REPRESENTATION THEORY

An Electronic Journal of the American Mathematical Society
Volume 4, Pages 1-15 (February 1, 2000)

S 1088-4165(00)00050-9

INVOLUTIONS IN WEYL GROUPS

ROBERT E. KOTTWITZ

ABSTRACT. Let G be a split real group with Weyl group W. Let E be an
irreducible representation of W. Let V' be the stable Lie algebra version of the
coherent continuation representation of W. The main result of this paper is a
formula for the multiplicity of E in V. The formula involves the position of E/
in Lusztig’s set [[ M(G). The paper treats all quasi-split groups G as well.

1. INTRODUCTION

Let G be a split adjoint group over R with root system R and Weyl group W.
Choose a system R of positive roots in R. By an involution in W we mean an
element ¢ € W such that 02 = 1. Given an involution o € W, we denote by W¢
the centralizer of o in W, and we denote by R; the set of imaginary roots relative
to . There is a sign character e; on W, defined as follows: for w € W7 we put
er(w) = (=1)¥, where k is the number of positive imaginary roots a such that wa
is negative.

For any involution ¢ € W and any finite dimensional representation E of W
we define m(o, E) to be the multiplicity of the character ¢; in the restriction of E
to the subgroup W?. For any finite dimensional representation E of W we define
m(E) by

m(E) =Y m(o,E)

where the sum ranges over a set of representatives o for the conjugacy classes of
involutions in W.

Let g denote the (real) Lie algebra of G, and let O denote a nilpotent orbit
of G(C) in gc. Let E be the Springer representation of W corresponding to O.
Then m(E) is equal to the dimension of the space of stably G(R)-invariant linear
combinations of G(R)-invariant measures on the G(R)-orbits in ONg; this assertion
(see [Kot98]) is the stable analog of a theorem of Rossmann [R0s90], 3.7. Assuming
Assem’s conjecture [Ass98] is valid in the real case, then for split classical groups
and special O the number m(E) should be equal to the cardinality of the finite
group G associated by Lusztig to the special representation E. Assem’s conjecture
also predicts that m(E) should be 0 if O is not special. See [Kot98] for a detailed
discussion of Assem’s conjecture, which has been proved by Waldspurger [Wal99)
for classical unramified p-adic groups.

Both of these predictions of Assem’s conjecture are proved in this paper, which
suggests that Assem’s conjecture is indeed valid in the real case. More generally,
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this paper calculates (case-by-case) the multiplicities m(E) and m(o, E) for all
split classical groups and all irreducible representations E of W, and the last three
sections of the paper solve the analogous problem for real groups that are quasi-split
but not split. Casselman [Cas98]| treats all the split exceptional groups.

The multiplicities m(E) and m(o, E) are stable Lie algebra analogs of multi-
plicities that have been computed for all classical real groups by Barbasch (see the
comment following Theorem 3.5 in [Bar91]) and McGovern [McG98]|. I am indebted
to Vogan for these references. No ideas beyond those used by Barbasch and Mc-
Govern are needed to calculate the stable multiplicities, so this revised version of
the paper records the results in the stable case with only brief indications of proofs.

There is a surprisingly simple formula for m(E) (see Theorem [I] below). In order
to state it we need to review some results of Lusztig [Lus84], [Lus79]. The set WV
of isomorphism classes of irreducible representations of W is a disjoint union of
subsets, called families. Associated to a family F is a finite group G = Gr.

Associated to any finite group G is a finite set M(G), defined as follows (see
[Cns84], [Lus79]). Consider pairs (x,p), where z is an element of G and p is an
irreducible (complex) representation of the centralizer G, of z in G. There is an
obvious conjugation action of G on this set of pairs, and M(G) is by definition the
set of orbits for this action. The set M(G) has an obvious basepoint (1,1).

We now consider the function gZ;o on M(G) whose values are given by

QBO(xvp) = Zd(svp)v

sesS

where S is a set of representatives for the G,-conjugacy classes of elements s € G,
such that s> = z, and d(s, p) denotes the dimension of the space of vectors in p
fixed by the centralizer G, of s in G. As the notation suggests, ¢ arises naturally
as the Fourier-Lusztig transform of a function ¢y on M(G) (see 29 and [ZT0). The
value of ¢g at the base point in M(G) is equal to the number of conjugacy classes
of involutions in G. If G is an elementary abelian 2-group, then dSO is very simple:
its value at the basepoint in M(G) is equal to the order of G and all remaining
values are 0.

Let F be a family of representations of W, and let G be the associated finite
group. Then Lusztig [Lus84], Ch. 4 defines (case-by-case) an injection

F — M(G).

The image of the unique special representation in F under this injection is the base
point (1,1) € M(G).

We now state a theorem, which in this paper is proved only for the classical
root systems. The exceptional root systems are treated by Casselman [Cas98]. In
this theorem we assume that the group G is simple, so that the root system R is
irreducible. The theorem involves the notion of exceptional representations [BL78]
for the Weyl groups of type E7 and Ej.

Theorem 1. Let E be an irreducible representation of the Weyl group W, and let
F C WYV be the unique family containing E. Let G be the finite group associated
to F , and let xg € M(G) denote the image of E under the injection F — M(G).
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Then there is an equality

bo(xzg) if E is non-exceptional,
m(E) = , , ,
1 if E is exceptional.

