains which are curved analogs
of tube domains over convex cones. Furthermore we investigate the general repre-
sentation theory and explain how certain representations can be realized in spaces
of holomorphic functions on the aforementioned domains.

In Section I we collect the notation and the facts from [KN96] that we shall need
throughout this paper. In Section II we then turn to product decompositions of
the corresponding groups. These decompositions have various applications such as
integration formulas and trivializations of certain holomorphic vector bundles. In
this section many proofs consist in reducing everything to the case of reductive or
simple Lie algebras which is completely discussed in [HOQG]. As a first application
of the decomposition theorems we explain how one can construct on certain domains
acted on by H holomorphic vector valued functions which are H-eigenfunctions for
a prescribed character. These functions play a key role in the realization theory of
spherical representations.

Section IIT contains the description of various semigroups related to symmet-
ric spaces. Basically these semigroups are of the type I'y (C') = H exp(C), where
G/H is a symmetric space, and C' C q is a weakly hyperbolic H-invariant cone.
Such semigroups arise naturally if G/H carries an invariant non-compactly causal
structure ([HO96]). On the other hand the polar decomposition of I'z7(C) is quite
similar to the Cartan decomposition of a real semisimple Lie group. We also de-
scribe a complex version of these semigroups and how they fit into the product
decompositions discussed in Section II.

To each semigroup 'y (C) we can associate the domain Exp(C) C G/H which
should be thought of as the future of the base point. In Section IV we construct a
complex domain =(C) which is the curved analog of a tube domain over the cone
C. Tt contains the dual symmetric space G°/H in its boundary (it is sort of a
Shilov boundary for Z(C')). On the other hand it has the structure of an associated
bundle of the type G¢ x g C. The key point in Section IV is to clarify the interplay
between the complex analysis of £(C) and its bundle structure which is not in any
obvious way related to its complex geometry.

In Section V we explain which Hilbert spaces carrying representation of 'y (C')
can be realized in an equivariant way as spaces of holomorphic functions on Z(C')
and that the corresponding representations can be characterized as spherical rep-
resentations of some sort. An important tool for these realizations is a result de-
scribing holomorphic functions on E(C') as the set of all holomorphic functions on
a complex semigroup which are invariant under the group H.

In the last section we turn to irreducible spherical representations. We explain
in which sense they are highest weight representations of the dual Lie algebra
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g¢ = h+iq and give a necessary condition for a unitary highest weight representation
to correspond to a spherical representation.

One of the next steps in the investigation of spherical representations of mixed
symmetric spaces is to classify all irreducible spherical unitary highest weight rep-
resentations. Since this involves quite a detailed analysis of certain singular highest
weight representations and it is not even carried out for irreducible spaces, the
solution to this problem seems to be quite complicated.

Another project building on this paper will be the construction of Hardy spaces
on the domains Z(C') for general groups. For non-reductive groups this construction
is more involved because the symmetric space G¢/H does not always possess a G-
invariant measure. Nevertheless it seems possible to construct analogs of Hardy
spaces on Z(C).

We would like to express our gratitude to the Mittag-Leffler Institute in Djur-
sholm, Sweden for the hospitality and pleasant working atmosphere during our stay
in spring 1996 where we started working on the present paper.

I. BASIC FACTS AND DEFINITIONS

In this first section we collect some material concerning symmetric Lie algebras.
Let g denote a finite dimensional real Lie algebra. An element X € g is called hy-
perbolic if ad X is diagonalizable over R. A convex subset C' C g is called hyperbolic
if all its relative interior points are hyperbolic.

Definition I.1. (a) A symmetric Lie algebra (g,7) is a pair consisting of a finite
dimensional Lie algebra g and an involutive automorphism 7 of g. We put b :=
{Xeg:7X=X}and q:={X € g: 7.X = —X}, and note that g=H D q.

(b) An abelian subspace a C q is called abelian mazimal hyperbolic if a consists
of hyperbolic elements and is maximal w.r.t. this property.

A subspace [ C q is called a Lie triple system if [I,[I,[]] C I. This means that the
space [, ;== [@®[[,[] is a subalgebra of g. Recall that all abelian maximal hyperbolic
subspaces as well as all maximal hyperbolic Lie triple systems in q are conjugate
under Inng(h) (cf. [KN96, Cor. I1.9, Th. IIL.3]).

(c) Let v denote the radical of g and let v = vy + t4 be its T-eigenspace decom-
position. In the following subscripts indicate intersections, for example ty :=tNh
etc. According to [KN96, Prop. I11.5], there exists a 7-invariant Levi complement
s C g with the following properties. There exists a maximal hyperbolic Lie triple
system p C q such that p = p. ® ps, where p; C s4 is a maximal hyperbolic Lie
triple system in s and [p.,s] = {0}. Then each maximal abelian subspace a C p
is of the form a = p, @ as, and [pr,s] C s, where pr, = p @ [p,p] (cf. part (b)).
Furthermore there exists a Cartan involution # on s commuting with ad[p,p] and
7ls (cf. [KN96, Prop. 1.5]). The corresponding Cartan decomposition is denoted
by s = s¢ @ 5p. The largest ideal of s contained in s is denoted by sis. So the
semisimple symmetric Lie algebra (s, 7]s) decomposes as

ﬁiso) D @(5% T
=1

51’)

(577-|5) - (5isoa T

with (s;, 7

s;) irreducible and effective.
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(d) Let a C g be an abelian maximal hyperbolic subspace. For every subalgebra
b C g we set b% := 35(a). For @ € a* we define

g ={Xeg: (WeagV,X]=al)X}

and write A := {o € a*\{0}: g® # {0}} for the set of roots. Then we get the root
space decomposition g = g° @ D, 8¢ For each a € A we put m,, := dim g*.

We call a root a € A semisimple, resp. solvable, if s¢ := g* Ns # {0}, resp.
g® C t. The set of all semisimple, resp. solvable, roots is denoted by Ay, resp. A,.
Note that A = A, UA, (cf. [KN96, Lemma IV.5(i)]).

A root o € A is called compact if p¢ # {0} and non-compact otherwise. We
write Ay, Ay, resp. Ay, for the set of all compact, non-compact, resp. non-compact
semisimple roots. Note that Ay is independent of the choice of p D a (cf. [KN96,
Def. V.1]) and that A = AxUA,, holds by definition.

(e) The Weyl group Wy of (g, 7) w.r.t. a is defined by

Wa = Nrang () (8) /Zinng (5) ().

Call Xg € a regularif a(Xo) # 0 for all « € A. We call AT C A a positive system
if there exists Xo € a regular such that AT = {a € A: a(Xy) > 0}. A positive
system is called p-adapted if the set A} := A,, N AT of positive non-compact roots
is invariant under the Weyl group.

(f) The symmetric Lie algebra (g, 7) is called quasihermitian if 34(3(p)) = p. In
this case a is maximal abelian in q and there exists a p-adapted positive system
AT (cf. [KN96, Prop. V. 10]). An irreducible effective quasihermitian symmetric
Lie algebra (g, 7) is called non-compactly Riemannian (NCR), resp. non-compactly
causal (NCC), if 3(p) = {0}, resp. 3(p) # {0}. The property of being quasihermitian
is inherited by s. This means that the irreducible constituents (s;,7|s,) of s are
either (NCR) or (NCC) (cf. [KN96, Prop. V.9(v)]).

(g) Let V be a finite dimensional real vector space and V* its dual. For a subset
E C V the dual cone is defined by E* := {w € V*: (Va € E)w(x) > 0}. A cone
C CV is called generating if V.= C — C and pointed if C N —C = {0}.

We associate to a positive system of non-compact roots A;’{ the convex cones

Clin := cone ({[XQ,T(XQ)]: X, €9¢%ac€ A;’{}),
Crax = (A7) ={X € a: (Vo € Al )a(X) > 0} and Crax,s = (AF)* Nas. [

Definition I.2. (a) Let (g, 7) be a symmetric Lie algebra and gc be the complex-
ification of g. We extend 7 to a complex linear involution 7 of gc. The c-dual
(g¢,7¢) of (g,7) is defined by g° := h @ iq and 7¢ := 7|ge. The complex conjugation
in gc w.r.t. the real form g¢ is called 7. Thus the inclusion map (g,7) — (gc,7) is
an embedding of symmetric Lie algebras. We call (gc,7) the canonical extension
of (g, 7) and write E := g° and q := ig® for the eigenspaces of 7.

(b) A finite dimensional real Lie algebra g¢ is called quasihermitian if (g¢, o) is
quasihermitian, where ¢ denotes the complex conjugation on gc w.r.t. g°>. We note
that the symmetric Lie algebra (gc,7) considered in (a) is quasihermitian if and
only if the Lie algebra g° is quasihermitian. |

II. PRODUCT DECOMPOSITIONS

In this section we describe certain product decompositions of open domains in
groups associated to a symmetric Lie algebra. Most of these results generalize
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decompositions which are known for the reductive case (cf. [HO96]). We begin
with some useful lemmas which give an idea of how to obtain certain product
decompositions of open subsets of groups.

Lemma I1.1. Let n be a nilpotent Lie algebra and N be a corresponding connected
Lie group. Suppose that n = a + b for subalgebras a and b.

(i) If A and B are the analytic subgroups of N corresponding to a and b, then
N = AB.

(ii) If, in addition, b = ¢ x 0 and C, D are the corresponding analytic subgroups
of N, then N = ACD.

Proof. (i) We prove the assertion by induction. For dimn = 0 there is nothing to
prove. Suppose that n # {0}. Then 3 := 3(n) # {0}, we can apply induction to
N := N/Z and obtain N = AB, where A := AZ/Z and B := BZ/Z. From this we
get N = AZBZ = AZB. Since A and B are subgroups, the lemma will follow if we
can show that Z C AB. To see this, let z € Z and choose X € 3 with z = exp(X).
Write X = X; + X5, where X; € a and X5 € b. Then [X;,X5] = [X1,X] =0
implies that z = exp(X) = exp(X1) exp(X2) € AB.

(ii) As B = CD, this follows from (i). |

Lemma I1.2. Let G be a connected Lie group with Lie algebra g and n C g be
a subalgebra for which g is a nilpotent module under the adjoint representation.
Assume further that nN3(g) = {0} and put N = exp(n). Then N is closed, simply
connected and isomorphic to n under the exponential mapping.

Proof. According to our assumptions, the mapping ¢: n — Ad(N), X ~ 24X is
a homeomorphism. As ¢ = Adoexp|, and n is nilpotent, exp|s: n — N is a
homeomorphism onto a locally compact, hence closed subgroup of G. This proves
the lemma. [ ]

Lemma I1.3. Let G be a Lie group whose Lie algebra g can be written as the sum
of subalgebras g = a + b + ¢, where b normalizes c. Denote by A, B and C the
analytic subgroups corresponding to a, b and ¢ and consider the mapping

®: AxBxC—G, (ab,c)— abe.

(i) The mapping ® is a submersion; in particular, the image ABC' of ® is open
in G.
(ii) Ifg=a® b @ ¢ is a direct sum, then dP is everywhere bijective.

Proof. (i) Since ® is left A and right C-equivariant, it suffices to prove that d®(1,b,1)
is surjective. For every g € G we denote by Ay, resp. pg, the left, resp. right, trans-
lation by g, i.e., A\g(z) = gz, resp. py(x) = zg, for all z € G. Then the differential
is computed to

d®(1,b,1)(X,dN(1).Y, Z) = dps(1).(X + Ad(b).Y + Ad(b).Z).

As Ad(b).b = b and Ad(b).c = ¢, we conclude from g = a+ b + ¢ that d®(1,b,1) is
surjective.
(ii) This follows from (i) by dimension counting. |
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The HAN-decomposition. Let (g,7) be a symmetric Lie algebra. For the re-
mainder of this section we assume that the abelian maximal hyperbolic subspace
a C q is also maximal abelian in q and not only in p. For a positive system AT we
define the subalgebras

n:= Z g“ and n:= Z g<.

aEAt a€EA~

Then g° = 34(a) = a®h? (cf. Definition 1.1(d)), so that g = hbadn follows from the
observation that each X € g7, a € AT can be written as X = (X+7(X))—7(X) €
h+n

If not otherwise stated G denotes a simply connected Lie group with Lie algebra
g. Then 7 integrates to an involution on G which is also denoted by 7. We write H
for the fixed point group of 7 and recall from [Lo69, Th. 3.4] that H is connected.
Further we define A, H, H°, N, N, R and S as the analytic subgroups of G
corresponding to a, b, h°, n, A, v and s. By subscripts we indicate intersections, for
instance Hr = H N R, Ng = NN S etc.

Proposition II.4 (The H AN-decomposition). For a simply connected symmetric
Lie group (G, T) associated to (g,7) the following assertions hold:

(i) The groups A, resp. N, are closed, simply connected and diffeomorphic to a,
resp. n, under the exponential mapping. Moreover AN N = {1}.
(i1) The map

®: Hx Ax N —G, (h,a,n)— han

18 a diffeomorphism onto its open image.
(iil) The multiplication mapping ®r: Hr x Ar x Ng — R is a diffeomorphism.
(iv) The set HAN is R-saturated, i.e., left and right R-invariant.