In particular if E is special and non-exceptional, then m(E) is the number of conju-
gacy classes of involutions in G. Moreover if R is classical, so that G is necessarily
an elementary abelian 2-group, then m(E) = 0 if E is non-special, and m(E) = |G|
if B is special.

The results in this paper are compatible with the following conjecture on left
cells. (Left cells in W and left cell representations of W are defined in [KL79].)

Conjecture 1. Let T' be a left cell in W, and let [I'] denote the corresponding
left cell representation of W. Let o be an involution in W and let ¥ denote its
conjugacy class in W. Then the multiplicity m(o,[T]) is equal to the cardinality of
the set X NT.

If the root system R is of type A,, then left cells can be described in terms
of the Robinson-Schensted correspondence [KL79|, [BV82al, and the conjecture is
true: it follows from [B] and a known statement about the Robinson-Schensted
correspondence (see Exercise 4 in §4.2 of [Ful97]). Moreover Casselman [Cas98] has
verified the conjecture for the root systems Fj; and Eg.

Conjecture [l can also be generalized to the quasi-split case (see Conjecture [2
in f)). In the special case of complex groups Conjecture P]is true: it reduces to a
result of Lusztig, namely Proposition 12.15 in [Lus84].

As is clear from the discussion above, this paper owes much to ideas of Assem
and Rossmann. I would like to thank two other people for their direct contribu-
tions to this paper. Casselman [Cas98| used a computer to prove Theorem[ for Eg,
E7 and Eg and in doing so discovered that the exceptional representations of the
Weyl groups of type E7 and Eg behave differently from the non-exceptional ones.
Moreover my confidence in Conjecture [l was greatly bolstered by Casselman’s ver-
ification of its truth for F, and Eg. Fulton’s help with the representation theory
of S,, was invaluable, and in fact the work on type A, in[31lwas done jointly with
him, including the proof of Conjecture [ for type A,,.

This paper is organized in the following way. Theorem [ is stated in §21 In 3
Theorem [ is proved for the classical root systems. At the same time the multi-
plicities m(o, E) are calculated. The five exceptional root systems are treated by
Casselman [Cas98|, who tabulates all the individual multiplicities m(co, E'). Theo-
rem[2 is stated in §4 and proved in g8 and 6l Again the multiplicities m(c, E) are
calculated at the same time. Fortunately Theorem B for the quasi-split outer form
of Fg requires no essentially new computation; we need only appeal to Casselman’s
verification of Theorem [ for Fg.

2. STATEMENT OF THEOREM [II (THE SPLIT CASE)

2.1. The goal. In this section we introduce notation, review some results of
Lusztig, and state Theorem [ (see ZZT3)).

2.2. Involutions. Let W be the Weyl group of an irreducible reduced root sys-
tem R. Choose a system RT of positive roots in R. By an involution in W we mean
an element o € W such that 02 = 1. Given an involution o € W, we denote by W¢
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the centralizer of o in W, and we denote by R; the set of imaginary roots relative
to o (by definition a root « is said to be imaginary if o(a) = —a). Of course W°
acts on R; by automorphisms of that root system, and therefore there is a sign
character e; on W, defined as follows: for w € W7 we put e;(w) = (—1)¥, where
k is the number of positive imaginary roots « such that wa is negative. Note that
the Weyl group W (R;) of Ry is a subgroup of W7 and that the restriction of €
to W(Ry) is the usual sign character on that Weyl group.

2.3. Definition of m(o, E'). For any involution o € W and any finite dimensional
representation E of W we define m(o, E) to be the multiplicity of the character €;
in the restriction of E to the subgroup W; clearly m(o, E) depends only on the
conjugacy class of o in W.

2.4. Definition of m(E). For any finite dimensional representation E of W we
define m(E) by

m(E) := Z m(o, E)

where the sum ranges over a set of representatives o for the conjugacy classes of
involutions in W.

2.5. Families of representations of W. We need to review some results of
Lusztig [Lus84], [Lus79]. The set WY of isomorphism classes of irreducible repre-
sentations of W is a disjoint union of subsets, called families. Each family F c WV
contains a unique special representation; thus the set of families is in one-to-one
correspondence with the set of special representations in WV. Associated to a fam-
ily F is a finite group G = Gr. If R is classical, then G is an elementary abelian
2-group. If R is exceptional, then G is one of the symmetric groups S, (1 < n < 5).

2.6. The set M(G). Associated to any finite group G is a finite set M(G), defined
as follows (see [Lus84], [Lus79]). Consider pairs (z, p), where z is an element of G
and p is an irreducible (complex) representation of the centralizer G, of z in G.
There is an obvious conjugation action of G on this set of pairs, and M(G) is by
definition the set of orbits for this action. The set M(G) has an obvious basepoint
(1,1), the first entry being the identity element of G and the second entry being
the trivial representation of G.

2.7. Pairing {-,-} on M(G). Given elements (z,p), (y,7) in M(G) one defines
(see [Cns79], §4) a complex number {(z, p), (y,7)} by the formula

(2.7.1) {(,0), (4, 7)} = 1Gal 711Gy 7" D xr (g 2 9)x0 (gug ™),

where the sum is taken over the set of elements g € G such that x commutes with
gyg~', and where we have written x, and y, for the characters of the representa-
tions 7 and p respectively. Clearly the pairing {-,-} has the following property:

(2.7.2) {m,n} = {n,m} for all m,n € M(G).
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2.8. Fourier transform on M(G). Let ¢ be a complex-valued function on M(G).
The Fourier transform ¢ of ¢ is the complex-valued function on M(G) defined by

> {mn}é(n)

neM(G)
It follows easily from the definitions that

(2.8.1) S, p) =1G:17" D xolw) D xr@h) - by, 7).

YE€Gs TEG)

In [Lus79], §4 it is shown that the square of the Fourier transform operator is the
identity (in other words, the square of the matrix {m,n} is the identity).

2.9. Special function ¢y on M(G). Let GV denote the set of isomorphism classes
of irreducible representations of G. For any p € G¥ we define a number ¢(p) in
the following way. If p is not isomorphic to its contragredient, we put (p) =
0. Otherwise, either p admits a non-degenerate G-invariant symmetric bilinear
form, in which case we put £(p) = 1, or p admits a non-degenerate G-invariant
alternating bilinear form, in which case we put €(p) = —1. To understand the
significance of €(p), one should recall that the number of involutions in G is equal
to > cgv €(p) - dim(p). More generally, for any element = € G one has an equality

(2.9.1) Hgeg | @ =a} = elp) xplx)
peEGY

Define an involution § on the group algebra C[G] by 6(g) = ¢~ ' (g € G) and let
L, be the C-linear endomorphism of C[G] given by left multiplication by z; then
(@391) can be proved by calculating the trace of the endomorphism L,6 in two
ways.

We will need the following function ¢¢ on M(G). Let m = (z,p) € M(G). We
put ¢o(m) = €(p) (of course the function € occurring here is the one for the finite
group G.).

2.10. Fourier transform of ¢g. We are interested in the Fourier transform of the
function ¢g defined in 2.9, The value of this Fourier transform at the base point in
M(G) is equal to the number of conjugacy classes of involutions in G. In fact the
following more general statement holds:

(2.10.1) ¢0 x,p) Zd 8, p),

ses
where S is a set of representatives for the G, -conjugacy classes of elements s € G,
such that s> = z, and d(s, p) denotes the dimension of the space of vectors in p
fixed by G, N G, (here G,, G, denote the centralizers of x, s in G). In particular

bo (z, p) is always a non-negative integer.
Indeed, it follows from (2:81]) and (2:9.1) that

(2.10.2) éo(ﬂ? p)=1G.]"" Z Xo(y) - [{s € Gy | s* =ux}

YyE€Ga

(note that {s € G, ‘ s*=27'} and {s € G, | s* = x} have the same cardinality).
The right side of (2.10.2) is equal to

Z |gﬂc|71 Z Xo(¥);

{seg | s?=x} Yy€G+NGs
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which is in turn equal to the right side of (ZI0)). (Note that any element s € G
such that s2 = z automatically lies in G.)

If G is an elementary abelian 2-group, then the Fourier transform of ¢q is very
simple; its value at the basepoint in M(G) is equal to the order of G and all
remaining values are 0.

To handle the exceptional root systems one also needs to compute the Fourier
transform of ¢ for the symmetric groups S,, (3 < n < 5). We give the results
in the form of lists. We adopt (without further explanation) the notation used by
Lusztig [Lus84], 4.3 to describe the elements in M(G) for these three symmetric
groups. We do not give all the values of gZA)o, just the ones needed for our purposes.

We begin with the case G = S3. Then M(G) has 8 elements, but we need only
consider 5 of them: (1,1), (g2,1), (1,7), (g3,1), (1,€). The values of o on these 5
elements are 2, 0, 1, 1, 0 (in the order given).

Next we consider the case G = Sy. Then M(G) has 21 elements, but we need only
consider 11 of them: (1,1), (1,A!), (1,)2), (1,0), (g92,1), (92,¢"), (g5, 1), (gh,€"),
(¢5:€"), (g3, 1), (g4, 1). The values of ¢y on these 11 elements are 3, 1, 0, 2, 0, 0, 1,
0, 0, 1, 0 (in the order given).

Finally we consider the case G = S5. Then M(G) has 39 elements, but we need
only consider 17 of them: (17 1); (g3a 1)7 (géa 1)7 (17 V)a (1a Al)a (957 1); (937 6)7 (17 V,)v
(9/275//)7 (17 )‘2)7 (géa 6,)7 (17 )‘3)7 (92; 1)7 (947 1); (96; 1)7 (92; T)a (9276)' The values of
qgo on these 17 elements are 3, 2, 1,2,2,1,0,1,0,0,0,0,0, 0,0, 0,0 (in the order
given).

2.11. Injection F — M(G). Let F be a family of representations of W, and let
G be the associated finite group (see ZH). Then Lusztig [Lus84], Ch. 4 defines
(case-by-case) an injection

(2.11.1) F — M(9).

The image of the unique special representation in F under the injection 2I1.)) is
the base point (1,1) € M(G).