Proof. (i) Since g is a nilpotent n-module and n N 3(g) = {0}, the statement con-
cerning N follows from Lemma I1.2. For the assertion about A we choose a vector
space complement a; in a to ag := aN3(g). Since G is simply connected, Z(G)y is
a vector group and hence ag = Ay. Moreover the hyperbolicity of a together with
a; N3(g) = {0} imply that a; = Ad(A4;) and hence a; = A;. As A = AgA; and
ApN Ay C Ay Nker Ad = {1} we see that A = Ag x A;. Hence A = a proving our
assertion about A.

It remains to show that ANN = {1}. Let x € AN N and choose an appropriate
basis adapted to the root decomposition of g w.r.t. a and therefore to g=n® a ®
h? @ n. Then, since x € A, Ad(z) is represented by a diagonal matrix and, since
x € N, also by a unipotent matrix. Hence Ad(z) =1 and Ad(N) = n implies that
r=1.

(ii) As the assumptions of Lemma I1.3 are satisfied, d® is everywhere bijective
and HAN is open in G. So it remains to check that ® is injective, which, according
to (i), will follow from H N AN = {1}.

Let x € HN AN and write z = an with a € A and n € N. Then z € H entails
that

7(n) = 7(a”V)7(2) = ax = a’n.

Take an element X € a in the interior of the positive Weyl chamber and set a; =
exp(tX) for all ¢ € R. Note that lim;— o a; na; = 1 and, moreover, since N is
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closed, if 7(n) # 1, then a; '7(n)a; leaves every compact subset of G if ¢ tends to
infinity. So

. —1 . 1
a® = lim a; 'a®na; = lim a; '7(n)a,
t—oo t—oo

entails a> = 7(n) = 1. Finally, in view of (i), we have a = 1 and hence the assertion.

(iii) In accordance with Lemma II.3 and (ii), we only have to prove that ®p is
onto. Let u be the nilradical of v and note that n, := nNt C [a,t] C u. Since
u is T-invariant, we get a decomposition u = b, ® a, & n,, where h, = hNu and
ay = anNu. Thus the assumptions of Lemma II.1(ii) are satisfied, so U = Hy Ay Ngr
and finally v =t @ [a,t] = a, + h? + u gives

R=UARH} = HyAyNrRARHY C HyHYAgrNg C HRARNR.

(iv) We only have to prove the right R-invariance of HAN because then the left
R-invariance follows from the normality of R.

In view of (iii), it suffices to show that ANHr C HAN. Let b € AN and
r € Hpg. Since brb~! € R it follows from (iii) that brb=! = A'b’ with i’ € Hp and
b € ArNg. Now the assertion follows from br = brb='b = h'b'b € HAN. [

The P+ch7(CP_-decomposition. Let (g,7) be a quasihermitian symmetric Lie
algebra, p a maximal hyperbolic Lie triple system in ¢, a C p a maximal abelian
subspace, and AT C a* a p-adapted positive system of roots. We assume that
H? = 35(a) is compactly embedded in g and recall from [KN96, Th. VIIL.1(ii)] that
this implies that € := ip + [p, p] + h° is a maximal compactly embedded subalgebra
of g¢. Further we define subalgebras of g¢ by

pri= > g2, pEi= D> et and  pfi= ) gf,

acAE acAF acAFE

and note that [€¢,p*] C p* (cf. [KN96, Prop. V.4]). Thus py := €& x p~ is a
subalgebra of gc and we obtain a triangular decomposition gc = p™ G B p~.

Let G° be a simply connected group with Lie algebra g¢, H := (G°)" be the
connected group of 7-fixed points in G¢, and G¢ = (G¢)¢ be a simply connected
complex group with Lie algebra gc. Further we have the maximal compactly em-
bedded subgroup K¢ C G¢, and the corresponding universal complexifications
cxe: K¢ — K¢ and cg: H — Hc. Note that since K¢ has a compact Lie al-
gebra, we can identify K¢ with a subgroup of its complexification K¢ and thus
surpress cixe<. Moreover the simple connectedness of G¢ implies that K¢ and there-
fore also K¢ are simply connected. Further we have the corresponding subgroups
G{,K{,H1,K{-,Hic C Gc which are the images of the canonical morphisms
ng: H— G, ﬁHC: He — G, nge: G° = G¢, and ni: K¢ — Gc.

The involutions 7 and 7 integrate to involutions on G¢ denoted by the same
letters. As G is simply connected, the fixed point groups G§ = (Gc¢)™, Hic =
(Ge)™, and Gy := (G¢)™™ are connected (cf. [Lo69, Th. 3.4]). The corresponding
Lie algebras are given by g°, hc and g. We write Py, P, Pj%t, Rc and Sc for the
analytic subgroups of G associated to po, p*, pZ, tc and sc.

Proposition I1.5 (The P“‘Kf)CP_-decomposition).

(i) The groups Kf ¢ and P* are closed subgroups of Gc and P* is diffeomorphic
to p* wvia the exponential mapping.
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(ii) The mapping
Q: Pt x Kicx P~ —Gec, (p4,k,p-)— pikp-
18 a biholomorphic diffeomorphism onto its open image.
(iii) The multiplication mapping Qr: Pp x (KfcNRc) x Py — Rc is a biholo-
morphism.
(iv) The image PTKf P~ of Q is Re-saturated.
(v) G§ C PYK P

Proof. (i) First we prove that K is closed. Let tc C g& C €& be a Cartan
subalgebra of g¢ containing ac. Then [Bou90, Ch. 7, §2, no. 1, Cor. 4] implies that
the corresponding analytic subgroup K7 ¢ is closed.

Since gc is a nilpotent p*-module and p* N3(gc) = {0}, the assertion about P*
follows from Lemma II.2.

(ii) As the assumptions of Lemma II.3 are satisfied, the differential of € is ev-
erywhere bijective and the image PTK 1.cP” is open. So it remains to establish
the injectivity of . This means that P* N Py = {1}, and that K{. NP~ = {1}.
Let Xo € 3(p) such that A} = {a € A,: a(Xy) > 0} (cf. [KN96, Prop. V.4]) and
define a; := exp(tXy) for t € R. Since Xy € 3(p) C a, it centralizes £&.. Furthermore
we have lim;_,oc a; 1p+at =1 for all p, € PT and a; 1p_at eventually leaves every
compact set of G if p_ € P~ \ {1} and ¢ tends to infinity. From that we see that
PTNPy={1} and K{ NP~ ={1}.

(iii) In view of Lemma I1.3 and (ii), it remains to check surjectivity. Let uc be
the nilradical of t¢c. Then uc = pF ® (¢ Nuc) ® py and Lemma IL1(ii) applies.
We obtain that Uc = P (K&NUc) Py and finally t¢ = t2 @ [a,tc] = (£ Nte) +uc
yields

Re = (Kf ¢ N Re)Uc = (Kf ¢ N Re)Py (K ¢ NUc) Py = P (K{ ¢ N Re)Pg.

(iv) This follows from (iii) as in the proof of Proposition I1.4(iv).

(v) In view of (iv), we may assume that (g, 7) is simple and quasihermitian. In
the case where (g, 7) is (NCR), we have PTK{ P~ = Kf = G¢ and we are done.
If (g, 7) is (NCC), then the assertions follow from [Hel78, p.399]. |

The H, c K} P~ -decomposition. We keep the setup of the preceding subsection.
The direct product group He x (P~ x K§) acts naturally on G¢ by

(h,p, k).x := ng (h)zng (k) 'p~*
and the orbit of 1 coincides with the set Hl,@Kf)CP_. We write
K= {(hp k) na(h) = poxc (k)
for the stabilizer of 1.
Proposition I1.6 (The Hy cKY{ P~ -decomposition).
(i) The orbit map He x (P~ >74 K¢&) — Gc of 1 factors to a biholomorphic map
U: (He x (P~ x K¢ ,))/K" — HycKf P~ C Gc

with open and dense range Hy cK{ cP~.
(i) K = {(h,1,k): ng(h) = nkx(k)} and its Lie algebra is given by

{(X,X): X € he NEE} = (hNE)c.
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(iii) The multiplication mapping ¥r: (H1,cNRc) x (PyN Rc) — Re is surjective.
(iv) The set HLCKlC)CP*‘ 1s Re-saturated.

Proof. (i) The mapping ¥ is obtained by factorization of the orbit map Hc¢
x (P~ x K(al) — G¢. Thus it follows from gc = he + tc + p~ and Lemma
I1.3(i) that ¥ is everywhere submersive, hence a biholomorphic map of the com-
plex homogeneous space (He x (P~ x K¢ ,)) /K" onto an open subset of Gc. The
density of the image will be proved below.

(ii) From heN(Ec+p~) = heNEE we further conclude that the Lie algebra of K* is
given by {(X, X): X € bcNg} = (hNt°)c. We claim that Hy cN (K P~) C K.
Let z € Hyc N (K{cP~) and write z = kp with k € K{c and p € P~. Then
x € Hy ¢ implies

1=7(x)" e =7(p) '7(k)"  kp.

Now, as 7(p)~! € P*, the uniqueness of the PT K { ¢ P~ -decomposition entails that
p=1andso x =k € K{ . This proves that (h,p,k) € K" implies that p = 1 and
completes the proof of (ii).
(iii) Since uc = (hc Nuc) + (po Nuc), Lemma IL1(ii) implies that Ug =
(H1,cNUc)(PoNUg). Hence the assertion follows from
Rc = (HY{ ¢ N Re)Uc(Ac N Re) € (HY ¢ N Re)(Hi,c N Uc)(Po N Uc)(Ac N Re)
C (HicNRc)(PoN Re).

(iv) This is done in the same way as the proof of Proposition I1.4(iv).

It remains to prove the density of im W. In view of (iv), we may assume that
(g,7) is simple and quasihermitian. In the case where (g,7) is (NCR), we have
Hy cK{oP" = K{ - = Gc and we are done. If (g,7) is (NCC), then the assertions

follow from [O@88, Th. 2.4]. |

Constructing holomorphic H-eigenfunctions. We recall from Proposition
IL5(v) that Gf C PTK{ P~. We define the domain D C p* by exp(D)K{ P~ =
G{Kf{cP~. Then we obtain an action of G° on D which is given by exp(g.z) =
¢(nc(g)expz), where ¢: PTK{ P~ — PT denotes the projection onto the first
factor. We write #: P*K{ P~ — K{ ¢ for the projection onto the middle factor.

According to [Ne98, Prop. VIII.1.9], the stabilizer of 0 in G¢ coincides with K¢,
so that D = G°.0 2 G°/K*. This realization of G°/K*¢ as an open domain in p™ is
called the generalized Harish-Chandra embedding. It clearly exhibits the complex
manifold structure on G¢/K*.

Let us briefly recall how this is related to the symmetric Lie algebra (g, 7).
We assume that (g,7) is a quasihermitian symmetric Lie algebra and that b is
compactly embedded. Then [KN96, Th. VIII.1] implies the existence of an element
Xo € 3(p) C 3(p) such that a(Xy) > 0 for all @ € Af. Let ¢ := 77 denote the
antilinear involution of gc whose fixed point set coincides with the real subalgebra
g. Then o(Xo) = Xo, £ = j4¢(Xo) and p* = _x+ g8 imply that

o(b) =t: and  o(pt) = p*.
We conclude in particular that
g=@p"Nngeng (@ Ng)

where these three subspaces are real forms of p*, £, resp. p~.
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Our next objective is to show that the subgroup H C G¢ acts transitively on
Dr := D nNg. The following lemma prepares the proof of this fact. If p: h — gl(V)
is a representation of the Lie algebra h, then a subalgebra ¢ C b is said to be
p-compactly embedded if the group (er(8)) C GL(V) is compact.

Lemma IL.7. Let p: h — gl(g°), X — adge X. If (g,7) is quasihermitian and §h°
is compactly embedded, then the subalgebra €€ N is maximal p-compactly embedded
nb.

Proof. First we note that the lemma is equivalent to the statement that b N € is
maximal as a compactly embedded subalgebra of g which is contained in b.

To prove this statement we first observe that if K(X,Y) = tr(ad X adY") denotes
the Cartan-Killing form of g, then x is negative semidefinite on each compactly
embedded subalgebra b, and that the isotropic part of b is central in g. In fact, if
X € g is elliptic, then the operator (ad X)? has non-positive real eigenvalues, hence
tr(ad X)? < 0 and tr(ad X)? = 0 is equivalent to ad X = 0.

In terms of the root decomposition with respect to a C p, we have

hb=0"+ > (1+7)g° and p,=p7 & » g*
aEAt aEAy
Further our special construction of £ gives & = h° + [p,p] + ip, and therefore
hNee =50+ [p,p] (cf. [KN96, Prop. V.9(iii)]). From that we obtain
bt =5"+[p,pl ="+ > (1+7).g%
aGAI

The fact that h N £° is compactly embedded in g implies that x is negative semi-
definite on this subspace. We will show that k is positive semidefinite on the
complementary space

b1 = Z 1+7).g%
acAS

This implies the lemma because it shows that each X € h; which is a compact
element of g must be central, hence contained in h°, and therefore X = 0.