2.12. Exceptional representations of W. Let E be an irreducible representa-
tion of the Weyl group W. Recall that E is said to be exceptional (see [BLTS]) if R
is of type E7 and dim(F) = 512 (there are two of these) or if R is of type Eg and
dim(E) = 4096 (there are four of these). Recall also the involution ¢ : WY — WV
introduced in [BL78]. If E is non-exceptional, then i(F) = E. If F is exceptional,
then i(F) # E and the unique family F C WV containing F has two elements,
namely F and i(E).

2.13. Statement of Theorem [. Let E be an irreducible representation of the
Weyl group W, and let 7 C WV be the unique family containing E. Let G be the
finite group associated to F (see[ZHl), and let zx € M(G) denote the image of E
under the injection (ZITT]). Theorem [ states that

éo(a: g) if E is non-exceptional,

1 if F is exceptional.

(2.13.1) m(E) = {

In particular (see ZI0) if F is special and non-exceptional, then m(E) is the number
of conjugacy classes of involutions in G. Moreover (again see [ZI0) if R is classical,
so that G is necessarily an elementary abelian 2-group, then m(E) = 0 if F is
non-special, and m(F) = |§| if E is special.
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If F is exceptional, then F = {E,i(E)} (see ZIZ), the group G is cyclic of
order 2, and the function B’ — ¢g(zp) takes the value 2 on the unique special
member of F and 0 on the unique non-special member of F. Therefore Theorem[]]
is equivalent to the statement that

(2.13.2) m(E) = [¢o(zE) + do(xir))]/2

for all E, exceptional or not.

3. PROOF OF THEOREM [Il FOR CLASSICAL SPLIT GROUPS

3.1. Root system A,,. Let 0 € S, be an involution and let s be the number of
fixed points of o on {1,...,n}. Let E be an irreducible representation of S,,, and
let t be the number of columns of odd length in the Young diagram corresponding
to E. Then the multiplicity m(o, E) is equal to d5; (Kronecker delta). This follows
from the Littlewood-Richardson rule and 4.1(b) in [BV82H] (see also [Tan&5] and
[Thos0]).

It follows that m(E) = 1 for every irreducible representation E of W. This
proves Theorem [Min this case, since for type A, the families F are singletons and
the groups Gr are trivial (see [Lus84], 4.4). For type A,, Theorem [lis not new; it
is a special case of a theorem of Rossmann [Ros90], 3.7.

3.2. Root systems B,, and C,,. In this section we assume that the root system R
is of type B,, or C},. In fact these two cases can be treated together: the Weyl groups
are the same, the characters €; are the same, and the families F and groups Gr are
essentially the same [LusR4], 4.5.

The Weyl group W, is the semidirect product S,, x {£1}". For any ordered
triple (7, k,1) of non-negative integers satisfying

(3.2.1) 2j+k+1l=n
we define an involution ¢ = ¢ 1, in W, by
Oj k1 = 9]‘ X (1,...,1,—1,...,—1),
where 1 is repeated 2j+k times in (1,...,1,—1,...,—1) and —1 is repeated ! times,

and where 6; € S, is the product of the j disjoint transpositions (¢,2j + 1 — i)
(1 <4 < j). These elements 0, ; form a set of representatives for the conjugacy
classes of involutions in W,.

The isomorphism classes of irreducible representations of W,, are parametrized
by ordered pairs (a, 3) of partitions such that |a| + |5] = n; we write E, g for
the representation corresponding to (c, §). The multiplicity m(o; 5,1, Ea,g) is equal
to 0 unless j + k = r and j + 1 = s, in which case it is equal to the number of
partitions v of j such that v — « and v — 3. Here we are using the notation
v (respectively, v 5 () to indicate that the Young diagram for « can be
obtained from the Young diagram for 8 by adding boxes in such a way that at
most one box is added to each column (respectively, row). This follows easily from
the Littlewood-Richardson rule (and Mackey’s formula for the restriction of an
induced representation).

We need to recall some results from [Lus84], 4.5. By adding some parts equal to 0
to «, 8, we may assume that « has one more part than 3, say o = (al; < ag < -+ <
amy1) and f= (B1 < P2 <+ < Bp). Put Ay i=a; +i—1 (for 1 <i<m+1)
and p; = f; +i—1 (for 1 < i < m), and note that both A1, Aa,..., Apy1 and
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11, fha, - - ., iy, are strictly increasing sequences of non-negative numbers. Then the
irreducible representation E, g of W), is special if and only if

(3.2.2) A< <Ao< e <<ty < A,

and in case it is special, then the corresponding group G is an elementary abelian
2-group of order 2¢, where d is the number of integers in the sequence pi1, pia, . . ., fim
that do not appear in the sequence A1, Ao, ..., Apy1.

An easy combinatorial argument shows that the multiplicities m(o, E4 5) and
m(Eq,g) are 0 unless E, g is special, and that in case E, g is special one has

(3.2.3) m(Ea,p) = 2" = |GF|.

This proves Theorem [l in this case. Furthermore, the combinatorial argument also
shows that for any non-negative integers j, k, [ satisfying j +k=r and j+1=s,

d
(3.2.4) m(0j k1, Ea,) = < ;
Jo—J
where jo := 1" inf{a;1, 8;}. In particular m(o ki, Ea,p) = 0 unless jo —d <
J < Jjo-

> (binomial coefficient),

3.3. Root system D,,. In this section we assume that the root system R is of
type Dy; thus W(D,,) is the semidirect product S,, x {+1}7% = where {£1}7, is
the subgroup of {£1}" consisting of elements (aq,...,ay) such that a1 ...a, = 1.
We identify W(D,,) with a subgroup of index 2 in W,, in the usual way.