From 7(g%*) = g~® and the fact that 7 preserves the Killing form, it follows that
(g%, g%) vanishes if a + 3 # 0. Hence it suffices to show that

K(147).X,(1+7).X)>0

for X € g*, a € A}. Using the fact that the spaces g™ are isotropic for x, this
expression can be evaluated to

(1+7).X,(1+7).X) =2k(r.X,X)
which, in view of [KN96, Prop. IV.7], is non-negative. This proves the lemma. m

Lemma I1.8. For g € G° and z € D we have o(g.z) = 7(g).0(z). In particular o
induces an antiholomorphic involution of the domain D = G°/K°.

Proof. Since o preserves all factors in the PT K¢ P~ -decomposition, it follows that

o(g.z) = logC(a(nG (9)) exp U(z)) = logg(ng(T.g) exp U(z)) =7(g9).0(z). =
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Theorem I1.9. Dr = H.0.

Proof. From Lemma I1.8 we conclude in particular that
HOCDr={z€D:o(z) =z}

To see that we even have equality, let z € Dg. Then z € D = G°/K°¢ shows
that the isotropy group G¢ C G° is conjugate to K¢, hence that g¢ is compactly
embedded. Moreover, the fact that o(z) = z and Lemma II.8 imply that g¢ is
T-invariant. Therefore h, = g¢ N b is compactly embedded in g°. In view of Lemma
I1.7 and [Ne98, Th. V.1.4], there exists v € Innge(h) with v.(g° N h) C €N h = ho.
We conclude in particular that dimb, < dimbg. Hence dim(H.z) > dim(H.0) =
dim(p™ Ng) implies that H.z is open in Dg. On the other hand the convexity of D
([Ne98, Lemma VIII.1.10]) implies that Dy is convex, hence that Dy is connected.
Therefore the partition of Dg into H-orbits must be trivial, i.e., H acts transitively
on Dg. [ |

Let
J:G°xD — Kic (g,2) v~ k(nge(g) exp(2))
and recall that J is a (G¢, D, K{ ¢)-cocycle (cf. [Ne98, Lemma VIIL.1.7]). Since
G x D is simply connected, we obtain a lift
J: G°xD — K¢

which is uniquely determined by nKoj = Jand J| (1,0) = 1. Further the uniqueness
of lifts implies that J is a (G°, D, K&)-cocycle (cf. [Ne98, Lemma VIIL.1.7]).
The direct product group Hc x (P~ x K§) acts naturally on G¢ by
(h,p, k). := npe (R)anx (k)" 'p~!
and the open orbit of 1 coincides with the set Hy ¢ K7 P~ According to Propo-
sition I1.6(ii), the stabilizer of 1 is given by the complex group
K' = {(hv 1, k) NHc (h) = nK(k)}v
whose Lie algebra is isomorphic to (h N €¢)¢c. Thus
HycK{cP™ = (He x (P~ x K§)) /K = ((He x K&)/K') x P~
Since K' is a complex subgroup of H¢ x K&, we obtain complex homogeneous
spaces L := (Hc x K¢&)/K*, L= (Hc x Kg)/K§, and Hy cK{ P~ =2 L x P~ (cf.

Proposition I1.6(i)), where L— L, xK} — xK?! is a covering of complex homoge-
neous spaces. We have a natural map

q: L — HicKf{c CGe,  (h,k)KG — nu(h)nk (k).
According to Proposition I1.5.(v), Gf C HycK{ P, and therefore
exp(D) C GSK§ P~ C HycK{cP™ = Lx P~

If we assign to z € D with exp(z) = . (h)nk (k) 'p and h € He, k € K& and p €
P~ the element (h,k)K! € L, we thus obtain a holomorphic map v: D — L. Since
D is convex and therefore simply connected, this map lifts to a unique holomorphic
map ¥: D — L with ¥(0) = [1,1].

For the following lemma we recall the homomorphism cy: H — Hc.

Lemma IL.10. For h € H and z € D we have ¥(h.z) = (cu(h), J(h, 2)) A(2).
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ki)K' with hy € Hc and k1 € K& We further put

Proof. Write v(z) = (hq,
(h)). Then exp z € na.(h1)ni (k1) ' P~ shows that

ho :=nu (k) = nae (cu
exp(h.z)J(ho, z) P~ = exp(h.z)k(hoexp z) P~ = exp(ho.2)k(ho exp z) P~
= ((hoexp z)k(hgexp z) P~ = hgexp zP~
= np. (e (h)h)nk (k) P~

and hence
exp(h.z)P™ = nu (ca(h)hi)nk (k1) I (ho, 2) ' P~
= e (e (R)h)nse (ki ' J (h, 2) ™) P
Thus
y(hz) = (e (h)ha, J(h, 2)k1) K* = (e (h), I (B, 2)) (hy, k) K
= (cu(h), J(h. 2)) ~(2).

Since the lemma holds trivially for h = 1, the connectedness of H and the unique-
ness of liftings eventually proves the assertion of the lemma. |

Let (p, V) be a finite dimensional unitary representation of the group K¢ which
we extend to a holomorphic representation p: K& — GL(V). We consider the
action of the simply connected group G° on Hol(D, V') given by

(2.1) (9-F)(2) = Jolg™"2) " f(g7 ),  where J,:=poJ.

We are interested in a description of the space of H-eigenfunctions with respect
to this action. So we consider a continuous homomorphism y: H — C* and its
holomorphic “extension” xc¢: Hc — C* which is uniquely determined by xcocy =
X. In the following theorem we will obtain a description of the eigenspace

Hol(D, V)X := {f € Hol(D,V): (Vh € H)h.f = x(h)f}
corresponding to the character x of H. We put Hg := (expy h N €°).
Theorem I1.11. The evaluation map

&: Hol(D, V)X — yviHexlax s f(0)
is a bijection.
Proof. We consider the evaluation map
®: Hol(D, V)X =V, fr f(0).
The semi-invariance of f under H with respect to the character x means that
Jo(h™H,2) 7L f (R z) = x(h) f(2)

for all z € D and h € H which can also be written as

(2.2) f(hz) = x(h) ™ J,(h, 2).f(2).
For h € Hk this implies in particular that
(2.3) f(hz) = x(R) " p(h).f (2),

i.e., that f: D — V is an equivariant map with respect to the action of Hx on V'
given by hxv := x(h)~p(h).v. Thus the fact that Hy fixes the origin implies that
p(h).£(0) = x(h)f(0) for all h € Hy, hence that im ® C V;, := VHr Xl
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We claim that ® is injective. If ®(f) = f(0) = 0, then (2.2) implies that f
vanishes on H.0 = DNg (cf. Theorem I1.9) which, in view of p* = (p* Ng)c, is the
intersection of D with a real form of pT. This shows that f vanishes, hence that ®
is injective.

We define a holomorphic representation (p., V') of the direct product group He x
K& on V by pe(h, k) := xc(h)"*p(k). We consider the holomorphic orbit map

§: He x K& —V,  (h,k) — xc(h) " p(k).vo

of an element vg € Vy,. Then the stabilizer of vy is a closed complex subgroup of
Hc x K¢ whose Lie algebra is given by

0:={(X,Y) € hc x t&: dp(Y).vp = dxc(X) - vo}.

If X € hentg, then the definition of the space V, implies that dp(X).vg = dx(X)-vo,
hence that (X, X) € 0. This shows that d contains the Lie algebra of K1, so that
K} is contained in the stabilizer of vg. Hence the orbit map of vy factors to a
holomorphic (He x K§&)-equivariant map

§:L—V, (hk)K}— xc(h)  plk)vo.
Now we obtain a holomorphic map
D=V, z+— gﬁ(z)) with  f(0) =
It remains to show that f € Hol(D,V)
F(h.z) = 8(3(h.2)) = 6((ca(h). T(h 2)) A=)

= X(h) 7 T, (h, 2).8((2 )) X(h) " p(h, 2). f(2).
This completes the proof. [ ]

H.x In view of Lemma I1.10, we have

ITI. OL’SHANSKII SEMIGROUPS

In this section we describe certain semigroups which are naturally associated to
quasihermitian symmetric Lie algebras.

To understand the construction of these semigroups, we first have to make some
remarks on symmetric spaces locally isomorphic to a given one.

Remark 1I1.1. (a) Let M = G/H be a symmetric space, where (G, 7) is a symmetric
Lie group and H C G7 an open subgroup. Further let g: G — G denote the
universal covering homomorphism and note that there exists a unique involution 7
on C:'witth?zToq.

Let H := ¢~ (H) C G. The action of G on M is transitive and therefore
M = é/ﬁ For g € G we put g* := 7(g)~* and similarly g = 7(¢g)~" for g € G. Let
I':={g€G: gg® €kerq}. Then G" = {g € G: ggti =1} and q(¢*) = q(g) implies
that I' = ¢~1(G") is a subgroup of G containing H, but in general GT = Ty # T
(cf. [Lo69, Th. 3.4]). So the only symmetric space of G associated to 7 is the simply
connected covering space M:=G / G™ of M.

(b) Suppose, conversely, that (G, 7) is a simply connected symmetric Lie group.
We want to determine all those symmetric spaces which are locally isomorphic to
G/G7, i.e., which are symmetric spaces of groups locally isomorphic to G.
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Put I := {g € G: g¢* € Z(G)}. Then one easily checks that I is a closed
subgroup of G and that v: T' — Z(G),g + gg* is a group homomorphism whose
kernel coincides with G™ = I'y. In fact, we have

v(ab) = abbfa* = aa®bb* = ~(a)y(b)

fora,b € T. If D C G is a discrete central subgroup which is 7-invariant, then G/ D
is a symmetric Lie group and for any open subgroup H C (G/D)™ we have seen in
(a) that H := ¢~ '(H) C y~1(D) CT.

If, conversely, H C T is a 7-invariant subgroup for which D := 'y(ET ) C H is
discrete in Z(G), then G/D is a symmetric Lie group, H := H/D C (G/D)7 is
an open subgroup, and (G/D)/H = G/H is a symmetric space of G/D locally
isomorphic to the simply connected symmetric space G/H of G. [ |

Definition III.2. An involutive semigroup (S,*) is a semigroup S together with
an involutive antiautomorphism *: S — S, i.e., (s*)* = s and (st)* = ¢*s* holds for
s,t € S. If, in addition, there is a second involutive antiautomorphism #: § — S
commuting with *, then we call (S,* ,*) bi-involutive. ]

Definition III.3. (a) Let g be a real Lie algebra. A subset W C g is called weakly
hyperbolic if Spec(ad X) C R holds for all X € W. Note that closures of weakly
hyperbolic subsets are also weakly hyperbolic.

(b) Let (g,7) be a symmetric Lie algebra and W C q be a weakly hyperbolic
Inn(h)-invariant closed convex cone. Further let H, resp. G, be simply connected Lie
groups with Lie algebra §, resp. g. We write 7 for the involution on G obtained by
integrating 7. Let n: H — G be the natural homomorphism for which dn(1): h — g
is the canonical embedding and put Hy := n(H). Then the subset I'gy, (W) :=
Hy exp(W) C G is a closed subsemigroup of G and the polar map

Hi xW =Ty, (W), (h,X)— hexpX

is a homeomorphism. All of that follows from Lawson’s Theorem ([La94, Cor. 3.2]).
The assumptions of Lawson’s Theorem are satisfied because exp 3(g) C Z(G)o, and
the latter group is a vector group because G is simply connected.

Now the universal covering semigroup I'g (W) := I'y, (W) has a similar struc-
ture. We can lift the exponential function exp: W — T'g, (W) to an exponential
function Exp: W — 'y (W) with Exp(0) = 1 and thus obtain a polar map

HxW —Tyg(W), (h,X)— hExpX

which is a homeomorphism.
If D C H is a discrete central subgroup acting trivially on ¢, then D C 'y (W)
is a discrete central subgroup, and we obtain a covering homomorphism

FH(W)HFH/D(W) = FH(W)/D, s+— sD

(cf. [HiNe93, Ch. 3]). It is easy to see that I'y,p (W) also has a polar map which
is a homeomorphism. Note that for D = kern we have H/D = Hy and 'y, (W) =
La/p(W).

The semigroups of the type I'yz/p(W) are called real Ol’shanskii semigroups. If
WY # () then the subset F%/D(W) := (H/D)Exp(W?) is an open subsemigroup
which is a manifold with an analytic semigroup multiplication. If W is an open
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cone, then we also write I'zr/p (W) for H Exp(W) and put 'y, p(W) :=Tg/p(W).
We note that the involution

s=hExpX s s' := (ExpX)h~' = h™' Exp (Ad(h).X)
turns I'y/p (W) into an involutive semigroup. |

From now on we assume that (g, 7) is quasihermitian and that AT is p-adapted
(cf. Definition I.1(f)).

Definition III.4. Let Wyax,s € s4 denote the uniquely determined hyperbolic
closed convex cone with Wiy s Nas = (A} )" (cf. [KN96, Cor. IX.7]). Assume
that G is simply connected and that H = G”. Then

Smax7s =R x FSH (Wmax7s) - G

is a closed subsemigroup of G which is invariant under the involution g +— g :
7(g)™! turning (Smax.s, ) into an involutive semigroup.

]
Lemma III.5. With the notation of Definition IIl.4 we have Smaxs € HAN N
NAH.

Proof. Since Smax,s is f-invariant and (HAN)* = NAH, it suffices to show that
Smax,s C HAN. As both HAN and Spax,s are R-saturated (Proposition I1.4(iv)),
left H-invariant and adapted to the product decomposition G = R X Siso X H;-Zzl S;
(cf. Definition I.1(c)), we may assume that G is quasihermitian and simple. If (g, 7)
is (NCR), then HAN = G is the Iwasawa decomposition and we are done. If (g, 7)
is (NCC), then the assertion follows from [HO96, Th. 5.4.7]. |

Definition II1.6. Let G¢ be the simply connected Lie group with Lie algebra gc
and §max,s C G¢ denote the subsemigroup defined in Definition I11.4 for the quasi-
hermitian symmetric Lie algebra (gc,7) (cf. [KN96, Th. VIIL1]). Then Spay.s =
R x Tge (/Wmax,s)- Note that the interior of §max,s is a complex manifold on
which the semigroup multiplication is holomorphic. Moreover it is invariant under

the holomorphic involution g# := 7(g)~! and under the antiholomorphic involu-
tion g* := 7(g)~!. Thus (Smax.s,*,*) is a bi-involutive semigroup in the sense of
Definition III.2. ]

Lemma IIL.7. With the notation of Definition III.6 we have
§max7s c P+K107CP_ and §max,s c HI,Cch)(CP-F-

Proof. To prove these inclusions, we first note that since the sets §max,s, PTK f)CP_,
and Hy,cK{ P~ are Rc-invariant (Propositions IL5(iv) and IL6(iv)), we may
w.l.o.g. assume that (g,7) is simple and quasihermitian. If (g,7) is (NCR), we
are done, since G¢ = (K¥)c¢ in this case. If (g, 7) is (NCC), then the first assertion
follows from [HiNe95, Prop. I1.7] and the second inclusion follows from [O@88, Th.
2.4]. |

IV. THE poMAINS Z(C)

Let (g,7) be a symmetric Lie algebra and (gc,7) its canonical extension. We
write G¢ for a simply connected Lie group with Lie algebra gc and, as before,
denote by H; ¢, G1 and G the fixed point groups corresponding to the involutions
7, 77 and 7. Further we define H, := (G$)” = G1 N G§ = (Ge)™ N (Ge)™, denote
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by G¢ a simply connected Lie group associated to g¢, and set H := (G¢)”. Note
that in general H;i is not connected.

We fix an {Inng, (6), —7 }-invariant weakly hyperbolic convex cone Cc q such
that C := C' N q is an open cone in q. Note that we do not assume that C is
generating in q = ig°.

Lemma IV.1. The cone C is Hi-invariant.

Proof. Since Hy commutes with 7, the group Hy leaves q invariant. As Ad(GS).C =
C, we have Ad(H;).C' = C. Hence Ad(H,).C = Ad(Hy).(qNnC)=qnNnC=C. n

Definition IV.2. (a) In view of Lemma IV.1, the subsemigroup I'g;(C) of Gy
is invariant under multiplication with elements of H;, and so we obtain an open
subsemigroup I'g, (C) := H1I'g; (C) = Hiexp(C). Moreover, Lawson’s Theorem
([La94, Th. 3.1]) even shows that the polar map H; x C' — 'y, (C) is a homeomor-
phism (cf. Definition II1.3, where we have discussed the case of a connected group
Hy).

(b) If G§ = G°/D is a connected Lie group locally isomorphic to G¢, then
D C Z(G°), so that D acts trivially on g¢ and hence on q. Thus we obtain the

~

complex Ol’shanskii semigroup I'ge(C) (cf. Definition II1.3(b)). The semigroup
FGc(é) is the universal covering semigroup of I'gg (6) If, in addition, C is open
in q, then the semigroup I'gg (C)) carries a natural complex structure such that the
semigroup multiplication is holomorphic (cf. [HiNe93, Th. 9.15]). In addition to
the natural involution s +— s* which is given by s = gExp X — (Exp X)g~! we
have a second involution s = gExp X — s! := Exp(—7.X)g?. These involutions
yield on Fgg(a) the structure of a bi-involutive semigroup. If, in addition, C is
open in q, then # is holomorphic and * is antiholomorphic w.r.t. the underlying
complex structures.

(c) If Hy := (G$)o, then we have a natural embedding I'p, (C) — TI'gg (C) and
it follows from the polar decomposition that 'y, (C) is a connected component of
the fixed point set of the antiholomorphic involution s — (s*)f of T'ge(C). If C
is open, then we may consider the real Ol'shanskii semigroup I', (C) as a “real
form” of the complex one. Note that both involutions s — s* and s — s coincide
on ', (C). |

We consider the connected component @ := {g € G¢: g* = g}o of the set of
symmetric elements of G¢ containing the identity and recall from [Lo69, Prop. 4.4]
that the quadratic representation

q: Ge/Hic — Q, gHicw gg*

which is equivariant with respect to the G¢ action on Gg¢ given by g¢.z := gzg*
is a homeomorphism. It follows in particular that @ carries a complex manifold
structure inherited from the complex symmetric space G¢/Hy,c. We define

Q(C) := {s5*: s € T (C)} CQNTe(0)

and note that under the quadratic representation this set is the orbit of the base
point in G¢/Hy,c under the action of the complex semigroup I'ge (6)

To analyze the structure of the domains Q(é), the following point of view will
be quite enlightening. We consider the left action of H; on Gf{ x C given by
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h.(g,X) := (gh~ !, Ad(h).X) and write
E1(C) =G xg, C: = (G xC)/H;y

for the quotient space. We write [g, X] := Hi.(g, X). Similarly one defines Z(C) :=
G xg C and Z1(C) := G§ x g, C. Then Z;(C) is an open dense subset of =;(C).
Theorem IV.3. If C is open, then the following assertions hold:

(i) The set Q(C) coincides with the connected component of the set

{se rgi(é); st = s}
containing exp(C) and it can also be written as
Q(a) = G¢.exp(C) = {gexp(X)g*: g€ G, X € C}.
(ii) The set Q(é) is an open submanifold of @ and the mapping

¥ Ei(C) = Q(0), [g,X] — gexp(2X)g*
is a diffeomorphism. In particular Z1(C) carries the structure of a complex
manifold.
(iii) There is a natural left action of Te (C) on Q(C) = Z,(C) given by s.x = sxs'.
Ifa C q is open, then the corresponding action map o1 is holomorphic on the
open Semigroup.

Proof. (i) The chain of inclusions
(4.1) {gexp(X)gﬁ: geG, XeC}C Q(a) C{se Fgg(é): s* = s}o

is clear. Thus we have to show that the right hand side of (4.1) is contained in
the left hand side. Take an arbitary element from the right hand side and write
s = gexp(X), where g € G, X € C. Then s* = s entails that

g* exp(Ad(gF) ™. X*) = exp(XF)g* = s* = s = gexp(X),

and so g = g* by the uniqueness of the polar decomposition of T'ge (C). Since the
projection of the right hand side of (4.1) onto G§ obtained by the polar map is
connected, we see that g € {g1 € G$: ¢' = g1}o. Therefore [Lo69, Prop. 4.4]
implies the existence of an element g; € GY such that g = ¢1 g§ and thus

(4.2) 5= glgg exp(X)=qn exp(Ad(g?).X)g? =g exp(Y)g?,
where Y := Ad(g%).X. So s* = s together with (4.2) yields
exp(Y) = g7 's(gr ) = g7 ' s* (91 )F = (g7 's(g1 )P = exp(Y)F = exp(—7(Y)),

soY =—7(Y) and thus ¥ € C Nq=C. Now the assertion follows from (4.2).

(ii) First we show that 1 is bijective. According to (i), it suffices to check
injectivity. Assume that (g1, X1) = ¥(g2, X2) for g1,92 € G§ and X, X, € C.
This means that

919} exp(Ad(g})"1.2X1) = gogh exp(Ad(g5)1.2Xa).

Hence the uniqueness of the polar decomposition entails glg§ = gzgg, ie., h =

g7 g2 € Hy = (G$)™. Thus X, = Ad(¢hg7?). X1 = Ad(h#).X; = Ad(h™1).X; and
s0 [g1, X1] = [g2, Xo]. R

Next we show that di is everywhere regular. We realize Q(C') inside of G¢/Hi ¢
via the inverse of the quadratic representation. Then the mapping 1 is given by
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¥(lg, X]) = gexp(X)Hi c. Denote by m the map G§ x C — Gc, (9, X) — gexp(X)
and by p and 7 the projections p: G{ x C' — E1(C) and 7: G¢ — G¢/Hy,c. We
obtain a commutative diagram

GexC —"  Gg

7 |-
2.(0) —Y— Ge/Hyc

Since ¥ o p = m om and all maps involved are G§-equivariant, we only have to
check that d(m om)(1, X) is onto for all X € C. Denote by Ay, resp. pg, the left
translation by g € G¢ in Gg, resp. Gc/Hi c. Then the differential is given by

d(wom)(1, X)(Y, 2) = &

1—e"
_ —ad(X) - -
dﬂ'(exp(X))d)‘cxp(X)(l)<e Y+ ad(X) Z)
_ ,—ad(X)
1—e 7 Z)
ad(X)

m(exp(tY) exp(X +t2))

t=0
ad(X)

= dptexp(x) (m(1)).dm(1). (e— ad(X) y |
We claim that
1—e" ad(X)
S ad(X)

where pq.: gc — qc denotes the projection of gc onto qc along hc. We establish
(4.3) in two steps.

(4.3) Pac (e‘ 2d(0) g° 4 -q) = qc,

Step 1. pq. (e‘ ad(x).iq) D iq. Since Spec(ad(X)) C R, the Spectral Mapping
Theorem implies that cosh(ad(X)): g — q is an isomorphism. Thus Step 1 follows
from

Pae (672X iq) = cosh(ad(X)).iq = iq.

1—e— ad(X)

Step 2. pqe (W.q) D g. Again by the Spectral Mapping Theorem, the map

%: q — q is an isomorphism. So Step 2 follows from

(1 — e~ 2d(X) ) _ sinh(ad(X))

Pac ad(X) - adX

Step 1 and 2 imply (4.3), i.e., ¢ is a submersion. Finally, dim =;(C) = dim G¢/
H; ¢ implies that di is everywhere regular.

(iii) Using 9, we realize Z1(C) as Q(C) C I'g¢(C) and by the quadratic repre-

sentation as the orbit of the base point in G¢/Hi ¢ under the action of Fgg(é).

Then it is clear how FG§ (5) acts on this space and that this action is holomorphic

whenever C' is open in q. [ |

Since, according to Theorem I'V.3, the manifold Q(CA’) only depends on C' = C Ngq,
we also write Q(C) instead of Q(C).

Proposition IV.4. Let (G5, 7) be a connected symmetric Lie group with Lie alge-
bra (g°,7) and Hy C (GS)™ an open subgroup such that Ho leaves the open cone C
invariant. Put E9(C) := G§ x g, C.
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(i) The inclusion mappings GS/Hy — Z2(C) and Z2(C) — Z5(C) induce iso-
morphisms of homotopy groups

m1(22(C)) = m (E2(C)) = i (G5/Ha).
(ii) If Ho = (GS)", then the mapping
E5(C) — Q1(C) = G5. Exp(C) € T'g5(C), [9,X]— g.Exp X

is a GS-equivariant diffeomorphism and thus Zo(C) inherits the structure of
a complex manifold. Furthermore Q2(C) is invariant under the action of
Fgg(é) on Q2(C) given by s.x = sws* which therefore gives rise to an action
of rgg(é) on Zo(C) by holomorphic mappings. If@ is open, then this action
is holomorphic. Moreover it extends to a continuous action on the closures.
(iil) If Hy C (GS)7 is an open subgroup, then the domain Z5(C) = G§ x g, C
inherits a complex manifold structure via the natural covering map Z2(C) —

~
=/

E5(C) := G5 x(ag)- C. In this case the action of the semigroup T'cs(C) on
Z5(C) lifts to an action on E9(C) with similar properties.