Recall the involutions o ;; € W,,. Clearly o, lies in the subgroup W (D,,) if
and only if [ is even. In this case the intersection of W (D,,) with the conjugacy
class of 05, in W, is a single conjugacy class in W (D,,), except when k =1 =0,
in which case n must be even and the intersection consists of two conjugacy classes
in W(D,,); for each even n we now fix an element 0;/27070 that is conjugate to

Opn/2,0,0 in Wy but not in W (D). Then the elements o, (for ordered triples of
non-negative integers (4, k,1) satisfying (3.2.1]) and such that [ is even), together
with the element o/, /2,0,0 if n is even, form a set of representatives for the conjugacy
classes of involutions in W (D).

Let (o, 3) be an ordered pair of partitions such that |a| + |3| = n. Then the
irreducible representation E, g of W,, restricts to an irreducible representation of
W (D,,) unless a = 3 (this can happen only if n is even), in which case it decomposes
as the direct sum of two irreducible representations Ey, , and E ,. Obviously £,
and By , are conjugate by the non-trivial element of the group W, /W (D,,); soon
we will see how to distinguish them. Every irreducible W (D,,)-module is isomorphic
to one of the modules above. Note that E, s and Ej3 , are isomorphic as W(D,,)-
modules, but this is the only redundancy in this description of the irreducible
W (D,,)-modules.

Let «, 8 be as above. By adding some parts equal to 0 to «, 3, we may assume
that o and 8 have the same number of parts, say o = (a1 < g < -+ < auy,) and
B=((1<P2< - <Bm) Put \j:i=ay+i—land pu; :=0;+i—1for 1 <i<m.

We need to recall some results from [Lus&4], 4.6. Suppose first that « = . Then
the representations E’%(y7 E&(y are both special and the associated groups G are
both trivial. Now assume that a # 3, and by switching «, 3 if necessary, assume
that || < |a|. Then E, g is special if and only if

(3.3.1) 1 <A <po < A < S < A
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If E, g is special, then the associated group G is an elementary abelian 2-group of
order 2°~1, where c is the number of integers in the sequence py, pia, .. ., ftm that
do not appear in the sequence A1, g, ..., Ay,. Note that ¢ > 1 (since a # 3).

We start by calculating the multiplicities m(c, Eq g), even though in case a = 3
this number is the sum of the two multiplicities m(o, Ey, ,) and m(o, £}, ) that we
really want. In case n is even, so that 0’;1/2,0’0 is defined, we note that

m(ag/z,o,m Eop) = m(Un/z,o,o, E. ),
so that we may as well assume that o = ;5 with [ even.

The calculation of m(c, Eqa,g) is very similar to the one made for types B and
C, and we just state the result. As before we assume that 8] < |a|. Let Q(«, 3)
denote the set of partitions v such that 3 — ~ and 7 — «. For any non-negative
integer d let Q4(a, B) be the set of partitions v € Q(a, 3) such that |y| = d. Then
m(0jk1, Ea,p) is 0 unless |o| = j+ &k + [ and |B] = j, in which case it is equal to
the cardinality of the set Q;4i(c, 3).

Assume for the moment that o = 3. It follows from the discussion above that
m(0j ki, Pa,a) = 0 unless k = | = 0, and that m(0,,/2,0,0, Fa,a) = 1. Thus we

may choose the labeling of £, , and Ej] , so that both m(c, /20,0, Ey ) and
m(U;z/z,o,o’Eg,a) are 1, and both m(c,/2,0,0, Fy o) and m(a;/Q,O’O,E(;’a) are 0.

Therefore Theorem [I] holds for E{La and Eg,a.

Now we assume that o # § (and that |8] < |a|). As above we assume that «,
[ both have m parts, and we use «,  to define integers \;, p;. In the discussion
below it will be convenient to make the convention that ay = 8y = 0, so that «;_1,
(B;_1 are defined even for ¢ = 1.

One sees easily that Q(«, ) is the set of partitions v = (71 < 2 < -+ < V)
such that

sup{a;—1, 3} <7 <inf{ay, B; + 1}
In particular Q(«, 3) is non-empty if and only if
i1 —1 <8 <ay fori=1,...,m,
or, equivalently, if and only if ([3:31) holds.