Proof. (i) The homogeneous space G5/ Hs is a deformation retract of Z5(C) via the
homotopy

f: [07 1] X EZ(C) - EZ(C)v f(t7 [guX]) = [97 (1 - t)X]

Hence the inclusion G§/Hs — Z(C) induces an isomorphism m(Z2(C))
1 (GE/HQ)

It remains to prove the corresponding statement for the inclusion E5(C) —
Z5(C). Let z9 € Z2(C) and denote by Q(Z2(C),x0), resp. Q(E2(C),x0), the
homotopy classes of paths v: [0,1] — Z5(C), resp. 7: [0,1] — Z3(C), with 7(0) =
7(0) = (1) =7(1) = zo. Identify m1(Z2(C)), resp. m1(Z2(C)), with Q(E2(C), zo),
resp. Q(E2(C), xo). Denote by [v], resp. [§] the homotopy class of +, resp. [7], and
let X € C. We claim that the mapping

Q(E2(C), o) = QE2(C), x0), Y] — ]
is an isomorphism. To establish surjectivity, we have to show that each path 7 in
=5(C) is homotopic to a path in Z5(C). The map H (s, t) := Exp(s(1 —t)X).7(t)
provides a homotopy transforming ¥ into a path in Z5(C').

>~

Finally injectivity will follow if we can show that [y] = [ys,] implies [Y] = [Va,],
where 7, is the constant path in 9. Let H be a homotopy in Z2(C) transform-
ing 7 into v4,. Then H(s,t) := Exp(s(1 — t)X).H(t,s) is a homotopy in Z5(C)
transforming v into 7.

(ii) Let ¢: Tge(C) — Lge (C') C Ge denote the universal covering homomorphism
and put Q(C) := G¢. Exp(C) C T'g<(C). Then ¢(Q(C)) = G§.Exp(C) = Q(C) is
a submanifold of G¢. If D := kerq = m1(GY) is the kernel of ¢, then this implies
that ¢~ (Q(C)) = D@(C). If digi. Exp X1 = d1g1 Epr19§ =dag2 Eprzgg with
X; € C,d; € D, and g; € G¢, then the uniqueness of the polar decomposition
shows that dlglgg = dggggg, ie., dl_ldg = gg! for g = gz_lgl.

From gg* € D we further conclude that Adge(g) € Adge(Hi), hence that Ad(g)
commutes with 7 and leaves C' C q invariant (Lemma IV.1). This means that

dogs. Exp X2 = d19g* g2 (Exp X2)g5 = dig2gg* (Exp X2)gh
= d1g2g( Exp Ad(g%). X2)gg5 € d1G°. Exp(C).
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So d1G°. Exp(C) intersects doG°. Exp(C) if and only if the two sets coincide. This
shows that the sets dQ (), d € D, are the connected components of the submanifold
a1 (Q(C)) of I‘Gc(a) and in particular complex manifolds.

We consider the natural map

P

(1]

(C)=G"xp C — Q(C), [g9.X]+— gExp2Xg-.

We note that it is surjective and well defined because h € H implies that h* = b1
so that A1 (Exp2Ad(h).X)(h')* = h=!(Exp2Ad(h).X)h = Exp2X. Further-
more, (i) implies that ¢ o ¢: Z(C) — Q(C) is a submersion because it factors over
the covering map =(C) — Z1(C). To see that it is injective, we note that the
injectivity of ¢ shows that ¥([g1, X1]) = ©¥([g2, X2]) implies that X; = X, and
q(g1) = q(g2), i.e., g2 € g1 ker ¢. From that we conclude Ad(g;) = Ad(g2) and thus

(g1, X1]) = g1(Exp2X1)gt = g1} Exp (2 Ad(gﬁ)‘l-Xl)
= glgg Exp (2 Ad(gg)_l.XQ)

implies that g1g§ = gggg. Hence d := gl_lgg satisfies dd* = 1, i.e., d € H. So {/)v is
injective and hence a diffeomorphism.
Let D C G° be a discrete central 7-invariant subgroup with G§ = G/D and

~

Hy = (G$)7. Further let I'gg(C) be the corresponding complex Ol'shanskii semi-

group and put Q2(C) := G5.Exp(C) C ng(é). Then we have the universal

covering map ¢z: Ige(C) — Lgs(C) satisfying ¢2(Q(C)) = GS.ExpC = Q2(C).
Furthermore the following diagram commutes:

This shows that s is a surjective submersion. If 2([g2(g1), X1]) = ¥2([q(92), X2]),
then g¢2(g1.ExpX1) = ¢2(g2. Exp X2) implies that there exists d € D with
dgy. Exp X1 = go. Exp X5. Then the uniqueness of the polar decomposition yields
Ad(g%)_l.Xl = Ad(gg)_l.XQ and dglgﬁ = gggg. This means that g := g; 'go sat-
isfies gg* € D, i.e., q2(g9) € (GS)™ = Ha, so that [g(g1), Xa] = [q(g2), X2] holds in
=2(0).

(iii) Let Z5(C) := G5 X(gg)~ C and note that the natural map Z3(C) — Z5(C)
given by [g, X] — [g, X] is a covering map whose group of deck transformations is
given by (G§)™/Hz. Thus E9(C') carries a unique complex structure for which this
covering map is holomorphic.

We write gy: T'ge(C) — rgg(é) for the universal covering map. In (ii) we have
seen that we have a natural action of I‘Gc(a) on Q(C) = Z(C) by holomorphic
mappings. Furthermore we have the covering map ¢o: Z(C) — E5(C) whose group
of deck transformations is given by Hy/H = mo(Hy) for Hy := G5 '(Hs). So it

~

suffices to show that the action of T'ge(C) on Z(C) factors over ¢z to an action of
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Tas (6) on Z5(C), i.e., we want the following commutative diagram:

Tee(C) xE(C) —Z— E(C)

l(?g X q2 lq2
ng (6) X EQ(C) - EQ(C)

So let gy € kergo. Then gy € Hy N Z(GS) and for [g, X] € Z(C) we then have
9019, X] = [90g, X] = 990, X], i.e., go acts on E(C) as an element of 71 (Z(C)) =
H,/H. This shows that go induces the identity on Z5(C), hence that the action of
Ige(C) on Z(C) factors to an action of Fgg(a) on Zo(C). |

V. SPHERICAL REPRESENTATIONS OF REAL OL’SHANSKII SEMIGROUPS

Throughout this section (G€¢,7) denotes a simply connected Lie group with Lie
algebra (g, 7) and C' C q an open convex hyperbolic Inng (h)-invariant convex cone.
Note that the existence of such a cone implies that (g, 7) is quasihermitian, that
Chin € Ciax holds for a positive p-adapted system A (cf. [KN96, Th. V1.6]), and
that C' C Whax (cf. [KN96, Th. X.2]).

In this section we investigate general properties of spherical representations of
the group G¢ which are related to representations of the semigroup I'y(C). In
particular we will see that the existence of such representations with discrete kernel
has consequences for the structure of the group G¢ and that such representations
can always be realized in certain spaces of holomorphic functions on the domain

E(C). The main result describing this realization is Theorem V.8.

Definition V.1. Let H be a Hilbert space.

(a) A representation (w,H) of T'y(C) is a weakly continuous semigroup homo-
morphism 7: I'g(C) — B(H) satisfying m(s*) = 7w(s)* for all s € T'y(C). We
always assume that (m, H) is non-degenerate, i.e., span{m(I's(C)).H} is dense in
H. If C C § is an open convex hyperbolic Inngc(h) invariant cone, then a holomor-
phic representation (7w, H) of ch(é) is a holomorphic semigroup homomorphism
7: Tge(C) — B(H) satisfying 7(s*) = m(s)* for all s € ['ge(C).

(b) Let (7, H) be a representation of I'y(C). The Liischer-Mack Theorem (cf.
[HiNe96, Th. 3.1]) provides a unique unitary representation 7¢: G¢ — U(H) satis-
fying d7rc|h = dnly and dn°(iX) = idn(X) for all X € C. We say that 7° extends
to 7 if 7€ is obtained from 7 via the Liischer-Mack Theorem. The analytic vectors
H* of (m,’H) are defined as the analytic vectors of (7¢, ).

If C is open and FGC(C) also acts on H, then 7(s).H C H*“ holds for all s €
Ty (C) (cf. Proposition A.5). We endow H* with the finest locally convex topology,
making all the maps 7(s): H — H¥, s € I'y(C) continuous. If this condition is
not satisfied, then one can also define a natural topology on H“ which in general
is more complicated to describe (cf. Appendix). We write H~¢ for the space of
continuous antilinear functionals H*¥ — C and endow H™* with the strong dual
topology. Then there is a natural chain of continuous inclusions

(5.1) HY — H — H™.
An element of H™¢ is called a hyperfunction vector of (w,H). The representation

(m,H) of T'y(C) naturally extends to a representation (7=« H™“) of 'y (C) by
setting (77%(s).v)(v) := v(n(s*).v) for all s € Ty (C), v € H™% and v € H.
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(c) Let (7w, H) be a representation of I'y(C) and x: H — C* a character of
H. We write (H~¢)#X) for the set of all v € H~% satisfying 7=¢(h).v = x(h).v
for all h € H. A representation (m,H) is called (H, x)-spherical if there exists a
cyclic vector in v € (H~%)H:X), If y = 1 is the trivial character, then (7, H) is
called spherical. Since the orbit maps H — H“ are continuous with respect to the
topology on H* (cf. Lemma A.4), each character x of H for which (H~*)#X) is
non-zero is continuous. |

For the proof of the following lemma we recall the definition of the following

cones, resp. vector spaces, associated to a convex set C' in a real vector space:
lim(C):={veV:v+C CC}
and
H(C):={veV:v+C=C}=1lm(C)N -1lm(C).

We call a symmetric Lie algebra (g,7) admissible if q contains an open convex
hyperbolic Inng(h)-invariant subset which does not contain any affine subspace.
Lemma V.2. Let (7, H) be an (H,Xx)-spherical representation of I'y(C). If we
define an action of H on the function space CC by (h.f)(X) := x*(h) f( Ad(h)~'.X)
for X € C, h € H, where x*(h) := x(h™1), then the following assertions hold:

(i) To each cyclic v € (H=)HX) corresponds an H -equivariant injective linear
map

L, H® = C% v (X (v, 7(Exp X).v)).

(ii) Denote by biso = 35(q) the mazimal ideal of g contained in b. If, in addition,
(m, H) has discrete kernel, then
(a) (g,7) is admissible, and
(b) if, moreover, w is irreducible, then the isotropy algebra Biso s a central,
at most one-dimensional direct factor of g.

Proof. (i) The linearity of I,, is obvious and injectivity follows from the cyclicity of
v. Let X € C, h € H and v € ‘H. Then the H-equivariance follows from

L, (w(h).v) = v(r(Exp(X))mw(h).v)
= v(m(h)m(Exp(Ad(h)~1.X)).v) = (7=« (h=1).v)(m(Exp(Ad(h)~1.X).v))
— X (B AAR X)) = (hdy (0)(X).

(ii) Let I3 C g* denote the convex moment set of the representation m, i.e., the
closed convex hull of the set of all linear functionals of the form X — (dn(X).v,v),
where v € H™ is a unit vector. Now the boundedness of the operator 7(Exp X),
X € C, implies that C C —B(I9) := {X € q: sup(I}, X) < oco}. If I, C q* is
the corresponding moment set of g¢ and pq: ¢ — q the projection along i, then
I3 = py(I), and so

(INtNng=TIrnqg=kerdrng={0}
([Ne98, Prop. VI.1.8]).

Hence I C g* is a generating convex subset. Furthermore the assumption that
C has interior points implies that B(I%) is generating, i.e., that I3 contains no
affine lines.
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For X € C let s(X) :=sup(I%, X). Then [Ne98, Prop. IT1.5.10(ii)] shows that

C= U Cp, where Cp, ={X¢€C:s(X)<m}’
meR

It is clear that limC,, = limC,, C (I3)*, hence that H(C,,) C (I%)* = {0}.
Thus C, is an Inng(h)-invariant open convex subset which in addition satisfies
H(C,,) = {0}, and so [KN96, Th. VL6(iii)] implies that the symmetric Lie algebra
(g, 7) has strong cone potential and is admissible (cf. [KN96, Def. VI.4(b)]).
Denote by His, the analytic subgroup of G€¢ corresponding to hiso. Then (i)
implies that 7¢|p, . = X|m,.. - idx. Since ker is discrete, it follows that bs, is at
most one-dimensional and hiso C 3(h). Thus hiso C 3(g) and it remains to show
that hiso is a direct factor. If g is reductive, then this is obvious. Otherwise the
nilradical u of g is non-central. From the fact that (g, 7) has strong cone potential,
we get that 3(g) Ng =3(g) Na # {0} (cf. [KN96, Def. V.1]). If, in addition, (7, H)
is irreducible with discrete kernel, then Schur’s Lemma implies that 3(g) is at most
one-dimensional, hence contained in q. Therefore h;s, = {0} proves (b). |

Remark V.3. In the setting of Lemma V.2(ii) we have seen that (g, 7) is admissible,
so that [KN96, Th. VI.6] implies in particular that (g,7) is quasihermitian. Since
it is also effective up to a direct central factor in b, it follows from [KN96, Th.
VL6, Prop. VIL.2] that h° is compactly embedded in g. Now the assumptions of
[KN96, Th. X.7] are satisfied, thus (gc,7) is quasihermitian and C' extends to a
convex hyperbolic {Inng, (6), —7 }-invariant hyperbolic open cone C in § satisfying
cn qg=C.

In particular there exists a maximal hyperbolic Lie triple system p C q extending
p, a maximal hyperbolic subspace @ C p extending a, and a p-adapted positive
system At such that At|, = AT (cf. [KN96, Prop. VIL12, Th. VIIL1]) and Cpin C
CNq C Ciax. Furthermore, there exists a unique closed convex hyperbolic invariant
cone /Wmax C q which is (—7)-invariant and satisfies /Wmaxﬁq = Whax. In particular
we have C - /Wmax. [ |

Proposition V.4. Let (m,H) be an irreducible representation of Ty (C). We as-

sume that either m is (H, x)-spherical with discrete kernel or that C C Wr% Then

the following assertions hold:

ax”*

(i) The representation (mw,H) extends to a holomorphic representation (7, H) of
Lge (Wrglax)' e

(ii) The analytic vectors are given by H* = 7(Tge(W2..))-H.

Proof. We have seen in Remark V.3 the assumption that 7 is (H, x)-spherical with
discrete kernel implies that g¢ is quasihermitian and that C' C Wgax holds for a
suitable t-adapted positive system A+,

(i) The inclusion C C W2 _ means in particular that iC lies in the interior
of the set of elliptic elements of g°. In view of this and Lemma V.2(ii)(b), the
assumptions of [HiNe96, Th. 3.6] are satisfied and (i) follows from [HiNe96, Th.
3.6, Th. B] because the discrete kernel assumption made in [HiNe96, Th. B] is only
used to ensure that the cone B(I) is weakly elliptic.

(ii) This follows from Proposition A.5. |
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)-equivariant

max

According to Proposition IV.4, there exists a holomorphic I'e (WO

V) By the simple connectedness of

Tge(W2,,) and Z(W2,.) this mapping lifts to a map p: F'ge (Wiax) — Z(Wimax)
with the same properties. Thus we obtain a commutative diagram:

submersive map p;: I'ge (Wgax) — Z (W2

—

1—‘lGC (Wmax) L’ E(Wmax)

(5.2) la lq
Pt (Winax) —2— E1(Winax)

1
Note that, since p is submersive, the fibers p~1([g, X]) are complex submanifolds
of FGC (ﬁ/\l?lax)'

Let M, N be complex manifolds. Denote by Hol(N, M) the space of all holo-
morphic maps f: N — M. Suppose that a group G acts by holomorphic mappings
on N and M. Then G acts on Hol(N, M) via (g.f)(n) := g.f(g"1.n) for g € G,
n € N. We write Hol(N, M)% for the set of G-invariant elements in Hol(M, N),

i.e., for the G-equivariant maps N — M.

Lemma V.5. Let M be a complex manifold, U C Z(W2
let V.C Tge(W2,..) be an open set invariant under the right H-action, such that
p(V) =U. Let H act trivially on U. Realize U inside QW) (cf. Proposition
IV.4(ii)). Then the push down mapping

(plv)s: Hol(V, M) — Hol(U, M), f = f: g Exp(2X)g* > f(gExp(X))

*

) be an open subset, and

is well defined and bijective. Its inverse is given by the pull back (p|v)* of plv: V —

U. In particular, we have Hol(Tge (WO, ), M)H = Hol(E(W?°,_.), M).

max max

Proof. Since f is H-fixed, the map fis well defined. We claim that fis holomor-
phic (cf. Theorem IV.3(ii)). As the assertion is purely local, we may assume that
Tae(W0,,) € Ge. Fix go Exp(2Xo)gh € U and go Exp(Xo) € V. As p|V: V = U
is a holomorphic submersion, p|V admits local trivializations. In particular, we
find open connected neighborhoods Uy C U and Vi := (p|y)~'(U;) C V of
9o Exp(ZXO)gg, resp. go Exp(Xp), such that V4 is biholomorphically equivalent to
Uy x W, where W C C™ is an open set, and p|V;: Uy x W — Uy is given by the pro-
jection onto the first factor. We define a holomorphic map fi on V4 by fi(z,w) :=
flz,wo), where wo € W is defined by go Exp(Xo) = (go Exp(2X)gh, wo). We claim
that f|y, = f1. Let B be a convex open neighborhood of 0 in §. Then we find open
connected neighborhoods Uy C Uy, resp. By C B, of go Exp(2X0)gg, resp. 0, such
that

Vo == (Ur x {wo}). Expy, (B +iB) = Uy x (wo. Expp, (B +1iB)) C V1.
Note that V5 is connected, has non-empty interior and contains go Exp(Xj). Let
z € Uy and h € Expy, (B) C H. Then the right H-invariance of f and (z,wo).h =
(z,w") imply that

f((@,wo).h) = f(z,wo) = fi(z,wo) = fi((x,wo).h).
Thus fi and f coincide on the neighborhood (Uz x {wo}). Expy, (B) € Vi of
go Exp(Xo). As f and f; are holomorphic on Vi, the Identity Theorem for Holo-

morphic Functions implies that f|V; = f1. Thus f|V; is independent of the second
variable.
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By construction, we have go Exp Xo € V4 N G°Exp(W2,. ). As Vj is open, we
find an open neighborhood Us C U; of gg Exp(2X0)gg and a mapping v: Us — W

such that (z,v(x)) € G Exp(W2,,) for all z € Us. By the definition of f, we have

(5.3) f(@) = flz,v(x)) = f(z,wo)

for x € Us. Hence ]? is holomorphic on Us C Uj, and therefore holomorphic as
9o Exp(ZXO)gg was arbitrary.

It follows from (5.3) that f = 0 if and only if f = 0, hence (p|v). is injective.
As the pull back of a holomorphic function on U is clearly holomorphic on V', the
lemma follows. ]

Lemma V.6. Let (7, H) be a holomorphic representation of I'ge (Wgax) and con-
sider the I ge (W2 ., ) xTge (W2, )-action on Hol(Tge (W2,.)) given by ((s1, s2).f)(s)
= f(s3ss1). Then all hyperfunction matriz coefficients are holomorphic and the

sesquilinear map

o~

H™ x H™Y — Hol(Dge (W2a))s (A ) = s s = (AT 9(s%).0)

is Tge(WO,.) x T'ge (W0

max

)-equivariant.

—

Proof. Since =% (Ige (W),

max
7a,, are defined. Next we show the I'ge(W),

g max
S,81,82 € I‘GC(WO

max

) H~ ¥ C H¥ (cf. Definition V.1(b)), the functions
) X FGC (WO

§ ax)-€quivariance. Let

) and A, € H™%. Then the equivariance follows from

3
3
|
€
0
=
byt
>
5
|
€
—~
o
0
®
—
»
~
—
|
€
—
»
—
~—
>
=N
|
€
—
»
*
~
>
|
€
—
»
V)
~
=
~

max)'
According to [HiNe93, Th. 3.20], we find an open neighborhood U C Ige (ﬁ/\gax)
of s, an open set V C I'ge(W2,, ), and elements s1, s2 € U such that ¢: U — V,
s +— $1882 is biholomorphic. Then for all s € U the I'ge(W2,.) x T'ge(W2

max) -
equivariance implies that

It remains to show that all my ,,, A, u € H™%, are holomorphic. Fix sg € I'ge (Wo

T (0(5)) = Tau(51552) = Ta-w(53) 7w (s7).u(S)-

Now 7% (s2).\, 7 “(s7)..x € H, the holomorphy of (7, H), and the holomorphy of
@~ imply the assertion. [ ]

Fix a continuous character x: H — C* and consider the left action of H on (G° x
WO )xC,resp. Tge(W?P. )xC, given by h.(g, X, 2) := (gh~ !, Ad(h).X, x(h)~!.2),

max max

resp. h.(s,z) = (sh™%, x(h)~1.z). Denote by (GxWY, )xxC, resp. Tge(W2, )xg
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C, the corresponding quotient spaces. Then we obtain a commutative diagram
(Ge x W0

max )XHC

I I

o~

) X C —— Tge(W9

max

(54) E(Wr(r)lax) — Tge (ng)lax)/Hu
[guXu Z] - [gEXp(X)7Z]
lg, X]  E— gExp(X)H

Lemma V.7. Let (m,H) be an irreducible (H, x)-spherical representation of 'y (C)
with discrete kernel.

(i) To each 0 # v € (H~<)HX) corresponds an analytic line bundle struc-
ture for a: Tge(W2. ) xg C — Tge(W2,.)/H such that the restriction o :

(Ge x WO,.) xu C — Z(W2..) is a holomorphic line bundle with respect

max
to an appropriate complex structure. Here H acts on Tge(W02, ) x C by
h.(s,z) = (sh™!, x(h)7'.2).

(i1) The holomorphic sections

" (E(Wigax)s X)
= {s5: E(Way) — (G x W,) xu C: s holomorphic, aos=idzmwo ,}

max max
of a are in one-to-one correspondence with the (H, x)-semi-invariant holo-

morphic functions

Hol(Tge (W),

max

= {f € Hol(Dge (Wiax)): (V5 € Dae (Wia))(Vh € H) f(sh) = x(h) f(s)}.

))(H»c)

The correspondence is given by

Hol(Tge (W) ) — THMEW ) X)s f = 72 9, X] = [9. X, g Exp(X))].
Proof. (i) According to Proposition V.4(i), (7, H) extends to a holomorphic repre-
sentation (7, H) of I'ge (W&ax). Fix 0 # v € (H~«)H#:X), For each v € H we define
an element o, € Hol(T'ge (W&ax))(H’X) by 0,(s) := v(7(s)*.v). As every operator
7(s), s € Tae(W0,.), is injective and has dense range, the family {o,: v € H} has
no common zeros on on Dge (W2, ).

First we show that @ is an analytic line bundle. Fix sg € T'ge (/V[Z?lax) /H. Since
{o,: v € H} has no common zeros and consists of x-semi-invariant functions,
we find v € H and an open neighborhood V' of so such that o,|; has no zeros,
where V denotes the inverse image of V under the quotient map I'ge (Wgax) —

Tge (Wgax)/H. The mapping
pv:a (V) =V xC, [s,2]— (sH,0,(s)"'.2)

yields a trivialization of @~ (V). We claim that the oy give rise to an analytic line
bundle structure. Let U,V C T'ge(W?. )/H be open subsets with U N’V # () and
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u,v € H such that oy|z, oy|;; have no zeros. Then the corresponding transition
function is given by

puopy (UNV)xC— (UNV)xC, (sH,z)— (SH, UU(S).z).

Since
o,(8)
o (8)

(5.5) UNV — GL(1,C) 2 C*, sH +—

is analytic, the claim follows.

Finally, Lemma V.5 and (5.5) show that the restricted line bundle « is holomor-
phic.

(ii) This follows from Lemma V.5 and the line bundle structure given in (i). m

According to Lemma V.7(ii), we can define a I‘GC(W

0 < )-left action on
THEWRa)s x) by

(s-s7)(lg, X]) == [g, X, f(s"g Exp(X))].

We equip Hol(FGc(Wgax))(H X) with the topology of compact convergence and
transfer this topology via the correspondence of Lemma V.7(ii) to T*(Z(W2..), x).

Theorem V.8. Let (w, H) be an irreducible representation of I'y(C) and suppose

that C' C Wr?lax Then the following statements are equivalent:

(1) (m,H) is (H, x)-spherical.

(2) The representation (m,H) extends to a holomorphic representation of
g (Wmdx) and there ezists a continuous I'ge (W&ax)-equivariant injective lin-

ear map r: H — THEWL,), x)-

Proof. (1) = (2): First we note that, in view of our assumptions, Proposition V. 4(i)
implies that (7, H) extends to a holomorphic representation (7, H) of Tge (W2, ).
Let 0 #£Av e (H“")(H X) be a cyclic element and consider the mapping

r:H — Hol(T'ge (Wgax))( Xy (s — v(@(s)"v)).

In VleW of Lemma V.6, this map is well defined. It is clear that r is injective,

Tge (Wmdx) equivariant and linear. We show that it is continuous. Let v,, — v in

H and r(v,) — f in Hol(I‘Gc(Wr%aX))(H7X). As r(v,) — r(v) pointwise, we have
r(v) = f. Hence continuity follows from the Closed Graph Theorem. In view of
Lemma V.7(ii), this proves the assertion.

(2) = (1): Let r: H — THEW?

max)

X) be as stated in (2), and v € H¥. In
), x) with Hol(FGc(ngaX))(H,x)

)and w € H
) such that

view of Lemma V.7(ii), we may identify T'"*(Z(W2

max

According to Proposition V.4(ii), there are elements sg € I'ge (WO

with v = 7(sp).w. By [HiNe93, Th. 3.20] we find s1,s2 € FGC(I;IH/E;X
Sg = S182. Then
r0)s) = (i (s0)-0)(5) = r(i(s1) (s2)-)))
z(sl.r(ﬂ'(sQ).w))(s) r(7(s2).w)(s]s)

entails that r(v) extends to a continuous function r(v) on Tge(W2,,) satisfying
r(v)(1) = r(7(s2).w)(s7). Now the prescription v(v) := r(v)(1) defines an element
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of H™%. Moreover the equality
(W_“(h).u) (v) = v(r(h) "t w) = r(x(h) "L w)(1)
= (™1 r(v) (1) = r(v)(h) = x(h)r(v)(1) = (x(h)-v)(v)

for v € H*, h € H, shows that v € (H““)(H7X). As v is the evaluation in 1,
injectivity and equivariance of r show that v is cyclic. [ ]

VI. SPHERICAL HIGHEST WEIGHT REPRESENTATIONS

Definitions and elementary properties. The following lemma is crucial. The
assumption on (g,7) stated there will be assumed for the whole section. Also
we will assume from now on that (g, 7) is effective. The following lemma should
be compared with Remark V.3 which discusses the structural consequences of the
existence of an irreducible spherical representation with discrete kernel.