Now assume that Q(«, 3) is non-empty. Then for each value of the index i, the
difference of inf{c;, 8; + 1} and sup{a;_1,5;} is 0 or 1, and we define C' to be the
set of indices i for which the difference is 1; it is easy to see that i € C if and
only if ;1 — 1 < f; < «, or, equivalently, if and only if y; does not belong to
the sequence A1, Ag, ..., Ay, Therefore the cardinality of C' is the number ¢ defined
above. Now put

m
do =Y _sup{ai 1,5}
i=1
Then |Qq(a, 5)| is 0 unless dy < d < do + ¢, in which case it is the binomial
coefficient ( 0 do)' Moreover we have m(E) = 2¢~1, which proves Theorem [T}

4. STATEMENT OF THEOREM 2] (THE QUASI-SPLIT CASE)

4.1. The group G. Let G be a connected reductive group over R that is quasi-
split but not split. We assume further that G is adjoint and R-simple. Thus G is
either of the form Rc/rH for a simple group H over C, or G is an outer form of
A,, D, or Eg.
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We fix a Borel subgroup B of G over R and a maximal R-torus T' contained
in B. Let R denote the root system of T¢ in G, and let W denote the Weyl group
of Tc in G¢. Then complex conjugation, which we denote by 6, acts on R and W,
preserving the subset RT of roots that are positive relative to B. We denote by W
the semidirect product W x Gal(C/R). Of course W acts in an obvious way on R.

4.2. Involutions. Let W' = W - 0 be the non-trivial coset of W in W. By an
involution in W’ we mean an element ¢ € W’ such that 2 = 1. Given an involution
o € W', we denote by W€ the centralizer of ¢ in W, and we denote by R; the set
of imaginary roots in R relative to o (by definition a root « is said to be imaginary
if 0(a) = —a). Of course W€ acts on R; by automorphisms of that root system,
and therefore there is a sign character e; on W7, defined as follows: for w € W¢
we put e7(w) = (—1)*, where k is the number of positive imaginary roots « such
that wa is negative.

4.3. Definition of m(c, E). The group Gal(C/R) = {1,6} acts on the set WV
of isomorphism classes of irreducible representations of W. We denote by W, the
subset of WV consisting of all isomorphism classes of irreducible representations
that are fixed by 6. Any representation E € W, can be extended (in two ways) to
an irreducible representation E of W. For any involution o € W’ and any E € W
we define m(o, E) to be the multiplicity of the character ¢; in the restriction of E
to the subgroup W7; clearly m(o, E') depends only on the W-conjugacy class of o
in W’.

4.4. Definition of my(FE). For any E € W\, we define my(E) by
mg(E) = Zm(a, E),

where the sum ranges over a set of representatives o for the W-conjugacy classes
of involutions in W’.

4.5. Families in W_,. We need to review some results in [Lus84]. If 7 C WV
is a family, then 6(F) is also a family. Now assume that §(F) = F. Then F is
fixed pointwise by 6, so that F C W, (see [Lus84], 4.17). Let F be the set of
isomorphism classes of irreducible representations of W whose restrictions to W
are irreducible and belong to F. The restriction map F — Fis surjective, and
its fibers have two elements, obtained from one another by tensoring with the non-
trivial 1-dimensional character x of the quotient Gal(C/R) of .

Associated to F, 6 is a finite group G = G# containing the group Gr of ZH as a
subgroup of index 2 (see 4.18-4.20 in [Lus84]). We identify the quotient group G/G
with {1,0} and denote by G’ the non-trivial coset of G in G.

4.6. The sets M, M’, M. Let G be a finite group, and let G be a subgroup of
index 2 in G. Denote by G’ the non-trivial coset of G in G. Associated to (G,G)
are three finite sets M, M’, M, defined as follows (see [Lus84], 4.16). We begin
with M and M’, both of which are by definition subsets of M(G), the finite set
associated to G (see[Z6). The set M consists of elements (x, p) € M(G) such that
x € G, the centralizer _C’;I meets G', and the restriction of p to G, remains irreducible.
The set M’ consists of pairs (y,7) € M(G) such that y € G’. Finally, M is defined

to be the set of equivalence classes of pairs (y,7) consisting of an element y € G’
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and an element 7 € gg , two such pairs being equivalent if they lie in the same orbit
of the conjugation action of G (or, equivalently, the conjugation action of G).

There is a surjective map M’ — M defined by (y,7) ~ (y,7), where 7 denotes
the restriction of 7 to G,; note that 7 is automatically irreducible, since the non-
trivial coset of G, in éy contains an element of the center of éy, namely y. Every
fiber of this map M’ — M has two elements.

There is a map M — M(G) defined by (z,p) — (x,p), where p denotes the
restriction of p to G,. Any non-empty fiber of this map has two elements, ob-
tained from one another by tensoring with the non-trivial 1-dimensional character x
of G /G, which we also view as the non-trivial character on gz /G, for any x € G
such that G, meets G'.

4.7. Pairing {-,-} between M and M’. We restrict the pairing {-,-} on M(G)
to the subset M x M’ of M(G) x M(G), obtaining a pairing M x M’ — C, as in
[Lus84], 4.16.

4.8. Fourier transform. Recall from the Fourier transform on M(G). This
Fourier transform interchanges (see [Lus®4], 4.16) the following two subspaces of the
space of complex-valued functions on M(g) the space P of functions ¢ supported
on M and satisfying ¢(x, p ® x) = —é(z, p) for all (z, p) € M, and the space P’ of
functions ¢ supported on M’ and satisfying ¢(y, T®x) = ¢(y, 7) for all (y,7) € M.
Obviously P’ can be identified with the space of complex-valued functions on M,
since the fiber of M’ — M through (y,7) consists of (y,7) and (y,7 ® x).