Lemma VIL.1. Let (g,7) be a symmetric Lie algebra and p C q a mazimal hy-
perbolic Lie triple system. Let € D ip + [p,p] be a mazimal compactly embedded
subalgebra of g°. Assume that there exists an element Xo € i3(€°) N q such that
3gc(iX0) = €°. Then the following assertions hold:

(i) (gc,7) is quasihermitian.

(i) (g,7) is quasihermitian.

(iii) Let a C p be a mazimal abelian subspace containing Xo. Then there exists a

compactly embedded Cartan subalgebra t¢ of g¢ such that ia C t¢ C £°.
(iv) Let A = A( &, 0c), A= A(a,g), and AT be any positive system such that

Af i={a e A,: a(Xq) > 0}.

Then AT is €-adapted and AT := (AT|a)\{0} is a p-adapted positive system
of roots.

Proof. (i) This follows from € C 34c(3(8°)) C 34-(:X0) = £, in view of Definition
L.2(b).

(ii) First we note that €° is 7-invariant because 7(Xy) = —Xo, and hence that
£ can be written as a direct Lie algebra sum € = € & (ip + [p, p]), where £ C b
because 1£°Nq is a hyperbolic Lie triple system in g containing p, and hence coincides
with p. From the maximality of p we conclude in particular that Xy € p and that
13(p) C 3(€°). Now the assertion follows from

ip C 3iq(13(p)) S 3gc(Xo) Nig = £ Nig = ip.

(iii), (iv) This is an immediate consequence of (i) and (ii) and Definition I.1(d)-

(f). |

Remark VI1.2. Even though it might seem to be quite restrictive, the assumption
of Lemma V.1 is quite natural. For instance let (g, 7) be a symmetric Lie algebra,
C' C q an open hyperbolic cone, and T'y(C) the corresponding real Ol’shanskil
semigroup. If 'y (C) admits an irreducible (H, x)-spherical unitary representation
with discrete kernel, then Lemma V.2(ii) together with [KN96, Th. VIII.1] implies
that the condition of Lemma VI.1 holds for any X, € C2__ N 3(p). |

Definition VI.3. Let (g, 7) be a symmetric Lie algebra and €, a, t©, A+ and A+
as in Lemma VI.1.
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(a) For a gc-module V and § € (t&)* we write
VA ={veV: (VX e tQ)Xw=p3(X)v}

for the weight space of weight 3 and Py = {3: V7 # {0}} for the set of weights of
V.

(b) Let V be a gc-module and v € V* a t&-weight vector. We say that v is a
primitive element of V (with respect to A't) if g¢.v = {0} holds for all o € ATt

(c) A gc-module V is called a highest weight module with highest weight A (with
respect to 3"’) if it is generated by a primitive element of weight .

(d) Let A € it“* be dominant integral w.r.t. ﬁg and F'()\) the corresponding
irreducible £¢-module of highest weight A\. We define the generalized Verma module
by

N(A) :=U(gc) ®ueerp+) F(N).

Note that N(A) is a highest weight module for U(gc) with highest weight . We
denote by L(A) the unique irreducible quotient of N(A).

(e) Let G° be a connected Lie group with Lie algebra g¢. We write K¢ for the
analytic subgroup of G¢ corresponding to £¢. Let (7€, H) be a unitary representation
of G¢. A vector v € H is called K°-finite if it is contained in a finite dimensional
K°-invariant subspace. We write HX " for the space of analytic K °-finite vectors.

(f) An irreducible unitary representation (7€, H) of G¢ is called a highest weight
representation w.r.t. A+ with highest weight \ € it¢* if HX"* is a highest weight
module for g¢ w.r.t. AT and highest weight A. We write F()) for the lowest K¢-
type, i.e., the K°-submodule generated by a highest weight vector. Assume that G¢
is simply connected. We then say that the irreducible highest weight module L(\)
is unitarizable if there exists a unitary highest weight representation (7§, Hy) of G¢
with Hf\(c’“’ = [(\) as ge-modules.

(g) If L(\) is unitarizable, then the corresponding unitary representation of
(75, Hx) of G€ is called singular if the natural map N(A\) — L(A) has a non-trivial
kernel and non-singular otherwise. [

As before G¢ denotes a simply connected Lie group with Lie algebra g¢ and
H = (G°)7 is the fixed point group of 7 in G°.

The following lemma furnishes a bridge between semigroup representations and
highest weight representations. We recall the Liischer-Mack correspondence 7 — 7°
from Definition V.1.

Proposition VI.4. Let § # C C q be an Inng(h)-invariant open conver cone
and At be a positive ¥¢-adapted system such that C C ngax. Then the mapping
7w — w¢ provides a bijection between the irreducible (H, x)-spherical representations
of T (C) and the (H, x)-spherical highest weight representations of G¢ w.r.t. A+,

Proof. Let (m,H) be an irreducible (H, x)-spherical representation of 'y (C). Ac-
cording to Proposition V.4(i), the representation 7 extends to a holomorphic repe-
). Since W\max Cqisa
hyperbolic cone and all the operators dn(X), X € ﬁ/\max, are bounded from above,
[HiNe96, Th. 3.4] shows that (7¢,H) is a highest weight representation of G¢ w.r.t.
A*. Obviously, (7°, H) is (H, x)-spherical.

sentation 7 of the complex Ol'shanskif semigroup I'ge (W2,
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Conversely, let (7€, H) be a unitary highest weight representation of G° w.r.t.
AT and note that

WO, C{X €q: dr°(X) bounded from above}

(cf. [HiNe96, Th. 3.6(ii)]). According to [HiNe96, Th. B], (7°,H) extends to a
holomorphic representation (7, H) of I'ge(W2,,). Hence 7 := T|r,, ¢y is an (H, x)-

spherical representation of I' g (C'). |

For the following proposition we recall the definition of the group Hg :=
exp(h Ne) C G-

Proposition VI.5. Let (7§, Hx) be an (H, x)-spherical highest weight representa-
tion of G¢. Then the following assertions hold:

(i) dim(H;*)HX) = dim F(A\)HxXT ) = 1,

(ii) The restriction mapping

(H;\w)(H,X) s F()\)(HK,X*| HK)’ U V|F(>\)
is a linear bijection.

Proof. (i) In view of Lemma II1.5, we have I'y, (Wiax) € H1AN C G1. Hence the
same argument as in the proof of [HiNe96, Lemma 4.6] implies that each primitive
element vy € H) is cyclic with respect to the action of the group H. From that it
follows directly that the map

(Hy )Y =€, v v(oy)

is injective. Using that (7r§| ke, F ()\)) is a highest weight representation of K¢, one
similarly shows that the mapping

FO)HNEXT moxe) €, v s v(vy)

is injective. This proves (i).
(ii) This is a direct consequence of the proof of (i). |

It is interesting to see how the conclusion of the preceding proposition is related
to Theorem IL.11. To explain this connection, let p = 7{’: K& — B(F(X)) be
the irreducible holomorphic representation of K¢ defined by the dominant integral
weight A and consider the corresponding smooth action of G¢ on Hol (D, F()))
given by (2.1):

(m(9)-£)(2) = Jp(g™" 2) 7" f g™ 2).

Differentiating this action leads to an action of the Lie algebra gc on the same
space. It turns out that the subspace of the constant functions is isomorphic to
F()) as a t&-module, and that it generates a ge-submodule isomorphic to L(A), the
irreducible highest weight module with highest weight A. If, in addition, L(}\) is
unitarizable, then we even obtain a G-equivariant embedding Hx < Hol(D, F(X)).

We have already seen in Theorem I1.11 that the H-eigenfunctions in Hol(D, F(X))
can be classified by the Hg-eigenvectors in F(A\) which reduces the classification
problem on the level of holomorphic functions to the representation theory of the
compact Lie algebra £°.

Let K.: Hyx — F(\), f — f(z) denote the point evaluation in z € D. Then
the mapping ®: D — B(’HA,F(/\)),z — K7 is holomorphic (cf. [Ne98, Lemma
AIL.11]) and therefore for each v € F(\) the mapping D — Hy, z +— K} is
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antiholomorphic. From that we conclude that K¥.v € HY for all z € D, v € F(\).
Now let v € H,“. Then we define

fr:D—=FQ) by (fu(2),v) = K v)
for all v € F(\). For each s € S :=Tge (ﬁ/\max

(fu(s.2),v) = (v, KX, .v).

Since the semigroup S acts also on D by

) we then have

= log (k(n(s) exp 2)),

wheren: S — Cic is the natural homomorphism, we obtain a holomorphic extension
of the cocycle J: G¢ x D — K¢ to J: § x D — K§, and hence an action of S on
Hol (D, F(\)) is given by

(5.£)(2) = Jo(s™,2) 71 f (5" .2).

Furthermore the semigroup S acts by bounded operators 7 (s) on the Hilbert space
‘H, and we have

Ko %)\(S) = JP(S*aZ)_l o K-z,
e, Ky, =J,(s,2)K, oTx(s*). Therefore

(fu(s.2),0) = (v, K, > (v, (J(s
= (v, m( VK Tp(s,2)"

s,2) K, 07\ (s%)) " w)
v) =
= (J,(s,2)K..(v o 7a(5)), ).

(vomx(s), K:J,(s,2)"v)

Hence the holomorphy of the mappings z — J,(s, z) and z — K, implies that this
expression depends holomorphically on z, hence that f,, is holomorphic. Further-
more

(fsr(2),v) = (s, K;v) = (v, T)(s") K} .v)
= (0, K5 LTy (5%,2) ") = (o™, 2) 7 fu(57.2), 0)
= ((s-fv)(2), ),
i.e., v f, is S-equivariant. So we obtain an S-equivariant embedding
Hy“ — Hol (D,F()\), v f.

Using this embedding, it is clear that the conclusion of Proposition V1.5 follows from
Theorem I1.11. The interesting point in the preceding construction is that Theorem
II.11 always guarantees the existence of H-invariant holomorphic functions when-
ever F'(\) is a spherical K“module. For singular highest weight representations
(mx, Hy) it is not true in general that H ) is spherical whenever F'()\) is. In terms of
the picture explained above, the corresponding H-invariant holomorphic function is
not contained in the closure of the Hilbert space when it is realized by holomorphic
functions on D. For more details on these problems for the special type of Cayley
type spaces we refer to [HiNe97].

Proposition VI.6. Let (75, Hy) be an (H, x)-spherical highest weight represen-
tation of G°. Then (m§|Kk<, F(N) is (Hx,X"|Hx)-spherical and Az = dx*|e -
Moreover x*|m, 1is unitary, hence coincides with x|, -
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Proof. The first assertion follows from Lemma VI.5(i). For the second one let
0# v e F(A)H<X7l 7). Then we obtain for all X € { that

(x(exp(X)).v, va) = ((75) " (exp X).v, v2) = (v, 75 (exp —X).v2)

= (e M) 0y) = ) p(uy).

In view of v(vy) # 0, this proves the assertion. Finally the unitarity of x*| g, follows
from the fact that K¢ acts unitarily on F'(\) and that F(\) is x*| g, -spherical. m

APPENDIX. ANALYTIC VECTORS AND SEMIGROUPS

In this appendix (7, H) denotes a continuous unitary representation of the Lie
group G with Lie algebra g on the Hilbert space H. We write H¥ C H for the space
of analytic vectors, i.e., v € H¥ means that the orbit map G — H,g — =w(g).v is
real analytic. It is clear that H¥ C H>.

In this section we discuss a natural topology on the space H* and some of its
properties.

If v € HY¥, then there exists an open connected 0-neighborhood U C g¢ and a
holomorphic map v, v: U — H with v, (0) = v and v, y(X) = w(exp X).v for
X € UNg. Let Hy € 'H denote the subspace of all elements v for which v, 7 exists.
Then we have a natural linear embedding

nu: Hy — Hol(U,H), v— vu.

Lemma A.1. If we endow the space Hol(U, H) with the topology of uniform con-
vergence on compact subsets of U, then the image ny(Hy) C Hol(U, H) is a closed
subspace of the Fréchet space Hol(U, H), hence inherits the structure of a Fréchet
space.

Proof. First we note that the topology of uniform convergence turns Hol(U, H) into
a Fréchet space. Since U can be covered by countably many compact subsets, it is
clear that the topology on Hol(U, H) is defined by a countable family of seminorms,
hence locally convex and metrizable. To see that it is complete, we first observe
that every Cauchy sequence (fy,)nen in Hol(U, H) converges uniformly on compact
subsets of U to a continuous function f: U — H. Then f is weakly holomorphic
and locally bounded, hence holomorphic. This proves that Hol(U, H) is complete,
i.e., a Fréchet space.

To see that ny (Hy) is a closed subspace, let 7, v — f hold in Hol(U, H). Then
Yon,U(0) = v, — v := f(0) and hence

f(X) = lim 7, v(X)= lim w(exp X).v, = w(exp X).v

for all X € UnNg. This means that f = v, v = nu(v). Thus ny has a closed
image. [ |

In view of Lemma A.1, we obtain on each of the spaces Hy a Fréchet space
structure. If U; C U,, then Hy, — Hy,. That this inclusion is continuous fol-
lows from the fact that locally uniform convergence on Uy implies locally uniform
convergence on the smaller domain Uj .

Since H®“ is the union of the subspaces Hy, we can endow it with the finest
locally convex topology which makes all the maps Hy — H®Y continuous.
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Lemma A.2. A linear mapping A: H¥ — V into a locally convex space V is
continuous if and only if it is continuous on all the subspaces Hy with respect to
their Fréchet space topology.

Proof. This is an immediate consequence of the definition of the topology on H“.
]

We write H™“ for the space of antilinear continuous functionals on H¥, i.e.,
those functions on H* which are continuous on each space Hy with respect to its
Fréchet topology. Since all the inclusions Hy < H are continuous, Lemma A.2
shows that the inclusion H“ — H is continuous. Its adjoint yields a continuous
map H — H~“ which is injective because H* is dense in H. Thus we have natural
inclusions

HY — H—H™
which are equivariant with respect to the natural actions of G and g¢.

Proposition A.3. Let X € g be such that Spec (z : dﬂ'(X)) is bounded from above.

Then the subspaces H* and H* are invariant under the hermitian operator gldm(X)

which induces a continuous mapping on these spaces.

Proof. First we prove the invariance of H*°. In view of [Ne98, Th. 11.4.38], we only
have to show that if we realize H as a reproducing kernel Hilbert space Hy in CM
for M = H®°, then

D.(r(ExpX).v) € H

holds for all D € U(gc) and v € H™.
Since for X € g¢ the operator ad X: D — [X, D] on U(gc) is locally finite, it
makes sense to consider ¢/*dX as an operator on U(gc). We claim that

(A1) D.(ei”(x).v) = eid”(x)(e_iadX.D).v

holds for v € H*™ and D € U(gc). It is clear that (A.1) implies the invariance of
H° because the right hand side is contained in eidm(X) Hoo CH.

We write D +— D* for the unique antilinear antiautomorphism of U(gc) with
X* = —X for X € gc. Let v € H*®, C* := {2 € C: Imz > 0} and consider the
function

f:Ct —=C,z+— (v,ez‘i”(X)D*.@.

Then the strong continuity of the representation Ct — B(H),z — e*™(X) (cf.
[Ne98, Lemma IV.5.2]) implies that f is continuous and antiholomorphic on the
open upper half plane int(C*). The same holds for the function

h: Ct — C,z— (v, (224X D*)ed™(X) )
because [X, A]* = [A*, X*] = —[4A*, X] = [X, A*] for A € U(gc) yields
(224X D*yr = FadX p
and therefore
h(z) = (224X .D).v, &™) )

which immediately shows that A is antiholomorphic.
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For z € R we have
f(2) = (v, e* ™ X D* ) = (v, w(exp 2X)D*.x)
= (v, (€72 D*Yrr(exp 2X).z) = (v, (e*24X.D*)e*™X) 2) = h(2).

Therefore the Identity Theorem for Antiholomorphic Functions on half planes im-
plies that f = h. We conclude with

(D.(eid”(x).v))(x) = <D.(eid”(X).v),x> = (e"™(X) y, D* .2) = (v, ") D* )
that
(D.(eid”(X).v),@ = f(i) = h(i) = ("X (e7724X D)y x)
for all z € M, and thus
(A.2) D.(eid”(x).v) = eid”(x)(e_iadX.D).v.

This completes the proof of the invariance of H*°. Moreover, it shows that
e (X) |3 is a continuous map.

Now we turn to the space H¥. Let v € H¥ and fix U C gc¢ as above with
v € Hy. Then v, y(Y) = w(expY).w for all Y € UNg. Let V C U be an open
convex 0-neighborhood in gc with e#24X.V C U whenever |z| < 1. We claim that

(A.3) m(exp Y)eldm(X) 4 = ¢idm(X) o (miad X y)
holds for all Y € V Ng. In fact, the mappings
Ct—H, zen(lexpY)e* ™ Xy and  z— 29Xy, y(e722dX y)

are both continuous and holomorphic on the open upper half plane. Moreover, for
z € R, they coincide. Hence a similar argument as in the first part of the proof shows
that both functions coincide, and for z = ¢ this proves the proposition. Now the
analyticity of 7, ;7 implies that the mapping G — H, g +— 7(g)e’™X) v is analytic
on V and thus by equivariance analytic on G. This means that e*™(X) y € H«.

To see that e*™(X) induces a continuous map H* — H*, we first note that we
only have to show that for each U the corresponding map Hy — H* is continuous
(Lemma A.2).

In view of the Identity Theorem for Holomorphic Functions, (A.3) shows that

idﬂ'(X),_yU U(e—i ad le)

’Yeid”(x>.v7V(Y) =e€
fqr allY e V. This proves that e m(X) H,;, C Hy and that v, — v in Hy implies
em(X) y — €7(X) 4 in Hy. Since the mapping Hy — H“ is continuous by
definition of the topology on H“, this completes the proof. [

Lemma A.4. (a) For each g € G the map w(g): HY — H“ is continuous and the
orbit maps G — HY, g +— g.v for v € H¥ are continuous.
(b) For each v € H* the limit

1
dm(X).w = %1_1}(1) 7 (m(exptX).v —v)

exists in HY.
(¢c) For each X € gc the operator dm(X): HY — HY is conlinuous.
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Proof. (a) We have to show that for each U the map 7(g): Hy — H“ is continuous
whenever U is sufficiently small. Let U C g¢ be a convex 0-neighborhood on which
the Campbell-Hausdorff series X *Y = X +Y +3[X,Y]+... defines a holomorphic
multiplication U x U — g¢. For g = exp(Y), Y € UNg, v € Hy.y we then have

Vr(g).0,u (X) = w(exp X)m(g).v = 7(exp X)m(expY).v
=mlexp X *Y)v =y v (X *Y)

for all X € U. This shows that 7(9): Hy.v C Hy and that the corresponding
linear map Hy«v — Hy is continuous. Thus 7(g): Hy«y — H® is continuous, and
hence 7(g): H¥ — H“ is continuous because the 0-neighborhoods of the form U U
form a 0-neighborhood basis. Since G = (exp(U N g)), we see that for each g € G
the corresponding map H* — H* is continuous.

To show that the orbit maps G — H®“ are continuous, in view of the first part,
it suffices to prove that they are continuous in 1. For U as above, v € Hy.y, and
g=-expY € exp(U Ng) we have just seen that

Vr(g).0,0(X) = Yo,usv (X #Y),

and this implies that g, — 1, i.e., Y — 0 entails that 7(g,).v — v in Hy.y, and
hence in H*.

(b) Since the inclusions Hy — H® are continuous, it suffices to show that for
each v € Hy.y the relation

(A.4) dm(X)w = }1_1% %(w(exp tX).v—v)

holds with respect to the topology in Hy. We have seen in (a) that for tX € U we
have mw(exptX). Hy.v € Hy. Furthermore

’Yﬂ(cxth).v,U(Y) = ’Y’U,U*U(Y * tX)

gives
1
?(Vﬂ(cxth).v,U(Y) - ’7U7U(Y))
1
=3 (%,U(Y xtX) — 'yv,U(Y)) — dy,u (Y)dAy (0).X,

where A} (X) = Y * X and the limit exists uniformly on compact subsets of U.
This proves that the limit exists in Hy. Finally the continuity and the injectivity
of the mapping H* — H shows that (A.4) holds in Hy, hence in HY.

(¢) First we show that for each open connected 0-neighborhood U C g¢ we have
drn(X).Hy C Hy. Let v € Hy and 7,y : U — H be the corresponding holomorphic
map. We put

o0 (Y) = dr(e*Y X)yu(Y)

and note that since 7,y (U) C H*, the right hand side is well defined. Moreover,
for each Z € g¢ the mapping Y — dn(Z).v,,v(Y) is holomorphic because it arises
by applying a right invariant holomorphic vector field on U, endowed with the
canonical local group structure, to a holomorphic function. Now the fact that g is
finite dimensional easily implies that 7, ¢y is a holomorphic map.

For Y € gNU we have

Nov(Y) = dr(eY X))y, v(Y) = m(exp Y)dn(X)m(exp —Y)m(exp Y).v
= 7m(expY)dm(X).v = Yir(x).0,v0(Y).
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This formula shows that dr(X).v € Hy and that

'Ydﬂ-(X),v,U(Y) = d”(ead Y-X)%7U(Y)

for all Y € U. Therefore v,, — v in Hy implies locally uniform convergence of
Yo,,u t0 YU, and hence locally uniform convergence of Vir(x).v,,u t0 Var(x).0,U
because holomorphic vector fields yield continuous operators on spaces of holomor-
phic functions. [

Proposition A.5. Suppose that S =Tq(W) is an open complex Ol’shanskii semi-
group, where W C ig is a hyperbolic cone and that (w,H) is a holomorphic repre-
sentation of S corresponding to the unitary representation (7w, H) of G. Then the
following assertions hold:
(i) H* = span (7(S).H).
(i) If X € WO, then H* = U, m(Exp tX).H.
(iii) The topology on H* coincides with the finest locally convex topology for which
all the maps 7(s): H — H“ are continuous.

Proof. (i), (ii) Since S is an open Ol’shanskii semigroup and 7 is a holomorphic
representation, the maps S — H, s — 7(s).v are holomorphic. So it is clear that
7(S).H C H“. Therefore it suffices to prove (ii).

So let X € W9 and suppose that v € H*. Then there exists an open convex
0-neighborhood U C g¢ and a complex analytic map

=1
v:U—=H with ~(Y)= Zﬁdw(Y)”.v
n=0

for all Y € U. In view of the Identity Theorem for Holomorphic Functions, the
relation v(Y) = n(ExpY).v for Y € UnN (g + iW?) follows from the holomorphy of
the representation 7.

We choose tg > 0 such that —tpX € U and an open convex 0-neighborhood
V C U containing —tg X with tx X +V C U. We claim that

m(ExptoX)v(zX) = ’y((z + tO)X)

whenever zX € V. In fact, this holds for Rez > 0 because 7((z + tO)X) =
m(Exp(z + t0)X).v in this case, and 7 is a representation. Hence the Identity
Theorem for Holomorphic Functions proves the claim. For z = —t; we obtain in
particular

v =7(0) = m(ExptoX)y(—toX) € n(ExptoX).H.

This completes the proof of (i) and (ii).

(iii) We write HY for the space H*¥ endowed with the topology defined under
(iii). First we show that the map H“ — HY is continuous, i.e., that for each open
connected 0-neighborhood U the map Hy — HY is continuous. Pick X € W0 such
that —X € U. Then we have seen in the proof of (ii) that 7(Exp X).y, v(—X) = v.
Hence Hy C w(Exp X).H and therefore 7, y(—X) = n(Exp X)~tw. If v, — v in
Hu, then v,, v(—X) — Ypu(—X), and hence 7(Exp X) 1.0, — 7(Exp X) t..
This proves continuity of the map H“ — HY.

To see that the map in the other direction is also continuous, fix s € S°. We
have to show that the map 7(s): H — H* is continuous. Let U C g¢ be an open
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connected 0-neighborhood such that U — S°, Y + Exp(Y)s is biholomorphic onto
an open subset of S°. For v € H we consider the map

(A.5) Yrsywu:U—H, Y= m(ExpYs)v
which is holomorphic and satisfies
7#(5).v,U(Y) = 7T(6Xp Y)?T(S)’U

for all Y € U Ng. The existence of this map proves that 7(s).H C Hy. Now the
local boundedness of the representation of S further shows that if v,, — v, then,
in view of (A.5), Vr(s).0,,u converges uniformly on each compact subset of U to
Yr(s).,u- This means that the map m(s): H — Hy is continuous. ]

We note that in the situation of Proposition A.5 the family of subspaces 7(s).H,
s € S, is directed. In fact, for s;,se € S there exists s3 € S with s1,s9 € s35.
Then clearly 7(s1). H Um(s2).H C 7(s3).H.

Recall the space H™¢ of antilinear continuous functionals on H*. In the situation
of Proposition A.5 a linear functional f on H“ lies in H™% if and only if s.f =
fom(s*): H — C is continuous for all s € S. This means that s.f € H for all
s € S. Thus we can describe H™% as the space

H™Y = ﬂ 7(s) LA,

ses

In this sense the operators in 7(S) act as regularizing operators on H~%.
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