4.9. Special function ¢y on M. We will need the following function ¢y on M.
Let (y,7) € M. Let ws denote the central character of 7. We put

¢0(ya 7_—) = 6(7_—) : w‘?(yQ)v
with £(7) as in[29 (Note that y? lies in the center of G,,.)

We will need the following analog of ([2.9.1). Suppose that G’ contains an ele-
ment y belonging to the center of G. Then for all x € G there is an equality

(4.9.1) Hged | o =a} =D e(p) woy®) xo().

peEGY

This follows from (Z.TJ), applied to both G andG.

4.10. Fourier transform of ¢y. We are interested in the Fourier transform of the
function ¢o defined in[I:0] We regard ¢ as a function on M satisfying qgo(a:, pPRYX) =
—do(x, p) for all (z,p) € M. In fact, just as in 2.10] one can use 1) to show
that for (z,p) € M

(4.10.1) o(x,p) = _[d(s, p) — d(s,p ® X)),

seS
where S is a set of representatives for the G,-conjugacy classes of elements s € G’
such that s> = x, and d(s, p) denotes the dimension of the space of vectors in p
fixed by G, N Gs. In particular, the value of ¢ at the base point (1,1) in M is
equal to the number of G-conjugacy classes of involutions in G’ (which is the same
as the number of G-conjugacy classes of involutions in G').

We need to know more about qbo in three special cases. First suppose that G is the
direct product of G and {£1}. Then the canonical map M — M(G) has a section
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t: M(G) - M, defined by t(z, p) = (z, p), where p is the irreducible representation
of g} obtained from p by means of the canonical surjection Qx =G, x {£1} — G,.
Moreover M is the disjoint union of the image of ¢ and the image of ¢, where ' is
the composition of ¢ and the map M — M defined by (z, p) — (x,p ® x). Pulling
back the function ¢ to M(G) by means of ¢, we get a function on M(G) which is
easily seen (using the description of the pairing on M x M’ given in [Lus84|, 4.19)
to coincide with the one in (defined using the Fourier transform on M(G)).

Next suppose that G is an elementary abelian 2-group. Of course G is then also
an elementary abelian 2-group. Moreover, G is non-canonically the direct product
of G and {£1}. Therefore it follows from the discussion above (together with 210)
that ¢o(1,1) = |G|, do(1,x) = —|G|, and the remaining values of ¢, are all 0.

Finally, suppose that G = H x H for some finite group H, and that G is the
semidirect product G x {1, 6}, where 6 acts on H x H by 0(a,b) = (b,a). There is a
canonical embedding v : M(H) — M, defined by (z, p) — ((x,x), p®p), where the
element 6 of _C’;(x,x) acts on p® p by 8(v ® w) = w ® v. Moreover M is the disjoint
union of the image of u and the image of u’, where v’ is the composition of u and the
map M — M defined by (z,p) — (z,p ® x). Therefore do is uniquely determined
by the function ¢ on M(H) obtained by composing éo with the embedding u. It is
easy to check (using the description of the pairing on M x M’ given in [Lus84]|, 4.20)
that v is equal to the Fourier transform (on M(H)) of the function ¢; on M(H)
defined by ¢1(x, p) = e(p) - w,y(z), where w, denotes the central character of p.

We claim that ¢; is its own Fourier transform and hence that 1 = ¢;. Indeed,

using (2.87]) we see that for (z,p) € M(H)
(4.10.2) G1(zp) = Hal ™" D X () Y xelz ™) - e(7) - wr(y).
yEH, TEHY
It follows from (Z:9:)) that the second sum in ({I0.2) is equal to
{seH, | s*=a""y}|

Therefore the right side of (Z.10.2) can be rewritten as

wp () - Ho |7 Z Xp(SQ)v

sEH,

which is in turn equal to w,(z)-e(p) (in other words, equal to ¢1(x, p)), since x,(s?)

is equal to XSyInQ(p)(S) — Xn2(p) (5)-

4.11. Injection F < M. Let F be a 6-stable family in WV, and define F and
F — F asin 3. Let G = Gr be the finite group associated to F as in 5] and
let G be the finite group associated to F, 6 in Recall that G is a subgroup of
index 2 in G, so that we have finite sets M, M’, M as in Lusztig [Lus’4],
Ch. 4 defines (case-by-case) an injection

(4.11.1) it F— M

such that the diagram

M
!

“ﬁ%“ﬁx
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commutes, where F — M(G) is the injection in ZITand M — M(G) is the map
defined in[:6l Moreover, if the image of E € F under the injection i is (z, p), then
the image of E ® x under 7 is (z, p ® x).

4.12. Statements of Theorem 2] and Conjecture 2l Let £ € W, and let
F C WV be the unique family containing E. Then F is #-stable, and we let F,
G, G, M and F — M be as in EI1. Let E be one of the two extensions of E
to a representation of W (the other extension being E ® X), and let x5 € M

be the image of E under the injection F — M. Then zj;o(:cé) is an integer, and
(2’0($E®X) = —¢o (xz). Therefore the absolute value |¢A)0(xE)| is independent of the

choice of extension E.

Theorem 2. There is an equality

(4.12.1) mo(E) = |o(z )],
where mg(F) is the multiplicity defined in B4

Conjecture 2. Let o be an involution in W' and let X be its conjugacy class in W.
Let T be a left cell in W, let [T'] be the corresponding left cell representation of W,
and let T - 0 be the subset of W' consisting of all products w6 where w € T'. Then
the multiplicity m(o, [I']) is equal to the cardinality of the set XN (T"-6).

This generalizes Conjecture [[ of the introduction to the quasi-split case.

4.13. Organization. In §flwe will calculate the multiplicities m(o, E) and mg(E).
In §6]l we will prove Theorem 2

5. MULTIPLICITIES m(o, E) AND mg(E) (QUASI-SPLIT CASE)

5.1. The goal. We retain the notation and assumptions of {4l For each involution
o € W and each E € W/, we are going to calculate the multiplicities m(o, E) and
mg(E) defined in 3] and [£4] This will be done case-by-case.

5.2. Complex groups. Assume that G = R /g (H) for some connected reductive
group H over C, and let Wy denote the Weyl group of H. Then W = Wy x Wy
and W is the semidirect product (Wg x W) x {1,0}, where 6 acts on Wi x Wy
by 6(a,b) = (b,a). The map Fyg — Ep @ Ey from W} to Wy is bijective.
Every involution in W' is conjugate to the involution §. The centralizer W of the
involution € is Wy, embedded diagonally in W. There are no imaginary roots, and
therefore the sign character ¢ is trivial. Thus, for any E € W/, we have

(5.2.1) mg(E) =m(0,E) = 1.
(We used that every Ey € Wy is self-contragredient.)

5.3. Types A, and FEs. Assume that G is of type A,, (n > 2) or Eg. Then we
have

W = Aut(R) = W x {+1},

where —1 € W denotes the automorphism of R sending each root to its negative.
Therefore W, = WV and every involution o € W is of the form o = (7, —1), where
7 is an involution in W. Clearly (7, —1) is conjugate to (7', —1) if and only if 7 is
conjugate to 7’. The centralizer W is equal to the centralizer W7. A root a € R
is imaginary for ¢ if and only if it is real for 7. Therefore €7 is equal to ey ® €7,
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where €7 (respectively, €7) denotes the sign character e; for o (respectively, 7), and
where ey denotes the usual sign character for W.
Let E € WY. We conclude from the discussion above that

(5.3.1) m(o, E) =m(1, E ® ew).

The multiplicities on the right side of (3.1 were calculated in[Bdl for type A,, and
by Casselman [Cas98| for type Eg. It follows from (B3.1]) that mg(E) = m(EQew).
But in fact m(E ® ew) is equal to m(E); this is obvious for type A,, since m(E) is
then always 1, and it is true for type FEg by Casselman’s calculation. Therefore we
conclude that
(5.3.2) mg(E) = m(E).
5.4. Type D,,. Assume that G is of type D,, (n > 2). Then we may identify W
with W, (seeB3)), and W% consists of the representations E, g of B3 with o # .
Every involution in W’ is conjugate under W to one of the involutions o 5 of
with [ odd. Thus we need to calculate the multiplicities m(o; 5,1, Fa,g) for o # 3
and [ odd. But in fact this calculation is exactly the same as the one made in [3:3]
since the fact that [ was assumed to be even played no role. Therefore the results
of B3] remain true for [ odd (in particular the non-zero multiplicities are binomial
coefficients).

It follows from the discussion above (together with results from B.3)) that
mg(Eq ) is 0 unless E, g is special, in which case mg(Eq,5) = 27!, which can be
rewritten as (see [3:3)

(5.4.1) mG(Eaﬁ) = |g|7

where G is the finite group associated to the unique family F C WV containing
Eo 5.

6. PROOF OF THEOREM [2]

6.1. The goal. We retain the notation and assumptions of §4. Let E € W, and
let F, G, G, M, ¢g be as in In this section we will verify case-by-case that
Theorem Pl (see (EI277)) is true.

6.2. Complex groups. Asin[5.2we assume that G = Rc/r(H). Then £ = Eg®
Ey for some Eg € Wy, and F = Fg x Fg, where Fy is the unique family in Wy
containing Eg. Moreover G = H x H, where H = Gr,,, and G = (H x H) x {1,6},
where 6 acts on ‘H x H by interchanging the two factors.

It follows from ELI0 that the function |do| on M is identically equal to 1. It
follows from (BZT) that the function mg on W, is also identically equal to 1.
Therefore Theorem [Zis true in this case.

6.3. Types A, and Fg. Assume that G is of type A4,, (n > 2) or Eg. In this case
we have G = G x {£1} (see [Lus84], 4.19). It follows fromEI0 that the function |¢y|
on M is the composition of the map M — M(G) (defined inE6) with the function
on M(G) defined in ZT10. Using Theorem [ and the commutativity of the diagram
in ELTT], we see that Theorem [2is equivalent to the assertion that mg(E) = m(FE),
which we have already proved (see (5:32)).
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6.4. Type D,,. Assume that G is of type D,, (n > 2). Then G is an elementary
abelian 2-group (see [Lus84], 4.18). Tt follows from ELI0 that the function |¢o| on M
is 0 except at the two points (1,1) and (1, x), where it is equal to |G|. Therefore
Theorem P is equivalent to the assertion that mg(F) = 0 unless E is special, in
which case my(E) = |G|. We have already proved this assertion (see (B.Z41]).
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